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PREFACE 


This book is intended to serve as a manual of dynamic meteorology, written 
first and foremost for the meteorological and military faculties of hydrometeorologi- 
cal institutes. 


The book is based on lectures on dynamic meteorology which the author has 
read for some years, beginning in 1938 at the Moscow Hydrometeorological Institute, 
later at the Leningrad Hydrometeorological Institute and Leningrad University and 
elsewhere. 


According to the curricula of higher educational institutions for hydrometeoro— 
logy, a course in dynamic meteorology is given in the third and fourth years, after 
the students have already learnt higher mathematics, physics, theoretical mechanics 
and general meteorology. The course of dynamic meteorology starts in conjunction 
with a course in hydrodynamics, and its last part is given parallel with a course 
in synoptic meteorology. Consequently it was assumed in planning the course of 
dynamic meteorology that the students have a knowledge of higher mathematics, 
physics, mechanics, hydrodynamics and general meteorology as is given in the 
syllabuses of the higher educational institutions for hydrometeorology. 


The number of books devoted to dynamic meteorology is not great, and none 
of them can be used as a textbook for higher educational institutions for hydrome-— 
teorology. 


The two-volume monograph written in 1935-1938 by Soviet authors and edited 
by N, E. Kochin and B.1, Izvekov is interesting in many respects, but the excessive 
size of the book and a somewhat arbitrary selection of the necessary material is an 
obstacle to its use as a textbook. Furthermore, this book has become partly out— 
dated because it does not contain the most interesting results obtained by Soviet 
meteorologists in recent years. 


Among the foreign books, that of Haurwitz, published in 1941, is to be noted. 
This book comes closer to the course of lectures given by the author in 1938 at the 
Moscow Hydrometeorological Institute, and differs from the others in the right pro- 
portions of its composition and the lucidity of its exposition. However, it suffers 
from two fundamental shortcomings. It is intended for readers who have no know— 
ledge of meteorology, and therefore the subject matter is too elementary. A graver 
shortcoming of Haurwitz's book is the absence of the results obtained by Soviet 
authors. Thus, a makeshift solution of some problem as proposed by German or 
English authors is often given, whereas the more complete and exact solution of 
a similar problem obtained by Soviet authors is not touched upon. 


This fault is also characteristic of the other foreign books (we could mention, 
for example, the book by J. Holmboe, G.E. Forsythe, W. Gustin: Dynamic Meteo- 
rology, published in 1946). 


The author's aims in preparing the present course were the following: 


1. To give a clear and complete idea of the problems and the possibilities of 
modern dynamic meteorology, with special regard to weather forecasting, which is 
the basic practical problem of dynamic meteorology. To form a closed system 
of weather equations on a basis as strict as possible, to analyze these equations and 


to show to what extent they can be used for weather forecast. 


2, To expound as fully as possible the theory of the elementary meteorolo— 
gical processes, which forms a basis for drafting a subsequent course of synoptic 
meteorology. 


3. To examine some of the practically important applications, particularly 
the prognostic ones, which follow from the theory of the elementary meteorological 
processes, 


The material of the course is divided into 21 chapters. Some of these deal 
with comparatively elementary problems. However, the contents of these chapters 
is absolutely indispensable for a clear understanding of the more complicated ma— 
terial, and also for being able to draw such practical conclusions as are widely 
used by meteorologists in operational practice and research work. 


Even a superficial acquaintance with the contents of this book may convince 
the student of the value of the contribution to dynamic meteorology made by Soviet 
scientists, in particular by the Soviet school of theoretical meteorologists founded 
by A, A. Fridman. 


A, A, Fridman's scientific interests were extremely wide, but on meteorology 
heleftthe deepestimprint, creating a schoolof Soviet theoretical meteorologists. The 
outstanding feature of this school is the turning of all contemporary achievement of 
hydromechanics and thermodynamics to the service of meteorology. 


Without enumerating all the Soviet works which form an integral part of this 
book, I shall only indicate the principal ones. In Chapter VIII E.S. Kuznetsov's 
detailed and rigorous derivation of a closed system of equations for hydrodynamics, 
thermodynamics and the theory of radiation is described. At the end of the same 
chapter the author briefly acquaints the students with the fruitful and promising 
ideas of Fridman and Keller on the theory of turbulence, which find their expression 
in the so-called Fridman-Keller equations. 


In Chapter IX, the reader is acquainted with two important results, obtained 
by Soviet scientists, which make it possible to simplify very complicated equations 
of motion. In the same chapter are given detailed tables, constructed by 
A.A. Fridman (in collaboration with Hesselberg) of the orders of magnitude of the 
meteorological elements and their derivatives. In this chapter are also stated the 
results obtained by N, E, Kochin, who applied the boundary layer method to atmos- 
pheric motion. 


Chapter XV deals with an interesting and important result concerning the 
spectral structure of turbulence. This result is known in literature as "the law 
of two thirds® of Kolmogorov—Obukhov. 


Almost all of Chapter XVI is devoted to the variation of wind with height ina 
turbulent atmosphere, and is based on Soviet scientific work. A considerable part 
of Chapter XVIII, dealing with the general circulation of the atmosphere, is likewise 
based on Soviet research, In this chapter special attention is paid to the work of 
academician V, V, Shuleikin who showed the part played by the continents and oceans 
in the mechanism of the general circulation, to the mathematical theory of the general 
circulation of academician N, E. Kochin, and finally to the hydrodynamic theory of 
pressure waves and of action centers of the atmosphere developed by E,N, Blinova. 


In Chapter XIX, the problem of small oscillations of an interface and the loss 
of its stability, likewise studied by N, E. Kochin, is discussed in detail. 


Finally, the last chapters (XX and XXI) are devoted entirely to an account of 
the results of the integration of the weather equations recently obtained by Soviet 
scientists. These results are particularly interesting and promising, inasmuch ag they 
concern the basic practical problem of dynamic meteorology — forecasting the 
weather. 


Experience over many years has shown that the main difficulty encountered by 
students attending tne course consists in the complex task of making the applied math- 
ematical apparatus correspond with the physical reality of the phenomena. The 
author therefore constantly strove to draw the attention of the students to this physi-— 
cal reality. In some sections, treating the work of Soviet scientists, the author 
was obliged to retain a more complicated mathematical apparatus transcending the 
mathematical syllabus of higher educational institutions for hydrometeorology without 
giving any detailed mathematical appendixes. The preclusion of these results would 
have impoverished the subject matter of the book. On the other hand, detailed di- 
gressions in the domain of higher mathematics would have unnecessarily overloaded 
the book with additional material. The student interested in any particular problem 
will always find the necessary reference in the numerous mathematical textbooks. 


The question of the terminology used in the book must be noted separately. 
The same term frequently has a different meaning in hydrodynamics and in meteoro— 
logy; we may mention gradient, convection, circulation and others. The author did 
not, however, consider it possible to introduce new terms in these cases, but used 
the terms mainly in their meteorological sense assuming that the readers of this 
book will mainly be meteorologists, not hydrodynamicists. 


A bibliography of the basic literature used in compiling this textbook, and 
which is recommended to students for a more thorough study, is given at the end of 
the book. 


In conclusion I feel bound to express my gratitude to my teachers — academician 
V.V. Shuleikin, corresponding member of the Academy of Science of the USSR, 
I, A. Kibelt and Professor E,S, Kuznetsov, to my colleagues at the Institute, Profes— 
sors S, P. Khromov and A, Kh. Khrgian, as well as to my pupils L. Matveev, 
S. Titov, P. Smirnov and I. Slavin, who read the manuscript and gave me valuable 
advice and suggestions which contributed to the improvement of this book. I especial— 
ly thank Sh.N. Gofshtein for his help in the preparation of this book. 


V. A. Belinskii 


May 1948 


Chapter I 
INTRODUCTION 
§ 1. The Scope and Aims of Dynamic Meteorology 


Dynamic meteorology is a part of general meteorology, i.e., the science of 
the earth's atmosphere and of the physical processes which take place in it. 


The branches of science which deal with inanimate nature may be generally 
classified into two groups: 1) the exact physico—mathematical sciences, such as 
physics, mechanics, aero-— and hydrodynamics and 2) the descriptive sciences such 
as geography, geology and mineralogy. 


A distinguishing feature of the exact sciences is the possibility of a wide 
application of the analytical method by making use of versatile mathematical appa— 
ratus. Another distinctive feature of the exact sciences is the wide use of experi-— 
mentation which provides the basic method of physical investigation. 


Both possibilities are excluded from the descriptive sciences, in which the 
basic method consists in observations and their subsequent elaboration. 


Meteorology was rightly considered a descriptive science 30—40 years ago. 
However, the considerable successes in the development of meteorology in recent 
years are due to the gradual, but more and more thorough application of analytic 
methods to this field. At the same time the meteorology of the twentieth century 
turns more often to experiments both under laboratory conditions and in nature. 
Modern meteorology as a whole therefore can no longer be regarded as a descrip— 
tive science. 


The entire intermediate group of the geophysical sciences, including oceano— 
graphy , hydrology, seismology, and others, in this sense shows the same trend as 
meteorology. 


The essential feature of the geophysical sciences is the study of processes 
occurring on our planet on the basis of the general laws of physics. The part 
played by observation in geophysics, including meteorology, still prevails over 
both experimental and analytic investigation, and will retain its importance in the 
course of further development of meteorology. Observational results will always 
furnish the initial and boundary conditions, indispensable for the solution of any 
theoretical problem. 


In this connection we should recall what the great naturalist and artist, the 
founder of hydrodynamics, Leonardo da Vinci said in the XVI century: "If 
you want to study the motion of a fluid, first observe and then apply reasoning. " 
These words, of course, fully apply to meteorology, too. However, so many obser— 
vations of atmospheric motions have been accumulated, that it is high time to "apply 
reasoning", by establishing observation on the basis of the results gathered by 
humanity in the fields of mathematics, physics and hydromechanics. 


By now it is perfectly clear that meteorology as a science of atmospheric 
processes can only achieve decisive successes by using new methods. To this end 


meteorology constructs physically realistic theoretical models for the representation 


of atmospheric processes, testing them afterwards experimentally. The word 
“experiment” is used here in its broadest sense, as a synonym for "practice". 


Let us recall the genial thesis formulated by Lenin, which must be used for 
guidance in the development of any science including meteorology: "From an active 
contemplation to abstract thinking and from that to practice ~ such is the dialectic 
method of knowledge of the truth, of the knowledge of objective reality". 


Meteorology began as a descriptive science studying particular phenomena 
occurring in the atmosphere. "One should study the objects before beginning to 
study the processes*® (Engels). Now the necessity has arisen for studying the 
atmospheric processes. Such studies are facilitated by the possibility of studying 
these processes theoretically. 


We will define the aim of dynamic meteorology in the following way. Dynamic 
meteorology aims to construct, with the help of hydrodynamics and thermodynamics, 
theoretical models of the processes occurring in the atmosphere, subjecting these 
models to subsequent experimental verification. Therefore it would be more exact 
to call dynamic meteorology, theoretical meteorology. 


The primary practical task of dynamic meteorology is to forecast the weather. 
However, dynamic meteorology is yet far from solving this practical problem. 


Dynamic meteorology is a new science which is still not finally formed. It is 
far from that classical perfection which characterizes theoretical mechanics. The 
number of problems in dynamic meteorology waiting to be solved is appreciably 
greater than those which have already found their solution. 


The difficulties faced by meteorology in the solution of its primary problem 
can be divided into three groups. 


Difficulties are already encountered in working out a closed system of equations, 
mathematically expressing the physical laws which govern atmospheric processes; 
this is explained by the extreme complexity of atmospheric processes. 


The most important characteristics of the atmosphere, which are responsible 
for the complexity of processes occurring in it, are the following: 


1) Air is a baroclinic, compressible fluid, i.e., its density depends not only 
on pressure but also on the temperature; therefore the equation of motion of the 
air is connected with the equation of energy balance. 


2) The energy exchange in the atmosphere is brought about by radiation,by 
eddy flux of heat and by latent heat liberated in the course of a change in the water 
phases, all three forms of energy exchange strongly affecting the atmospheric 
processes. The radiation and the turbulent exchange in the atmosphere are partic— 
ularly complicated. 


3) The processes of heat exchange are made exceedingly complicated by the 
presence of water vapor in the atmosphere. The turbulent heat exchange is main— 
tained by radiation and the condensation of water vapor. These processes depend, 
in their turn, on the quantity of water vapor contained in the air. The amount of 
water vapor changes with the motion of the atmosphere. This close relationship 
between atmospheric motion and the content of water vapor — the main energetic 
factor in the atmosphere — extremely complicates the problem of working out a 
system of equations expressing the laws of atmospheric processes. 


4) The motions of the atmosphere take place in the Coriolis field of force 
generated by the rotation of the earth, and this field essentially influences the large- 
scale motion of the atmosphere. 


5) All air motion in the atmosphere is of a turbulent nature. Due to this 
fact considerable forces of turbulent internal friction, essentially affecting the 
character of the motion, are frequently evolved. Therefore it is necessary to 
apply averaged equations of atmospheric motion, and these equations are incom-— 
pletely determined, 


Thus, we are obliged to proceed from the conclusions of the hydromechanics 
of a compressible baroclinic fluid, derived for turbulent motions taking place in 
the Coriolis field of force, in order to work out a system of equations for atmo- 
spheric processes. We must hereby take into consideration the thermodynamic con— 
clusions regarding ideal gases and water phases, and the thermodynamics of radiant 
energy. 


The system of equations thus obtained appears not strictly closed, 
because the number of unknown functions entering the averaged equations of atmos- 
pheric motion is greater than the number of equations. Therefore, the system of 
equations is unsolvable in principle. 


However, this system of equations, which we call for short "the weather 
equations® can apparently be put in closed form by adopting some sufficiently correct 
assumptions. Thus, the weather equations, i.e., a system of equations expressing 
the laws governing the atmospheric processes, can be worked out, and the first 
difficulty can be overcome in this way. 


However, after the first difficulty is overcome, i.e., after having formulated 
a system of weather equations,and when its solution is attempted, we are faced with 
anew difficulty. Namely, it appears impossible to solve correctly the obtained 
system of equations, owing to difficulties of mathematical nature which are, for 
the time being, unsurmountable. Therefore, having been convinced of the impossi-~ 
bility of obtaining an exact solution of the weather equations, we are forced to 
abandon the attempt to solve them in their general form, and to use simplifications 
by substituting approximate equations for the exact ones, or restricting ourselves 
to the separate examination of particular processes and states of the atmosphere. 


One must be particularly cautious in substituting approximate weather equations 
for exact ones, because of the risk of distorting the processes described by such 
equations. 


The division of the atmosphere into separate layers, for which simplifications 
of the weather equations are possible in principle, is a very successful method for 
working out approximate weather equations. Thus we pass from a single-layer 
problem to a multi-layer one. From an exact system of weather equations, correct 
for any point of the terrestrial atmosphere, but which cannot be integrated, we pass 
to a set of systems of approximate equations, each valid within the limits of only 


one layer, but which can be integrated. The solutions obtained for individual layers 
are §cemented® together. 


It is often necessary to apply the method of successive approximation in order 
to solve a problem within a single layer, owing to the impossibility of exactly solving 
even the simplified equations. The principle of this method consists in first estima— 
ting all the terms in the equations. The main and most essential terms are chosen 


among them, and the remaining ones are rejected. We then solve this approximate 
system of equations. The obtained solution is the first (rough) approximation to 

the required solution of the problem. The first approximation appears sufficient, 

and can be regarded as definitive if the processes are of such a kind that the reject— 
ed termS are negligible. However, this is often not sufficient. A second approxima= 
tion must then be found. For this purpose small terms are retained in the initial 
equations, after first substituting the approximation obtained for the unknown func— 
tions into these terms, and the "corrected" system of equations is again integrated. 
The second approximation is obtained as a result of these operations. 


Theoretically it is possible to obtain a third and higher approximations 
but in practice we usually confine ourselves to the second approximation. 


After all this, the third difficulty which arises in the solution of the fundamen—- 
tal problem of dynamic meteorology consists in the fact that the mathematical 
scheme (the algorithm) of the obtained solution must be presented in such a simple 
form that it can be applied in operational practice. 


The immense difficulties, which have already been briefly mentioned and 
which we will discuss in greater detail in their proper place, resulted in the fact 
that weather forecasting has been considered hopeless until lately. 


The first step in this field was made by Richardson. In his detailed investiga— 
tions Richardson arrived at the not very comforting conclusion that the method of 
theoretical weather forecast is of little practical use. 


However, the work of the Soviet scientist I, A. Kibel’' showed that the weather 
forecast is by no means such a hopeless undertaking, even at the present state of 
our knowledge. 


Moreover, Professor Kibel' proposed a method of weather forecast, based 
on the direct use of the equations of hydromechanics and thermodynamics; this 
method has been successfully developed by him and his pupils in the Central 
Institute for Weather Forecast. 


Unlike previously proposed methods for weather forecasting, I. A. Kibel's 
method is an astute and original attempt of direct application of the equations of 
hydromechanics and thermodynamics to the weather forecast under real conditions, 
where the synoptic chart of the day in all its diversity must be used as initial 
conditions. 


Our course of dynamic meteorology is devoted to the systematic exposition 
of the principles of the thermodynamics and the dynamics of the atmosphere, giving 
special attention to those problems which have been completely solved, and which 
have a great practical importance because they furnish a theoretical basis for 
modern synoptic meteorology. 


Let us not forget that correct weather forecasts are possible only on the 
indispensable condition that the forecaster is able to explain and quantitatively 
evaluate the physical processes taking place in the atmosphere. 


§2. The System of Units Used in Meteorology, 
Dimension 


Every mechanical system is characterized by definite physical units, such as 
velocity, density, energy, force, etc. By virtue of their interrelations, the units 
characteristic of any mechanical system can be reduced to three fundamental ones. 
The choice of these fundamental units depends on the nature of the problem at hand. 


Length, mass,and time are the fundamental units used in physics. Length, 
force, and time are used in technology. Other fundamental units may also be 
chosen. 


The metric system of units is now widely accepted. The following are adopted 
by international convention: the unit of length — 1 meter — the length of a standard 
rod made of platinum — iridium and kept by the French Board of Weights and Meas— 
ures; the unit of mass — 1 kilogram — the mass of a platinum—iridium standard, 
kept in the same place; the unit of time — 1 second — equal to 54-3600 of the 
mean Solar day. 


In the study of mechanical phenomena three independent fundamental units 
suffice: the units of length, mass and time; the units of other physical quantities 
can easily be expressed by these fundamental units. 


In studying thermal phenomena uSe can also be made of these three units. For 
example, the quantity of heat can be expressed in the same units as mechanical energy. 
However, for some problems of thermodynamics it is more convenient to choose the 
unit of the quantity of heat independently of the unit of mechanical energy. The 
calorie is the accepted unit of heat; it is determined by experiment, independently 
of the mechanical unit. Degrees are introduced for measuring the temperature and 
they, too, are independent of the three fundamental mechanical units. 


The expression of a certain unit by units accepted as fundamental give us the 
dimensions of this unit. We shall express the dimension symbolically by monomials, 
in which L designates length, M — mass and T — time. 


Maxwell has proposed that the dimension of any quantity a should be expressed 
by the symbol [a]. Accordingly, the dimensions of the fundamental units are: 


[length] = [L], 
[mass] = [M], 
[time] = [T]. 


For completeness we shall add a fourth quantity, the temperature, which is 
necessary in thermodynamics. We shall agree to express the dimension of tempe- 
rature in the following way: 


[temperature] = @. 


All the derived physical units, encountered in meteorology, can be easily 


expressed by the fundamental ones: the length L, mass M, time T and tempera 
ture ). 


At present,dynamic meteorology makes use of two alternative systems of units. 
the CGS and MTS systems. The fundamental units in the CGS system are the centi- 
meter, the gram-mass and the second. In the MTS system - the meter, ton-mass 
and second. 


The CGS system is universal, it is most convenient in experimental physics, 
where mechanical quantities of the same order of magnitude as the fundamental 
units of this system are usually considered. 


However, the dimensions of the mechanical systems investigated in meteoro— 
logy are enormous as compared with the units of the CGS system, so that it is highly 
inconvenient for practical use in meteorology. The introduction of larger units of 
measure is understandable enough. This situation led the international conference 
of 1911 to adopt the MTS system for meteorological use. Nevertheless, even now 
no unanimity exists as to the use of either system in meteorology. In this book we 
will sometimes use CGS, sometimes the MTS units, depending on the character of 
the examined problem. 


The dimensions of the most important physical magnitudes are given in Appendix 
1 both in CGS and MTS units. 


The problem of dimensions is of considerable importance in the formulation of 
quantitative relationships. In order that these relationships do not vary upon alteration 
of the fundamental units of measure, it is necessary that the dimensions of both sides 
of the equation should be identical. This condition is automatically fulfilled if the 
considered relationship is simultaneously a definition of the method of measurement 
of one of the magnitudes it includes. For example, Newton's second law not only 
relates mass, acceleration and force to each other, but also serves as a method 
for measuring one of these magnitudes. If this is not the case, and the method of 
measurement of the physical magnitudes is independent of the relationship in 
question, it is necessary to insert a special dimensional coefficient in this relation— 
ship, in order to ensure identical dimensions. For example, a dimensional coeffi-— 
cient is introduced in the equation of universal gravitation, the so—called gravita— 
tional constant. This can be explained by the fact that the dimensions of the physical 
magnitudes entering in the equation of universal gravitation, i.e., the masses, 
lengths, and forces, are determined independently of the gravitation law. 


Dimensional considerations provide a good‘criterion for checking the correct 
ness of an equation. Moreover, by the same method we can find an equation involving 
an incompletely known function of different physical magnitudes, assuming that no 
dimensional coefficients enter in the desired equation. We shall use this method in 
the study of turbulence for determining certain functions. 


§ 3. Size and Shape of the Earth 


The earth moves round the sun in an elliptic orbit with an average velocity of 
29.8 km/sec, simultaneously revolving about its own axis from west to east witha 
constant angular velocity. 


Let us calculate the angular velocity wWof the earth's rotation. The earth performs 
forms a complete rotation around its axis ina sidereal day; hence 


_ Qn 
® = Sidereal day 


(1) 


The sidereal day differs from the solar day, owing to the simultaneous revolu- 
tion of the earth around the sun, A year equals nearly 3657 solar days. That is to 
say, the earth turns 365_-times around its axis relative to the sun. But the earth 
makes an additional revolution from west to east in absolute space while traveling 
its whole yearly orbit, so that it will turn 366;times relative to the fixed stars. 
Thus: 1 year = 3657 solar days = 366 [sidereal days. Consequently: 

365 


1 sidereal day = 366 1 Solar days, 
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The earth would have been spnerical had it not revolved on its axis and had it 
been completely homogeneous, or composed of concentric homogeneous layers. But, 
owing to its rotation the earth was deformed into a spheroid, i.e., a slightly 
flattened ellipsoid of revolution, when it still was in a liquid state. 


Notwithstanding, the true form of the earth is yet different to some extent from 
an ellipsoid of revolution owing to the heterogeneity of the earth's crust and to the 
nonuniform distribution of the masses of different densities in its interior. Conse- 
quently, the theoretical level surface of the earth, i.e., the surface to which 
gravity is perpendicular at each of its points, has a special form; this complicated 
form is called a geoid. 


In practice the slight deviations of the geoid from the ellipsoid of revolution 
may be completely neglected. Furthermore, in the majority of meteorological 
problems it appears possible to neglect even the deviation of the earth's form from 
the spherical, and to consider the earth as being a sphere. 


The basic proportions of the terrestrial spheroid, as accepted by the inter- 
national conference of 1924 are given in Appendix 2. 


S 4. The Distribution of Gravity at the Earth's Surface 
and in the Atmosphere 


Gravity is the most important force acting on the atmosphere. Therefore, itis 
necessary to know the distribution of gravity in the atmosphere and its point to point 
variation. We will consider the gravity in reference to a unit of mass or, in other 
words, the acceleration of gravity. Gravity is the resultant of two forces — the 
Newtonian force of gravitation and the inertial centrifugal force. 


/ 
Figure 1. Gravity directed to Figure 2. Resolution of the centrifu— 
the earth's center gal force, arising as a result 


of the rotation of the earth, 
into normal and tangential 
components 


Let us suppose the earth has the form of a sphere (Figure 1). We will consider 
a physical object of unit mass situated on the surface of this sphere. The Newtonian 
force of gravitation alone would have acted on this body if the earth were immobile. 
This force is directed to the center of mass, and its magnitude is proportional to 
the product of the interacting masses and inversely proportional to the square of the 
distance between them: 
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—_ M 
F=u=K- a, (1) 


where F is the force of gravity, M—the mass of the Earth, K—the gravitation con— 
stant, R-the earth's radius. 


An inertial centrifugal force Z is developed by the rotation of the earth 
(Figure 2), directed along the radius of the circle of latitude emanating from the 
axis of rotation; this force is equal to 


Z=T?, 


where r is the radius of the circle of latitude, m—the angular velocity of rotation of 
the earth. Since 


r=Reosg, 
where @ is the latitude of the locality, the centrifugal force is equal to 
Z==Rcos yw?, 


Let us resolve the centrifugal force Z into two components: one in the direction 
of gravitation, and the other normal to it. The first will evidently be the normal 
component Za and the second — the tangential component Z, relative to the surface 


of the earth. 
These components have the following magnitudes: 
Z, == Roos 9: w?-cos p= R cos? 9: w?, (3) 
Z,=R cos 9-w?-sin"p = R sin 29+ w?, (4) 


The normal component of the centrifugal force,which is directed opposite to 
gravitation, causes an apparent decrease in the weight of the body. The body, sit- 
uated on the surface of the spherical earth,tends to be displaced in the direction of 
the equator under the action of the tangential component of the centrifugal force. The 
form of an ellipsoid of rotation (spheroid) acquired by the earth can be explained by 
this fact. The surface of the spheroid is the level surface of gravity. 


The resultant of the force of gravitation acting in the direction of the earth's 
center and of the centrifugal force, called gravity, is obviously perpendicular “5 the 
surface of the spheroid, and its tangential component (relative to the spheroid) vanish- 
es. Gravity, however, is not directed to the center of the mass, as is the force of 
gravitation, but to some point situated nearer to the surface of the earth. 


The value of the force of gravitation is different for different latitudes, because 
the earth has lost is spherical form ; this force has a maximum value at the poles, 
and a minimum on the equator. The centrifugal force also changes with latitude, 
being zero at the pole, and reaching a maximum value on the equator. Thus gravity 
is a function of latitude. 


The following empirical equation, which describes the dependence on latitude 
of the gravity acceleration at sea level, was established on the basis of numerous 
gravity determinations at different latitudes: 


g, == 980.616 (1 — 0.002644 cos 2p + 0,000007 cos 24) cm-sec. 2 
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The number in front of the bracket is the '] rcmal® gravity acceleration, i.e.. D 
the value corresponding to 45° latitude at sea level. Actually, Bas = 980.616cm/sec / 
by substituting » = 45°. 


For all the problems of dynamic meteorology the use of a simpler equation 
-2 
g, == 980.6 (1 — 0.0026 cos 2¢) cm sec (5) 
appears possible. 


On the equator 9 = 0, and the acceleration of gravity reaches a minimal value 
Ey = 980.6 (1-0. 0026); at the pole y = 90°, and this acceleration reaches a maximal 


value Eg = 980.6 (1 + 0.0026), hence 


Su 0.0052 = 5. 2°. 


It follows that the variation of gravity on the earth's surface at sea level is 
not great. This variation only amounts to 0.5% of its normal value. Therefore the 
variation of gravity with latitude can be neglected in the majority of cases. 


Gravity also varies with altitude above sea level. Let us take two points: 
the point Mj, situated at the height z, and M~at sea level (Figure 3). Then the fol— 
lowing equation can be written correct to terms of the second order: 


BR? (6) 
& (R+z)° 
hence 
| z 
&% = 8) 7-— Fz = g(1—24), 
(4% 


where we disregard the terms quadratic in the small magnitude z/R. 
Replacing R by its value we obtain an equation, which determines the relation 
of the acceleration of gravity at any point to its height above sea level, at the same 


latitude; 


Bz = 8) (1 —3.14-10772), (7) 


where z is expressed in meters. 


It can be easily deduced that the acceleration of gravity varies within the limits 
of 1% of its value up to the height of 30 km. 


Combining equations (5) and (7) we obtain an equation, which determines the 
acceleration of gravity at arbitrary latitudes and heights in the atmosphere: 


Bor, = 980.6 (t — 0.0026 cos 29) (8) 
(1 —3.14-1077%z) cm-sec72, 


It is to be noted that equations (7) and (8) are obtained for a free atmosphere. 
For points lying in mountainous territory we obtain instead of (8) another equation: 
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8513 == 980.6 (1 — 0.0026 cos 29) (1 — 1.96- 10772), (9) 


which accounts for the gravitation of the mountains. 


1 


Figure 3. Gravity is inversely proportional to 
the square of the distance from the 
earth's center 


In Appendix 3 are given the normal values of the acceleration of gravity, for 
different latitudes and heights above sea level. 


§ 5. The Composition of the Atmosphere 


As arule, we will consider the atmosphere as composed of three different 
constituents: 


1) dry and pure air 
2) water vapor 
3) atmospheric dust and other impurities. 


Let us consider each of these atmospheric constituents separately. 
1) Dry and pure air is a mechanical mixture of different gases. 


Appendix 4 lists the likeliest composition of pure and dry air near the earth's 
Surface, in accordance with contemporary knowledge. The two main con- 
stituents of this mixture — nitrogen and oxygen — form 99% of the air, both by vol- 
ume and by mass, and 99.9% when including argon. The content of carbon dioxide 
in the atmosphere varies both with time and in space, depending on the properties of 
the underlying surface. The average content of carbon dioxide in the air amounts to 
0.03% by volume. The concentration of other gases is negligible, as can be seen 
from the table. 


The composition of pure and dry air does not vary with latitude and height, 

apart from the decrease with height of carbon dioxide and radium emanation, and 

the increase of ozone concentration. Samples of air taken during fughts in aerostats, and 
by means of sounding balloons, make it possible to assert that the composition of dry 
and pure air in the atmosphere does not vary essentially up to heights of 20-30 km. 
The composition of air apparently varies above this altitude as a consequence of the 
increasingly important role of the lighter gases at very great heights. Anyhow, the 
upper layers of the atmosphere form as yet no object of investigation for dynamic 


meteorology. 


The critical temperatures of the components of dry and pure air are so low 
that they are always in a gaseous state under conditions observed in the atmosphere; 
they can therefore be regarded as ideal gases. Xenon and carbon dioxide are excep- 
tions. But their amount in the atmosphere is so small that they cannot be liquefied, 
and they too can therefore be regarded as ideal gases. Thus, the entire mechanical 
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mixture of gases which constitute dry and pure air, can be regarded as an ideal, i.e., 
a nonliquefieble gas. 


2) In contrast to the permanent components of atmospheric air, the amount of 
water vapor in the atmosphere varies both in time and space, within very wide 
limits — from 0 to 4% by volume, Its critical temperature is 374°C. Therefore, 
water vapor is a real gas under atmospheric conditions; it can change its state of 
aggregation by turning into water drops or into crystals of ice. It nearly conforms 
to the laws of ideal gases if it is not saturated. On the other hand, saturated water 
vapor diverges noticeably from these laws. The processes of condensation and 
sublimation of water vapor, as wellas the vaporization of the condensation products, 
largely determine the diversity of atmospheric processes. Furthermore, water 
vapor plays a leading part in the processes of absorption and emission of radiant 
energy. 


3) Apart from the above-mentioned components of the atmosphere, admixtures 
of very fine suspended solid particles or molecules of gases may be found in it, in 
greater or lesser amounts. Among these admixtures both the hygroscopic gases 
(vapors of nitric acid HNOg, sulfurous acid H.SO,, etc), and the hygroscopically 
active solid particles (smoke, grains of salt, etc) play a particularly important 
part. They initiate and promote the processes of condensation and sublimation of 
water vapor, forming nuclei of condensation and sublimation. The neutral dust 
particles, sometimes present in great amounts in the lower layers of the atmosphere, 
do not take an active part in the processes of vapor condensation and sublimation, 
but may play an important part both in the heating and cooling of the air as a result 
of radiant energy absorption and emission, 


We will consider mainly the first two constituents of the atmosphere, disregard= 
ing the different admixtures contained in it. 


§6. The Extent of the Atmosphere 


The atmosphere surrounding the earth is composed of several gases, including 
water vapor (see § 5). 


A fundamental property of every gas is the lack of forces of mutual attraction 
between the molecules. Incontrast, the forces of mutual attraction in the solid and 
liquid states preponderate to such an extent that the body is unable to increase its 
volume spontaneously. 


Every volume of gas tends to expand indefinitely if left to itself. This is ex- 
plained by the fact that every gas is a chaotic assembly of independent molecules 
moving in different directions at enormous speeds and colliding with each other. 
Thus the molecules of oxygen at normal pressure and at a temperature of 15°C move 
at an average speed of 430 m/sec, whereby the number of collisions in a cubic 
millimeter equals 4:1022 per second, 


As a result of such a chaotic motion of the gas molecules, billions of them 
leave the original volume, in this way causing its expansion. The gases which com-— 
pose the atmosphere also tend to leave the earth and disperse in outer space. But 
gravity counteracts this phenomenon. Only isolated, particularly rapid molecules a 
are able to get away from the field of gravity. Therefore the earth loses only a 
negligible part of its atmosphere. 


The earth carries along its surrounding atmosphere, or rather it is the so- 
called "quiescent atmosphere” that participates in the continuous rotation together 
with the earth. The wind arises merely as a difference in the motion of the atmosphere 
and of the earth's surface. A systematic lag of the atmosphere in relation to the 
earth may be realized only at very great heights. 
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It is impossible to indicate the exact upper limit of the atmosphere. The earth's 
atmosphere gradually merges into outer space, which is not an absolute vacuum, but 
contains molecules of different gases. Consequently, the earth's atmosphere can be 
regarded as a local condensation of the interplanetary atmosphere. 


As an outer limit of the atmosphere one can accept,from the theoretical point 
of view, the maximum height at which the atmospheric particles still participate in 
the rotation of the earth, and gravity still prevails over the centrifugal force, which 
tends to draw the atmosphere away from the field of gravitation. 


Theoretical calculations show that the atmosphere extends away from the poles 
a distance of no more than 28,000 km, and at the equator over 42,000 km. It 
thus forms a spheroid which is more oblate than the earth. This calculation deter— 
mines the limits past which the atmosphere can not possibly extend. 


However, no phenomenon can be indicated that would prove the presence of 
atmosphere at such great heights. Only at heights not exceeding 2,000 km is the 
density of the atmosphere sufficient to reveal its presence by weak optical pheno- 
mena which are sometimes observed from the earth's surface. 


At heights of 500 to 1, 000 km aurorae polaris in the form of weak uniform 
arches are observed. Ignitions of meteors are sometimes detected up to a height 
of 300 km. ) 


However, the density of the air » is insignificant at these heights, Thus at the 
height of 300 km ? is equal to 6. 7. 10-27 g/cm, whereas at the height of 20 km 
e=0,9-:10—-4 g/cm? and at the earth's surface, p = 1.3°1073 g/cem3 (Appendix 5). 


The concept "mass of the entire atmosphere® also has no precise meaning. 
However, on the basis of indirect considerations it is estimated at 5. 26-102! g which 
is approximately one millionth part of the earth's mass, 


On the basis of calculations it has been shown that nearly 50% of the earth's 
atmosphere is contained within a layer extending to 5 km above the earth's surface; 
75% within the layer up to 10 km, 95% — within the layer up to 20 km, and more 
than 99% within the layer up to 40 km. 


It is generally assumed that the atmosphere lying higher than 25-30 km has no 
direct dynamic influence on the air layers close to the earth's surface. Therefore, 
in dynamic meteorology the atmosphere can be regarded as a thin layer 20-25 km 
thick, which envelopes the globe. 


This circumstance has a singular effect on the nature of the principal processes 
occurring in the lower layers of the atmosphere. Namely, all these processes appear 
to be protracted along the horizons, and flattened in the vertical direction. Thus, 
the cyclones and anticyclones occupy vast regions of many hundreds and even 
thousands of kilometers along the horizons, but extend merely a few kilometers in 
the vertical direction. This peculiarity of the meteorological processes is of 
essential value for their understanding and study. 
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Chapter II 
THE THERMODYNAMICS OF IDEAL GASES 


$1. The Thermodynamics of the Atmosphere and Physical 
Thermodynamics 


The thermodynamics of the atmosphere is based on the results obtained by 
physical thermodynamics. 


The subject matter of physical thermodynamics is the study of those physical 
phenomena which are statistical consequences of events taking place in the micro- 
cosm (the universe of molecules, atoms, etc). Typical examples of such physical 
phenomena are cooling and heating which are accompanied by a change of velocity 
of the elementary particles of matter, a change in the state of aggregation (evap— 
oration, condensation, fusion, crystallization, etc); diffusion, absorption etc 
(i.e., an irregular penetration of the molecules of one substance into the assembly 
of molecules of another substance). 


Unlike the mechanical system, which may consist of any number of particles 
(down to two [or even one]), the thermodynamic system must consist of a sufficiently 
large number of particles to ensure an equalization of random events occurring 
in the microcosm. 


However, within the limits of the heights investigated by dynamic meteoro— 
logy, even very small volumes of air meet this requirement. Only in the very 
high layers of the atmosphere does the number of elementary particles contained 
in a unit volume become so small that statistical laws can no longer be applied, 
and the conclusions of the thermodynamics cease to be accurate, because they are 
not applicable to individual molecules or to an insufficiently large number of 
molecules, 


$2. The First and Second Laws of Thermodynamics 


From a great number of results obtained by experiments, thermodynamics 
selectstwoorthree, the most reliable, which are fundamental and of quite general 
application. Then, by strictly logical reasoning, a series of particular rules are 
derived, enabling one to predict the different properties of substances, and the char- 
acteristics of processes taking place inthem. The development of thermodynamics 
as a separate science was initiated by the discovery of the two fundamental laws 
which form its empirical basis. These are therefore called the laws of thermody— 
namics. Many different formulations exist of the first and particularly of the 
second law of thermodynamics, from among which we will make use of the 
following: 


The first law: generation and destruction of energy are impossible. 


The second law: a process which results solely in the transformation of 
heat into work cannot take place. 
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Let us consider the concepts of perpetual motion machines of the first and 
second kind, in order to appreciate the importance of these laws. The perpetual 
motion machine of the first kind is one that produces more work than the energy 
which it consumes from without, i.e. that creates energy. The perpetual motion 
machine of the second kind is one which is capable of transforming into work all 
the energy absorbed in the form of heat from any source (heater). The perpetual 
motion machine of the first kind would have allowed to obtain energy from nothing, 
and the perpetual motion machine of the second kind—to master the practically un-— 
limited natural sources of heat. Thus, a perpetual motion machine of the second 
kind would be able to set in motion all the mills and factories of the globe by trans— 
forming into work the heat of the oceans, thereby decreasing the temperature of 
the water in them by one hundredth of a degree after 1700 years. 


A great number of attempts to construct perpetual motion machines of the 
first and second kinds have been made. Naturally, all these attempts have failed. 
The laws of thermodynamics provide the reason for these failures. 


From the first law of thermodynamics follows the impossibility of construct- 
ing a perpetual motion machine of the first kind. 


From the second law of thermodynamics follows the impossibility of con-— 
structing a perpetual motion machine of the second kind. 


The mathematical expressions of the first and second laws of thermodynamics 
will be given below. 


$3. The Parameters of State of a Thermodynamic System 


We will study the following thermodynamic systems which take part in the 
thermodynamics of the atmosphere, 


1) Dry air, which can practically be regarded as a physically homogeneous 
medium (single component system). 


2) Pure water in one, two, or three phases. This thermodynamic system can 
be homogeneous if the water appears in one phase, and nonhomogeneous, if two 
or three phases are present (it is also a single component system in one, two, or 
three phases). 


3) Unsaturated moist air; this, like dry air, can be regarded as a homo- 
geneous medium (a two component system: dry air + water vapor). 


4) Moist air containing water in a liquid or solid phase together with water 
vapor (a two component system: dry air + water in two or three phases). 


The quantitative variables, which determine the physical properties of any 
thermodynamic system, are called parameters or characteristics of state of this 
system. Any element of the thermodynamic system can be characterized by four 
variables: the mass §M, the volume oT, the pressure p and the temperature T. 
Thus, in addition to the mechanical variables 6M, 6&t, p, a specific thermodyna— 
mical variable-the temperature—is introduced to characterize the state of the 
thermodynamic system. The system should be in a mechanical and thermal equi- 
librium for the temperature to be exactly determined. Thus thermodynamics is 
concerned only with systems which are in equilibrium or in a state infinitesimally 
removed from equilibrium. Hence, in order to apply thermodynamical analysis to 
the atmosphere, we shall take it to be in a state of equilibrium or quasi-equilibrium. 
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$4. Mass, Volume and Density 


We shall assume that each thermodynamic system is composed of the same* 
particles. Therefore the total mass of the system, remaining constant, is not 
considered a parameter of state, although it is taken into account during calcula— 
tions. The masses of the separate components (2) and (4) of the system will change 
withthe change of the phases; therefore these masses are parameters of state. 


The mass 86M is expressed in grams, kilograms, tons or moles. A mole is 
that quantity whose weight in grams equals the molecular weight of the substance. 
ee 3 bee 
The volume is measured incm , liters, m . However, it 1S more convenlent to 


use the specific volume v, instead of the total volume ét 


The specific volume is the volume occupied by a unit mass, or in other words, 
the ratio of the volume occupied by the system, to its mass; 


&t 
ie — Ym’ [v} = (L2M-1], 
The specific volume is measured in cm3/g, liter / g, m3 /kg, m°/ton. Under nor- 


mal conditions (p = 760 mm Hg, t = 0°C) the specific volume of dry and pure air 
Va equals 


omic liter 
? g g 


Thus, one gram of dry air occupies approximately 3/4 liter under normal 
conditions. 


Sometimes the molar volume is also used. The molar volume is the volume 
occupied by one mole of the substance. According to the empirical law of Avogadro, 
the molar volume is equal for all gases under the same conditions. The molar 
weight of dry and pure air is 28.97. Therefore the molar volume of dry and pure 
air, and hence of any other ideal gas under normal conditions, equals 28. 97 X 0.77348 
22.40 liter/ mole. 


In dynamic meteorology, instead of the specific volume, its reciprocal value 
-—the density~ is usually used as a parameter of state. 


The density is the mass of substance contained in a unit volume or, in other 
words, the ratio of the mass of the substance to its volume: 
&M 
eee ie ae a.) 
= gt? (o] = (ML }. 
The unit of mass adopted in the CGS system is the gram, i.e., the mass of 
one cubic centimeter of chemically pure water at 4°C; the unit of volume is 1 cm3, 


The density of water at 4°C thus serves as the unit of density. 


Sometimes the density of dry and pure air, under normal conditions, is 
adopted as a unit of density (p = 760 mm Hg; t# 0°C). This value is equal to 


0.001293 g ae 


We can estimate the mass of a substance by its weight, and the density by 
the specific weight. Therefore in practice the specific weight is always determined 
and the density is taken to be equal to it, because the numerical values of the density 
and the specific weight practically agree. 
* [Translator's note—apparently the meaning is that each system remains com- 
posed of the same particles throughout its evolution]. 
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It is evident that the specific volume and the density are mutually related by 
a 1. 


It follows from Avogadro's law that the ratio of the densities of gases mea- 
sured under the same conditions is equal to the ratio of their molecular weights. 


§5. Pressure 


Pressure is the normal component of forces uniformly distributed over the 
surface of a body; it is directed towards the interior of the body. Pressure is the 
force acting on a unit surface, The pressure compressing the body is considered 
to be positive. The pressure exerted by gases is also called gas tension. 


The kinetic theory of gases explains pressure as being the result of impinge- 
ments of the molecules on the surface confining the gas. 


Experiment shows that the pressure of motionless air acts equally in all 
directions. Therefore the pressure of motionless air can be regarded as a scalar. 


Designating by dS the surface element and by dF the elementary force of 
pressure, we obtain 


dF 
P= 7 ~— [p] = [ML-'T-*}. 


The bar is adopted as a unit of pressure in the CGS system; it is equal toa 
pressure of 1 dyne on a surface of 1 cm2, However, it is a small unit. 
V. Bjerknes introduced a unit of pressure one million times greater which he also 
called bar: 


1 bar = 108 dyne cm= 2 


the a5 th part of a bar is called a millibar (mb) 


1 mb =~0.001 bar —10° dyne cm=2., 


In use are also: 


1 centibar ==10-2 bar —10 mb= 104 dyne cm~2 
1 decibar ==107-! bar=100 mb 


The centibar is used in the MTS system as a unit of pressure. 


The pressure of air is usually measured in mm Hg. However, the height of 
a column of mercury does not determine unambiguously the pressure exerted on it. 
It is necessary to take into consideration the temperature of the mercury and the 
local acceleration of gravity at the site of observation. 


Therefore it is necessary to convert the measured height of the mercury 
column in the barometer to its height at standard conditions, i. e., standard tempera- 
ture and standard gravity, in order to obtain a measure of the pressure which is 
independent of the particular measurement. 


Moreover, the scale measuring the height of mercury in the barometer gives 
the exact number of millimeters only at a definite temperature (usually at 0°C). 
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Therefore the height b, of the mercury in the barometer at a temperature t is each 


t 
time reduced to its height at 0°C according to the equation: 


by =5,[1 —(B — y)-4], 


where B and ¥ are respectively the coefficients of expansion of the mercury and of 
the scale. 


The mercury column of height Dy mm and cross section 1 cm® will then have 
a mass of 


b 
13,595.74. [1 —(B — y)] = 1.3595bo. 


Here b,=:b,-+¢@, where b, is the barometer reading reduced to 0°C and @; the 


0 
correction of the barometer reading for the temperature, This quantity of mercury 
exerts a pressure of: 


p= 1.3595b9g, ., 


where g, , is the acceleration of gravity at latitude y and height z; it is determined 
by the equations (8) and (9) of § 4, Chapter I. 
Restricting ourselves, for conciseness, to the first case we obtain: 
p= 1.38595 - 980.616 (1 — 0.0026 cos 29)-(1— 3.14-1077z) by, 


or 


p= 1333.19.» Be (1) 


where 


b = b,(1 —0.0026 cos 27) (1 — 3.14. 10-72) 


this is "the corrected barometer reading", expressed in millimeters. Correct to 
small second order terms it can be written as: 


b= b,4+8,4+8,48,; (2) 


where b is the observed height of mercury in the barometer. 


g, —the correction of the barometer reading for the temperature 


6, == —(B —y) byt, (3) 
8. —the correction for the latitude of the locality 
6. — 0.0026 cos 245, (4) 


e. —the correction for the height above sea level 


6, == —3.14-1077-2-b,. (5) 


Apart from the corrections considered above, each barometer has its own 


Sinstrumental"correction, which is obtained by comparing its readings with the 
readings of a standard barometer. | 


. On account of the great number of corrections which must be applied to the 
readings of a barometer, it seems useless to divide the barometer scale into 
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millibars, as has been proposed. The division of the scale into millibars would 
not eliminate the necessity for introducing the above-mentioned corrections, and 
would only introduce additional confusion. In a barometer one merely observes the 
height of the column of mercury, balancing the pressure. Therefore it is natural 
enough to express the pressure in units of length, i.e.,in millimeters. The value 
of the pressure corresponding to this reading is determined by a subsequent cal-— 
culation. 


It is not difficult to see that normal pressure, exerted by a column of mercury 
760 mm high, having a temperature of t = 0°C, and placed at sea level and at a la-— 
titude @= 45° is equal to 


— _ dyne 
p= 1333,19-760 = 1 013226 2 
Conversely, the pressure of 1 bar = 106 Sune ‘corresponds to a height of the 


106 


1333.19 = 750.08 mm Hg. 


barometric mercury column b= 


Thus, between the two examined units of pressure exists the following re— 
lationship: 


1 bar =750.08mmHg 760mmHg = 1.013226 bar , 
1 mb = 0.75mmHg ImmHg =*', mb. 


In order to convert the pressure from millibars to mm Hg, use can be made of 
tables and graphs, the plotting of which is obvious. 


$6. Temperature 


The temperature of a body can be determined by the readings of a thermo- 
meter, i.e.,an instrument which is in thermodynamic equilibrium with the body in 
question. In meteorological stations the air temperature is usually measured by 
liquid (mercury or alcohol) thermometers, in which the volume of the liquid indi- 
cates its heat content. The readings of the thermometer, however, depend on the 
substance whose expansion is used to measure the temperature. Therefore the 
readings of mercury and alcohol thermometers differ slightly. This is due to the 
variations in the coefficient of expansion from substance to substance. 


Experiment shows, however, that gases, in particular those not easily lique- 
fiable (hydrogen, helium, oxygen, nitrogen), expand in a similar manner when 
heated: their volume increases at 0°C (at constant pressure) by 1/273rd part of 
this volume, if the temperature is raised by 1°C. If heating is carried out ata 
constant volume, the gas pressure varies in the same manner. Therefore the gas 
thermometer, and in particular the hydrogen thermometer, is the best. 


The unit of temperature is the degree—a special unit which cannot be expressed 
in terms of the other fundamental units. 


Three scales for temperature measurement exist at the present time: 
1) the Celsius scale-°C; 2) the Fahrenheit scale~°F; 3) the Kelvin scale-°K. 
The following are adopted as the fundamental points of the Celsius scale: the melting 
point of pure ice at normal pressure, marked at 0°C, and the boiling point of pure 
water at normal pressure, marked at 100°C. The interval between these fundamental 
points is divided into 100 equal parts, called Celsius degrees. 


The melting point of ice corresponds to 32°F, and the boiling point to 212°F. 
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The interval between the fundamental points of the Fahrenheit scale is thus di- 
vided into 180 parts, called Fahrenheit degrees. 


In Kelvin's scale, also called the absolute scale, O°K is fixed as that tempera— 
ture at which an ideal gas would contract to zero volume. This temperature equals 
—273°C (exactly, —273.16°C) and is called the absolute zero. The melting point of 
ice corresponds to 273°K, and the boiling point of water to 373°K. 


It is obvious that a Kelvin degree is equal to a Celsius degree. It is to be 
noted that the temperature onKelvin's scale is essentially positive; it is denoted 
by T. 


The exact definition of temperature is one of the most important achievements 
of thermodynamics. Kelvin showed that on the basis of the second law of thermo- 
dynamics one can give a precise thermodynamic definition of the temperature, 
independent of the properties of the substance; the thermodynamic scale thus ob 
tained coincides with the scale of the hydrogen thermometer. 


In meteorology and in everyday life the Celsius scale is mostly used. The 
Fahrenheit scale is widely used in the Anglo-Saxon countries (England, the United 
States, Canada, Australia, India). The Kelvin scale is particularly suitable for 
theoretical work. 


The following obvious relationships give the conversion factors of degrees of 
the different scales 


1°C=—1°9K= 


crf co 


OF 
fe __ do __ 90 
\°F= 9 C=9 K, 


Finally, Table 1 gives equalities used to convert the temperature from any 
scale into another. 


Table 1 


The conversion of temperature from one scale into another 


T ° 
termine tC xoF T°K 


$7. The Equation of State 
The three parameters of state which we have examined are dependent on 
each other. 


Above we have made use of the relationship between volume and temperature 
in order to measure the temperature. Experiment shows that only two of the 
parameters can be arbitrarily assigned, the third being uniquely determined from 
the relationship called the equation of state. 
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The general form of the equation of state is the following: 


f(p, v, T)=09, (1) 


so that the equations 
p=p(v,T), v==v(T,p), T=T(p,v) (2) 


can be used to determine one of the parameters, if the other two are given. Equa- 
tion (1) can be represented by a surface of state in a system of coordinates, p, v, T 
(see Figure 7). Any point situated on this surface characterizes a possible state 
of the system. Any point not situated on this surface represents a physically 
unattainable state. The transition of the system from one state to another cor- 
responds to a change in the position of the point on the surface. 


We will examine here the equation of state only for ideal gases, because the 
majority of the gases which form dry air are practically ideal gases under atmos- 
pheric conditions. p 


teS4GC 
t=279C 
t-0T 


Vo We We fe 1° 


Figure 4, The isotherms in the p-—v plane, 
according to the law of Boyle- 
Mariotte 


The gases follow the Boyle—Mariotte law, when the process is isothermic 
(T = const). 


Pp: U==Po° Vp = const. (3) 


Graphically, the Boyle—Mariotte law is represented in the p, v~plane by a 
set of equilateral hyperbolas corresponding to the isotherms (Figure 4). 


An isobaric process (p = const) follows the Gay-Lussac Law: 


viv 
V=U)(1+at) or FT, (4) 


where @= = 0.00366 degeee is the coefficient of volume expansion for all 


273 
gases. 


Finally, the isochoric process (v=const) also follows the Gay—Lussac law in 
the following form: { 


p=p (iat) or f= 7: (5) 


where a has the same numerical value. 
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The graphs of equations (4) and (5) appear as parallel sets of straight lines, 
which pass respectively through the origins of the (v, T) and (p, T) planes 
(Figures 5 and 6), 


During an arbitrary process, when the temperature, the pressure and the spe— 
cific volume vary simultaneously, an equation of state of a more general form, 
Clapeyron's equation: 


p-v=Ri’, (6) 
is applied, where R is the specific gas constant, depending on the properties of the 
gas: 


[R] = [L27-*8-}] 


Let us assume that the initial state of the gas is Po? us oe and its final 


state p, v, T. We choose any intermediate state in such a way that the tempera~— 
ture in this state equals the initial one TS and the pressure equals the final pressure, 


p. The volume in the intermediate state will be eootee by v'. 


209° 0 +77. “079 0 277 tt 
Figure 5. The isobars in the v~-T Figure 6. The isochores* in the p—T 
plane, representing the plane, representing the 
Gay~Lussac law Gay~Lussac law 


Applying the Boyle~Mariotte law to the initial and intermediate states, and 
then the Gay~Lussac law to the intermediate and final ones, we obtain: 


p v Ty, ' ov 
pwowT rT Tf 
or by eliminating v'‘, 
Pe — Povo (7) 


which is equivalent to (6). 


Now we can determine the gas constant for dry air. Assuming p= 760 mmHg = 


= 1,013,226 dyne/cm?; T, =z 273. 16° K, ae = 773.4 ene we obtain: 


__ 1013 226-773.4 


R= — = 2.87 - 10° cm?* 287 == 
ro, 273.16 = a sece 


ecé deg “" sec2 deg 


(see Appendix 6). 


om mee wee ei ee Ce 


* [Translator's note~the Russian text reads isotherms, an obvious error]. 
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§8. Mixtures of Ideal Gases 
It is not necessary to determine the specific volume of the gas in order to 


calculate the specific gas constant. The knowledge of the molecular weight yp of 
the gas is sufficient. Let us write Clapeyron's equation for one mole of gas: 


je-p-u = RT. (1) 


According to Avogadro's law, the molar volume }t:¥ is equal for all 
under the same conditions. The product 


LR=R,, (2) 


which is a constant, equal for all the ideal gases, is called the universal gas 
constant. Since 


po= 1013226 , T,=273.16°K, pu—22 400, 


em2 
we have 
Po-HU) 1013 226-22 400 cm? 2 
R, SS ese = 8.314 107 ——— = 8 314 —_ 2 _ 
oT, 273.16 ee ne ane 


Now we can write Clapeyronts equation in the form: 
p-u=~.T (3) 
or, by introducing the density, 
p= “0.9. Tr, (4) 


Because dry or moist air is a mixture of different gases we shall explain 
the method of calculating the gas constant of gas mixtures. 


Let us suppose that M grams of a gas mixture occupy a volume V, the 
components of the mixture being characterized by the following values: 


Gas iL Dy. he ta: oe , N 
Mass M,: M,, a er ae ; My 
Molecular weight Hy Ho Oe a ee ee aN 
Specific gas 

constant Ry Ry, ee ee ‘ Rw 
Partial pressure Py Po» Se a 2 » Py 


N 
Let }} M,=M. According to Dalton's empirical law, each ideal gas ex— 
‘=1 
pands among the other gases as though in a vacuum, providing there is no chem— 
ical interaction; we can therefore write: 


pV =M,R,T. (5) 


The total pressure of the mixture, again according to Dalton's law, is equal 
to the sum of the partial pressures 
N 
p= Pj: 
— 
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By summing the equations (5) for all the components of the mixture, we obtain 


N 
p-v=( M,R,) (6) 
t=1 


or by introducing the specific gas constant of the mixture as the weighted mean 


M-R= 3 MR, (7) 
we obtain 
p-V= MRT; (8) 
finally by introducing the specific volume v = uw Wwe find 
p:vu=RT. (9) 


In this way we obtain the following rule: the equation of state for a mixture of 
ideal gases has the same form as Clapeyron's equation for a single ideal gas, the 
specific gas constant of the mixture being defined as a mean of the gas constants 
of the components. Let us calculate the value of the specific gas constant for pure 
and dry air. Using the data given in Appendix 4, we obtain according to equation (7): 


= [+ Eat Sart (eal = 


75.52 , 23.15 , 1.28 , 0.05 ane 
—_ S48 | le hee og eS pO 1086 
=a eeoheel’ ex T 32000 1 39.944 i000 | ink are ED 


_ Knowing R and R_ it is easy to obtain the molecular weight of the gaseous 
mixture. For dry and pure air 


Ry__ 8314-107 


k=? = 787-106 = 28.97. 


§9. The Equations of Change of the Gas State 


Clapeyron's equation connects the three parameters of state and by means of 
the coordinates p, v, T represents the thermodynamic surface of state of the ideal 
gas (Figure 7). 


This surface intersects the planes T = const along hyperbolas, corresponding 
to the Boyle—Mariotte law (3) § 7. On the other hand, the intersections of this sur- 
face with the planes p= const are straight lines, corresponding to Gay-Lussac's 
law (4) § 7. Finally the intersections of this surface with the planes v = const are 
straight lines, again corresponding to Gay~Lussac's law (5) § 7. Any state of the 
ideal gas will be represented by a point situated on this surface, denoted by M. 

The change of state of the gas will be represented by a curve M... N, lying entirely 
on the surface. The final state of the gas can be attained as a result of an infinite 
number of individual processes. 


The iso-processes, taking place when one of the parameters of state remains 


constant, are of special interest. Thus, a gas can be brought from state M to state 
N as a result of the following pairs of iso—processes: 
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1) the isothermic (MK) and the isochoric (KN): 
2) the isothermic (MQ) and the isobaric (QN); 
3) the isochoric (MP) and the isothermic (PN); 
4) the isobaric (ML) and the isothermic (LN). 


In the derivation of Clapeyron's equation we assumed that the gas first changes 
its state isothermically (MQ), and then isobarically (QN), the intermediate state 
being represented on Clapeyron's surface by the point Q. Clapeyron's equation is 
not concerned with the process giving rise to a change of state, i.e., a *thermo— 
dynamic transition®. This equation only shows that whatever the process, it must 
take place in such a way that both the point representing the state of the gas and 
the curve representing the variation of this state should lie on the thermodynamic 
surface. 


Figure 7. The thermodynamic surface of state in the p, v, T, 
Space corresponding to Clapeyron' s equation 


We shall encounter the following problem further on. 


Any gaseous body is characterized in its initial state by the three parameters 
(Po Vv, TO) connected by Clapeyron's equation. Under an imposed subsidiary 


condition only one of these parameters, (not two, as before) may vary arbitrarily. 
The condition can be, for example, that the process should evolve without an ex= 
change of heat with the surrounding medium, or, onthe contrary, that a supply or 
loss of heat should take place. It must be shown what values would the variables 
(p, v, T) assume for every future state. This subsidiary condition will determine 
the particular thermodynamic transition which the air mass will undergo, when 
passing from the initial state to the new arbitrary one. The analytic expression of 


this subsidiary condition is called the equation of the thermodynamic path or 
briefly the equation of the path . 


Thus, we have two equations: the equation of state 


f(p, v, T)=0 (1) 


and the equation of the thermodynamic path 


O(p, v, T)=9, (2) 
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containing three parameters of state. One of the parameters can obviously be 
eliminated. One equation then remains, containing only two variables. This equa— 
tion is called the equation of change of state of the gas. The curve obtained as the 
intersection of the surface of state with the surface determined by the equation of 
the thermodynamic path is called the curve of change of state. 


In the above~mentioned examples of iso~processes, the equations T = const, 
p = const, v= const serve correspondingly as equations of the thermodynamic path, 
whereas the Boyle—Mariotte and Gay—Lussac laws give the equations of the change 
of state. The first law of thermodynamics, in a more general case, assumes the 
form of the equation of the thermodynamic path. 


§10. The Quality of Heat. Specific Heat 


Any gaseous body possesses, as does any other physical body, some store of 
energy. The energy of the gas increases, if it absorbs energy from without. On 
the other hand, its store of energy decreases if it transfers a part of its energy to 
another body. The transfer of energy from one body to another can occur when 
work is done, or heat is carried off. 


In doing work, one of the bodies develops forces, which act on the other body; 
in this case the energy is transferred by means of the direct macroscopic action 
of one body on another. 


During heat exchange, one body transfers energy to the other body by radia— 
tion, or by thermal conduction, or by change of the state of aggregation, i.e., by 
means of microscopic action. Three magnitudes—energy, work and heat—can be 
expressed in the same units. However these expressions are not equivalent. When 
work is discussed, a process comes first to mind. A reserve of potential,as yet 
unaccomplished work is envisaged when referring to energy. Finally, any sort 
of stored energy is sometimes meant, when éalking about heat. This erroneous 
notion survives from the time when the caloric theory was predominant in physics. 
In fact, heat is a form of energy transferable by means of microscopic physical 


interactions. 


Thus, heat transfer and work are not stores of energy contained in the body, 
but different modes of energy transference from one body to another. 


The calorie is the unit of quantity of heat, i. e.,the quantity of energy supplied 
during the heat-transfer. One calorie is the quantity of heat required to raise the 
temperature of 1 gram of water from 14.5°C to 15.5°C. 


If a body receives energy by heat transfer, and work is produced at the ex-— 
pense of this energy,then we may briefly say that the heat is converted into work. 
The quantity of work, obtained from the conversion of a unit of heat, i.e. of 1 ca- 
lorie, is called the mechanical equivalent of heat and has been designated by the 
letter J in honor of Joule. It has been determined by careful experiments as: 


== 4.186 < 107 erg/cal « 


The reciprocal of the mechanical equivalent of heat is called the thermal 
equivalent of work, denoted by the letter A: 


A= — = 2.389 X 10-8 c2 , 


erg 


If a quantity of energy @Qis supplied to a body in the form of heat (by heat 


28 


transfer), the temperature of this body will then change by 67; the ratio pe 


&T 
is called the thermal capacity C of the body: 
c=2) [cq=[mr-0-4 (1) 
87’ -_ ; 


The thermal capacity per unit mass is called the specific thermal capacity 
[or specific heat] c of the body: 


cm, [e] = [L77-40-"], (2) 


where 6g is the quantity of energy supplied by heat transfer to a unit of mass of 
the body. 


However, the quantity of heat 69, necessary to heat a unit mass of a body, 
and consequently the thermal capacity of the body, depends on the conditions under 
which the heating takes place. The mere indication of the increase of the body's 
temperature, e.g., from t°C to (t + 1)°C still does not define the change of state 
which the body has undergone. The state of a body is determined by two parameters, 
of which one can be the temperature, and the second any other magnitude x which is 
free to vary independently of t, such as, in particular, x =porx=v. The specific 
heat at p = const or v = const, i.e.,the specific heats a at constant pressure 


and cS at constant volume are defined by: 


__ (84 73) 
“p= exe o=(# v= const. (3) 


The specific heat c, is almost always meant when referring to the specific 
heat of solid or liquid substances. Both sorts of specific heat are encountered in 
the thermodynamics of the atmosphere. 


$11. The Equation of the First Law of Thermodynamics 


The experimental determination of the mechanical equivalent of heat has 
corroborated the first law of thermodynamics; the essence of this law can be ex- 
pressed by the fact that the energy of any process of nature is not destroyed, and 
cannot arise from nothing, but is only convertedfrom one form into another. 


Let us express the first law of thermodynamics in mathematical form 
Energy absorbed by a body can then be converted into another form, under 
appropriate conditions. We shall restrict ourselves to the thermal and mechanical 
changes in a body. Their action may 1) change the body's volume, 2) change the 
body's temperature, 3) change the molecular structure of the body (for example, 
its state of aggregation). 


The volume of a body generally increases by heating. The change of volume 
8V can be expressed as a product of the body's surface area S and the distance 
dn, taken along the normal from the initial to the expanded surface of the body 
(Figure 8). If an external pressure p acts on the surface of the body, the body will 
perform during its expansion a work ¢W, against the external pressure: 


SW p-S-in= pov; (1) 


a part of the body's energy will be spent in the work of expansion (1). The work 
per unit of mass will be denoted by éw. Then 


dw == pov. (2) 
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Figure 8. The work performed by heat 
against external pressure 
during expansion 


From molecular physics we know that the temperature of a body characterizes 
the velocity of its molecules. The molecules in motion have a certain kinetic 
energy. Besides, every body also has potential energy, determined by the form of 
arrangement of its molecules. 


The sum of these two forms of molecular energy is called the internal energy 
U. The kinetic and the potential energies of the molecules both vary when addi-— 
tional energy is supplied to the body, and consequently the internal energy of the 
body varies, too. Disregarding the other changes in the body's state which may 
arise (for example, electric and magnetic changes) we obtain the following equation, 
expressing the mathematical content of the first law of thermodynamics 


or, by referring all the magnitudes to a unit of mass 
dg = bu -+ pov, 
(8Q] = [2U] = [3] = [ML2T-2], (4) 


[29] = [84] = [ew] = [277-7]. 


$12. The Internal Energy of an Ideal Gas 


We shall now establish a definite expression for the internal energy of an 
ideal gas. Generally speaking, the internal energy is a function of p, v, T. One 
of the variables, p, for example, can be eliminated by means of the equation of 
state, hence, the [specific] internal energy u can be regarded as a function of the 
two variables T and v: 


u—u(T, v), (1) 
implying 
Ou 5 Ou 
du SOT +5, 80 (2) 


or, by substituting in equation (4) § 11, we obtain 
bg tart (44 pay 3 
or du P : (3) 


If the process is isochoric (v = const), then, according to (3) § 10, 


éq Ou 
—_- ~~ —_—=— © 4 
‘om (34) p=const. OT’ (4) 


hence 


bu cbT + 2 do, (5) 
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The dependence of the internal energy of an ideal gas on its volume must be 
determined by experiment. Joule showed experimentally that the temperature of a 
gas does not change during its adiabatic expansion into a vacuum. We will prove 
that the internal energy of an ideal gas is independent of its volume. 


When gas expands into a vacuum it does no work against an external pressure, 
i.e., @w = 0, and @g = 0 because the process is adiabatic. Then 


bu =c,8T +H tu—0, 


hence 
Ou $7 
——_ = —_— 6 
do “veo 
Owing to ¢6T = 0 according to Joule's experiments, 
Ou 
dy — 9: se 


Following Joule, similar but more accurate experiments did show some 
temperature variation. But according to these experiments 94 is very small, and 


v 
differs less from zero the closer does the gas under consideration follow the laws 
of ideal gases; it is therefore expedient to agree, in defining an ideal gas, that its 
internal energy should not depend on the volume, i. e., that 
suc oT. (8) 
Since 
Oey OA /fdu\ Od fdu\ __ 
rr =5(s) = 57(55) a (9) 


we see that cy is a function of the temperature only (see Appendix 7). 


The results of experiments show that the temperature variation of C. is 


smaller, the less the gas differs from an ideal one. 


The constancy of Cc is the third and last condition which an ideal gas must 


satisfy. Thus, Gu is a total differential: 
du==c,aT, (10) 
The integration of (10) shows that the internal energy of an ideal gas 
u==c,T + const. (11) 


is a function of the gas temperature only or, in other words, only of the state of the 
gas, and does not depend on the character of the process or on the thermodynamic 
path by which the gas has reached this state. 


§13,. The Relationship Between the Work Performed During Expansion 
and the Thermodynamic Path,p-v Diagram 


For many thermodynamic purposes the p-v diagram is useful, onthe coordinate 
axes of which the parameters of state p, v are plottedina linear scale. Because 
the state of an ideal gas is determined without ambiguity by two parameters p and v, 
any state of such a gas will be represented on the diagram by some point. An ar— 
bitrary change of state from (v, p) to (v + dv, p-+ép), called an elementary 
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physical process, will be represented on the p-v diagram by an infinitesimal seg— 
ment CD (Figure 9). 


The continuous curve AB on the diagram represents a finite physical process, 
made up of a succession of elementary processes, i.e., the thermodynamic path. 


The elementary work éw= pév is represented by an infinitely narrow strip 
CDPN having a height p and a width év. 


The whole work performed by the body during expansion from the volume at the 
initial state to the volume at the final state, and expressed by the line integral 


B 
w= \ pov, 
A 


is represented on the p-v diagram by the area of the domain ABQM, bounded at 
the top by the curve AB, at the sides by the two coordinates Par Pp and below by 


a segment of the abscissa, This area can be regarded as an algebraic quantity, if 
we agree to consider it as being positive in the case where the change of state is 
accompanied by an increase of the volume (i. e., the gas itself produces work), and 
negative when the change of state is accompanied by a decrease of volume (the 
work is used up to compress the gas). 


SS 


KKK 


ot NE——/ . 
G v : 
Figure 9. Representation of work by Figure 10. The relationship between the 
area in the p-v diagram work performed during expan— 
sion and the thermodynamic 
path 


Figure 10 shows to what extent the work, performed during expansion 
(represented by the area A1BQM, A2BQM, etc), and used to bring the gas from the 
initial state A to the final state B, depends on the thermodynamic path. 


It follows from the above that the elementary work éw is not a total differen-— 
tial; but 


$g = bu + bw, 


where §u is a total differential and @wis not; therefore the elementary increment 
of energy 0g, transferred to the gas in the form of heat in its transition from the 
state A to the state B, is also not a total differential. 
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$14, The Different Forms of the Equation of Heat Balance for Ideal Geses 


The equation of the first law of thermodynamics is often called the equation of 
heat influx*. The equation of heat balance for an ideal gas, according to (4) § 11 
and (8) $ 12 has the following form: 


6q= c oT + pov, (1) 


Let us convert equation (1) into a form often used in meteorology. By differentia — 
ting Clapeyron's equation (6) § 7 we get 


pév = RéT —vop 
and by substituting the result of this differentiation into equation (1), we obtain 


bq =(c, +R) dT —vip. (2) 


According to equation (3) $ 10 we have for an isobaric process (p = const) 


__ {4 
a (FE) | — enn, = So FR. 


Thus we have obtained a very important relationship, linking the specific 
heats - and Cc. of a gas, known as Mayer's equation 


Cp==Cy-+-R; ¢,—c,=R. (3) 


Mayer’s equation together with the conclusions of $ 12 show that the specific 
heat at constant pressure is constant for an ideal gas. The real values of the 
specific heat sey for dry air vary somewhat with the change of the temperature. 


These changes can be disregarded, and the quantity c 
constant. 


pd can be regarded as 


The following combinations of the specific heats c_ and care often introduced 
into the equations of thermodynamics: , 


c pan a= 
x= -?; —R tps fot! (4) 
Co c x 


x] =[h] =[0}. 


For dry and pure air: 


~== 1.4; 1=0.285; R=0.07 35 


(see Appendix 7). 
Thus, the equation of heat balance has the form 

os — 5 
ég==c,0T — vbp (5) 

or, by eliminating v by means of Clapeyron‘s equation: 

bp 

—= = ~~ @ 6 
6g == c,0T —RT— (6) 


The increment $g may be transformed into a total differential by dividing 


*x{Translator's note~Russian terminology. Hereafter translated as “equation of heat 
balance" ], 
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both sides of the equation of heat balance by T and applying Clapeyron's equation: 


8g éT éy 
Poop eg ” 
89 éT bp 
— —_— _ —» 8 
A =c,7—R. (8) 


Eliminating 67/T from the equation of heat balance by a logarithmic differen— 
tiation of Clapeyron's equation 


Af 200 An ok (9) 
Tu p’ 
we obtain 
éq éu Sp 


Collecting (7), (8), (10) we obtain the following forms of the equation of heat 
balance: 


éq ép bu 80 oT OT oy 


In this group of equations, each equation is obtained from the preceding one by 
subjecting the variables (p, v, T), and the constant coefficients (c, Py R) to the 


same cyclic permutation, where R becomes negative in the second permutation. 


It is easy to see that the right sides of equations (11) are total differentials 
of functions of the parameters of state: 


4 == 8 [In(p°o -v%p )] == 6 {In (vX- T¢o )] = 3 [In (7% - p-¥)); (12) 
consequently, the left side is also a total differential of a certain function of state. 
oq ~26—-1)- 
dp—= =; [9] = [L?7-*6-1); ts) 
the quantity 9, which is a function of state, is called specific entropy. 


We know that the line integral of a total differential taken around a closed 
contour is equal to zero; therefore, considering the p—v diagram and integrating 
(13) around a closed contour we obtain 


G 4p =0 or f 2 =0. 


This is one of the most prevalent expressions of the second law of thermo-— 
dynamics. It is apparent from the foregoing argument that the mathematical ex- 
pression for the entropy, and the equation of the second law of thermodynamics for 
an ideal gas, can be derived from the first law of thermodynamics. It is quite im= 
possible to derive the mathematical expression for the entropy of other substances, 
such as water,from the first law of thermodynamics alone. To this end it is also 
necessary to apply the second law of thermodynamics. We will return to this ques~ 
tion in the following. 


If the process is isobaric, then according to equation (5) 
6g =c,3T (14) 


is a total differential of a certain quantity which is a function of state, called the 
enthalpy; we denote this quantity by 9. It is obvious that 


9=C,-T -+ const. (15) 
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or, according to (3) 


9=c,T+RT=a- pv. (16) 


Thus the enthalpy is equal to the sum of the internal energy and the potential 
energy of expansion, i.e., the work performed by the gas during an isobaric ex— 
pansion until reaching the volume it presently occupies. It is easy to see that the 
enthalpy varies in the same manner as the internal energy, a constant relationship 
existing between the two functions: 


ue Cyl tg 


hence 


IX, [2] = [227-2]. 


§15. Polytropic Processes 
A process is called polytropic when taking place at a constant value of a 
specific heat (cx = const). All the iso—processes (the isobaric, isochoric, iso- 


thermic, isentropic) are examples of polytropic processes. 


Let us consider the equation of heat balance for a polytropic process in an 
ideal gas: 


ép . 
og=c,-0T = c,0T —RT-; (1) 
By separating the variables we obtain: 


ye Sp 
(C,— ¢,) p=R = (c,—¢,) a 


Integrating, we obtain: 
. Cp = Co 


T EP \ip= ey (2) 
n= (% , 8 


This is known as the polytropic equation. 


Introducing the density p, instead of the pressure p we obtain: 


fp — 0 
p= (L)a-=; (3) 
To Po 
dividing equation (2) by equation (3) we find: 
Cp — Cr 
Po Po 


and by introducing the specific volume v = 1/P. we obtain the polytropic equation 
in its better known form: 


p-v® = pyvi, (5) 
where 
fs (6) 
lg lg 


is the polytropic index. 


Thus, in the case of a given polytropic process (the index k of the polytrope 
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is given) the state of an ideal gas is completely determined by the initial state and 
any parameter of state. Therefore the polytropic equation is an equation of the 
change of state of the gas. In Table II are assembled all the equations which deter= 
mine for a polytropic process any parameter of state when any other parameter is 


pen: Table 2 
Polytropic equations 


Turning to the diagrammatic representation of the polytropic curves, we 
shall notice that the polytropes lie on the thermodynamic surface representing 
Clapeyron's equation in the p, v, T space (Figure 11). It is obvious that each poly- 
trope AC is the curve of intersection of the surface of state and the surface repre— 
senting the equation of heat balance for the polytropic process 


c,OT =c ST + pov. (7) 


The projections of the polytropes on the coordinate planes will be the curves 
whose equations are given in Table 2. The equations of polytropes include, in 
particular, all the equations of change of state for iso—processes. 


During an adiabatic (isentropic) process, the specific heat of the gas identi- 
cally vanishes, cr = 0. This means that while the temperature changes during the 
adiabatic process, the gas does not gain energy by heat transfer, but only by con=— 
version of the work done in compression (both the internal energy of the gas and its 
temperature increase). 


The specific heat of the gas equals c_ during the isochoric process. This 
means that all the energy obtained in the form of heat during the isochoric process 
is spent to increase the internal energy of the gas. 


The specific heat of the gas is ss during the isobaric process. All the energy 
obtained in the form of heat during this process is spent to increase the enthalpy 


of the gas. 


The specific heat of the gas is infinitely great during the isothermic process. 
In this case all the energy received by heat transfer is spent in the work of expan— 


sion, whereas the internal energy, the enthalpy and the temperature remain un- 
changed. 


Let us now determine the work of expansion done by the gas during a poly— 
tropic process. According to equation (2) § ll 
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(8) 


Figure 11. All the polytropes:lie on the thermo- 
dynamic surface of state 


Expressing p as a function of v, according to the polytropic equation (5),we 
obtain: 


0 64 
k| dv l ae ee 1—k 
= | pav=pw! | pet (v'-*¥ — vy") (9) 
D% Do 
or 
l 
W =F (Po% — pr): (10) 
or, by introducing T according to Clapeyron's equation, 
w= (¢,—¢,)(T, — 7). (11) 
For the isothermic process we obtain: 
. 
Uv 4] 
W = Po vy | = pyro in 2 
Va 
or finally 
w= RT In~ ’ (12) 
% 
as well as 


The equations (10), (11), and (12) show how important is the influence of the thermo- 
dynamic path on the magnitude of the work done during expansion. 


Considering the p—v diagram (Figure 12) we can see that among iso-processes 
the greatest amount of work is done by an isobaric process (area ADPM), less by 
an isothermic process (area AEPM), still less by an adiabatic process (area ACPM) 
and least of all (equal to zero) by the isochoric process. The variations of the 
internal energy and of the enthalpy do not depend on the index of the polytrope nor 
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in general, on the thermodynamic path. These variations respectively equal: 


p 


oo ae Gf oF GO @ @ere@w aves 


=z 


Figure 12. The maximum work is done by 
the isobaric process, less by 
the isothermic process, and still 
less by the adiabatic process 


The amount of energy transferred to a unit mass of the gas in the form of 
heat is determined by the character ofthe process, and equals: 


Ag se Cy (T <2 T 9); 


Table 3 contains a summary of the fundamental characteristics of the most im- 
portant polytropic processes. 


§16. The Dry—Adiabatic Process, Potential Temperature 


One of the most important processes of atmospheric thermodynamics is the 
adiabatic process, taking place in dry air. The real processes occurring in the at- 
mosphere are evidently not adiabatic. Any atmospheric air body receives from the 
surroundings and gives off some amount of energy by heat exchange. The heat ex= 
change is accomplished in dry air by absorption and emission of radiation, by 
thermal conductivity, turbulent mixing, and by the transformation of mechanical 
energy into heat. 


All these processes continually affect each air body, their combined action 
being too complicated to permit detailed thermodynamic analysis. However, in the 
majority of cases their influence on the change of state of the air body is very smal] 
as compared with that of other important types of processes which do admit de- 
tailed analysis. 


The processes of this latter type are connected with the motion of air, prin= 
cipally in the vertical direction. Moreover, the vertical motions are generally so 
rapid that the heat exchange between the moving air body and its environment can 
be neglected. Such processes are known as adiabatic. An adiabatic process taking 
place in dry air is called dry—adiabatic. We have already mentioned the adiabatic 
processes in the previous paragraphs. The fundamental equations for an adiabatic 
process can be obtained directly from the equations of heat balance by putting 
dq = 0. 


du+-dw=0; (1) 
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hence c,dT +p dv =—0, (2) 


c dT —vdp=—0, (3) 

dp dv__—_,av aT __—, af dp 
a ee se ee = 
d (Inv® -T¢) =d (InT?-p—®) =d (Inp‘-v°p), (5) 

Efe, Dost e . eres eae. 

B= (he) 3 n= (&) ee ee 
r=(£)": aN (6) 

T Po : &* Po* 


Equation (6) was derived by Poisson in 1823. Poisson's equation is most 
frequently used in the thermodynamics of the atmosphere in the following form: 


—_ (2) ; (7) 
Ty \DPo 
This equation is known as the dry~adiabatic equation. 


During the adiabatic descent of an air body its temperature increases, owing 
to the increase in external pressure, and may exceed the temperature of under-— 
lying air bodies even though they were initially warmer than the descending body. 
The concept of potential temperature is used in order to enable to make a compari- 
son of the states of different air bodies. 


The potential temperature is the temperature acquired by dry air, if its 
pressure is adiabatically reduced to standard pressure. By standard pressure, a 
pressure of 1,000 mb is usually meant. From Poisson's equation (7) we obtain: 


As 
c 
§—T (=) P, (8) 

Pp 
Tables and diagrams computed according to equation (8) can be used for cal- 


culating the potential temperature. 


The most important property of the potential temperature is its constancy 
during the dry—adiabatic processes. We will introduce the potential temperature into 
the equation of heat balance in order to prove the existence of this property. By 
differentiating equation (8) logarithmically, and by multiplying the results by c 
we obtain: 


3 


¢ 7-—Ce¢,~—K—. (9) 


By comparing equation (9) with equation (8) § 14 we obtain 


dq__, a __ 10 
4 0,5 =a (c, In 8). (10) 


Thus the potential temperature does not vary, if the process is adiabatic 
(dq = 0): 


= const. (11) 


The potential temperature increases [d® >0] if heat is supplied [dq > 0], 
whereas it decreases [dU< 0] when heat is emitted [dq< 0]. Use can be made of 
the constancy of the potential temperature in order to identify air bodies during a 
short interval of time (24-36 hours), if neither evaporation nor condensation occur. 
On the other hand, by observing the same body of air over a long period of time, 


its transformation (warming up or cooling) can be detected by means of the potential 
temperature, 
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We will determine the relationship between the specific entropy » and the 
potential temperature of dry air by combining equation (13) $ 14 and equation (10): 


p= c, In 6 +- const. (12) 


Entropy becomes a very important energetic characteristic due to the fact 
that dy is a total differential. Besides, according to equation (12) one can sub— 
stitute the expression in the potential temperature for the entropy of dry air. 


$17. General Theory of Thermodynamic Diagrams 


During the last 15-20 years a great number of different diagrams have been 
proposed in order to represent the processes of aerological ascents. Among such 
diagrams, those on which the potential energy of the inconstant atmospheric strat- 
ification can be plotted and measured easily and graphically, are of special 
interest. 


Emagrams, aerograms, tephigrams, sondograms and several other diagrams 
belong to these. In this section we will describe the general theory of plotting 
diagrams used for the energy calculations. 


We made repeated use of the p—v diagrams in order to study the work done 
in expansion. We have seen that the work of expansion is represented on the p-—v 
diagram by an area. Consequently, p-—v diagrams are used in heat technology 
for the calculation of energy. However the use of the p-v diagram is not practicable 
because air volumes are not measured and generallynot even calculated in meteorology. 
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D' 
c c 
Yy 
ld, ' 
g v 0 z 
Figure 13. Elementary rectangle on Figure 14, On the energy x-y diagrams the 

the p-v diagram represents elementary work of expansion is 
the elementary work of represented by the elementary 
expansion curvilinear quadrilateral 


When considering the values which can be measured and calculated in me- 
teorology, it is essential to explain which combinations of these values can be used 
for the plotting of the type of diagram on which the area is to represent the work of 
expansion, in the same manner as on the p~v diagram. 


Let us consider the p-—v diagram in Figure 13. Every point on this diagram 
corresponds to some state of the gas. 


An infinitesimal rectangle on this diagram corresponds to that infinitesimal 
work of expansion, which is performed by an infinitesimal pressure dp during a 


change of the gas volume by dv. Let us imagine another thermodynamic diagram 
(Figure 14) on whose abscissa is plotted some function of state of the gas 


X= 9 (0, p). (1) 


and on the ordinate, any other function of state 


y ae! y (v, p). (2) 
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Then every point on this new diagram will also correspond to some state of 
the gas. The isobars and the isochores represented on the p-v diagram by straight 
lines will be represented on the new x-y diagram by curves. On the x~y diagram 
any infinitesimal curvilinear rectangle A'B'’C'D', formed as a result of the inter 
section of two infinitely close isobars and isochores, will correspond to the infinitely 
small rectangle ABCD which on the p-v diagram represents the infinitesimal work 
of expansion. If the area of the rectangle A'B'C'D! is equal to the area of ABCD, 
or is a constant multiple of it, then the possibility exists of measuring the work due 
to expansion by a corresponding area on the new diagram, in the Same way as was 
done on the p~-v diagram. 


If the ratio between these areas is not constant, but depends on p and v in 
such a manner that it has different values at different points of the x~-y plane, the 
use of the x-y diagram is unfeasible for the calculation of energy, even though the 
infinitesimal areas on the x-y diagram, corresponding to the infinitesimal areas 
on the p-v diagram, might represent the elementary work of expansion. 


Let us determine the condition which the functions g, uy) must’ fulfill in order 
to make the x-y diagram suitable for calculations of energy, and above all in order 
to make it possible to represent the work of expansion by a corresponding area on 
this diagram. 


The elementary area A'B'C'D! can be taken, correct to infinitesimals of the 
second order, as twice the area of the curvilinear triangle A'B'C' which can be 


regarded, to the same accuracy, as the area of a rectilinear triangle A'B'C'!. 


Let us write down the co-ordinates of the vortexes of the quadrilaterals 


A’ (x, y), A(v, P), 
B’ (x,, yi) B(v + dv, p), 
C’ (X25, Vo) C(v-+dv,p-+ 4p), 


D' (Xs, Vs); D(v, p+ 4p); 


then one can, obviously, write: 
X¥=x(v, p), Y=y(V, Pp), 
0 
x= x(u-+dv, p)=x+ S.dute; y= y(vtay, p)= 


7] ’ 
=ytF-dute; 


Xx, == x(u+dv, p+ dp)= Y,=y(u-tdv, p+dp)— 
ico Ox Ox , 0 '] , 
= x15, 40+ 5 ap + ey; =y+5,-d0+F dp ten: 

0 
X= (0, p- dp) =x ap Pt 63 Y,=y(v, p+ dp)= 
0 ’ 
=y+5 4p +6, 


, , 
where €,€1...€3 are sums of infinitesimals of the second and higher orders. 


It is known that twice the area of a triangle, whose vertexes are situated at 
the points A! (x, y), B? (x,; Yy) ct (x,, Yo): is determined by the equation 


x,y, 1 
2A ABC =|x,, y,, VI. 
Xo, Yo 


Denoting the area A'B'C'D! by do’, and the area ABCD by dg _, and passing to the 
limit we obtain: 
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By subtracting the second row from the third, and the first from the second, 
we obtain: 


*, y; 1 Ox oy 
Ox oy dv’ ou 
az’ — ap 2 ’ ay 2?) 0 — Ox oy ao. (3) 
Ox oy Op’ op 
jp 2? ap ’ 0 
Let us set 
pale (4) 
pee ov’ ov 
“lax ay 
Op’ Op 


This functional determinant is known as the Jacobian, and its value is called 
the coefficient of distortion. Then 
ds’ = Dds. (5) 
Thus, it is necessary and sufficient that the absolute value of the Jacobian D 
should be equal to unity: 
[Dli=1, 
Under this condition any domain chosen in the p, v plane, and bounded by two isobars 
and two isochores, will preserve its area on being mapped onto the x, y plane. If 
the Jacobian is equal to any constant number D, differing from one, then the areas 
of all surface elements in the p, v plane will be multiplied by D on being mapped 
onto the x, y plane. The work of expansion in this case will be represented on the 
x-y diagram by an area D times greater than the corresponding area on the p-v 
diagram. If the Jacobian is not constant but some function D (v,p), then the areas 
of surface elements in the x, y plane vary differently at different points. Sucha 
diagram is not suitable for calculating the work of expansion or for other calcula- 
tions of energy. 


Let us explain which of the above-mentioned diagrams are suitable for cal~ 
culation of energy. The conclusions of this explanation are given in Table 4. 


From this table it follows that emagrams, tephigrams and aerograms are 
suitable for calculations of energy if R = const, i.e., if we study the change of state 
of dry air, or if it is assumed that R = const for the change of state of moist air 
and the influence of humidity is accounted for by the introduction of a virtual 


temperature (see $ 4,Chapter IV). 


It is evident that the Stuve diagram is unsuitable for exact calculations of 
energy, because the coefficient of distortion D is a function of y, and therefore the 
Same work of expansion will be represented by a greater area for small p and by 


a smaller area for large p. 


Let us now consider the inverse problem. We will plot diagrams of energy, 
i.e., Suitable for calculations of energy. 


Equation (4) is the starting point for plotting energy diagrams; it can be 
written in the form: 
dx dy Ox d _ op (6) 
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One of the coordinates of the new diagram is assumed to be a given function of 
(v, p); it is, for example, assumed that 


x= (Vv, p). 
Hence the partial derivatives 
Ox Ox 
Ply, P= QM P=|, (7) 
will also be given functions v, p. 
We will determine the function 
I= p (UY, P), 
plotted on the other axis of the diagram, by selecting it in such a way that the 
diagram would represent energy relations. To realize this aim it is necessary and 
sufficient that the Jacobian D should have a constant value. It follows from equa— 
tions (6) and (7) that 


p®_g¥—p. (8) 


It is known that the solution of first order partial differential equations of the 
form (8) reduces to the solution of a system of ordinary differential equations: 


OR 2. G0 My (9) 
P- Q”- bD°* 
The first of the equations (9) can be written in the following form: 
dp __— dv Ox OX, 
ov Op 


This equation satisfies the relationship 
x(p, Vv) =X, = const.; (10) 
through equation (10) we can express the variable v in terms of p: 
V=U (Pp, Xp) 
and substitute in equation (7) 


P(v, p) =P’ (p, X9). 
The y can be determined by integrating the second of equations (9) 
ap dy 


hence P'(p,%9) BD 


— pecs Lee +. ® 11) 
y=D\ pw 0) (x), ( 
where nH) (x) is an arbitrary function of xX. 


We shall look at some examples writing certain calculations for conciseness 
in the form of Table 5. 


From the explanations given in this chapter it follows that it is possible to plot 


a great number of various diagrams, expressing the energy properties of the at- 
mosphere. Those diagrams should then be selected for which: 
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Table 5 


(up) yInvu+8inp| 6-In(po) 


a(up)?—|.p 


P’ (D, x0) a-Xy 


y soy ete pl + 2 .(p-v)'-aIn p+ Dt 
| -+- P(x) + ® (x) |; + (+) 


Setting | We find for a suitable zero-point 


a=1l Emagram 
ae — pT: y— p20 
®P (x) = In po *+=RT, ae 
a= 1 
D=—R Tephigram 
(*) ee x=RT, y=Rin™2+¢,1n —-=99— 4 
+e,ln = Pp ri S 
p T) 
{=p Tephigram 
je.) D=R Vv p 0 ; = 
® (x) =0 Peasep mS ot Ge gee a ey: 


bel Aerogram 
ae Po 
® (x)= RT In po <=IRE y= Rin 


b=1 
D=z=—1!1 Sondogram 


: T 
@ (x) =e,In a+ x= InRT,; y=RT la +-epIn= 
T p 


ly 
+ RT In py 
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1) The most important iso-lines (isobars, isotherms, adiabates, etc) are 
straight lines, because the smaller the curvature of the lines, the easier it is to use 
such a diagram. 


2) The various diagrammatic calculations, in particular, the determination 
of the heights of aerologic ascents, may be carried out without undue complication. 


We shall resume this question later on. 


$18. The Mathematical Expression of the Second Law 


Consider an ideal heat engine, the working substance of which is an ideal gas. 
We first choose an ideal gas because its equation of state pv = RT, and its internal 
energy u are known. Let us assume that the ideal gas is subjected to a reversible 
cyclic process (i.e. a process made up of a continuous succession of equilibrium 
states), as a result of which the substance returns to the initial state. This general 
requirement comprises the following specific requirements: 


1) Heat losses to the surroundings are precluded. 
2) Nowhere can a finite difference appear, i.e., a discontinuity of temperature. 


3) The external pressure can only differ by an infinitely small value from 
the pressure of the gas. 


id 


T= const =§=T-const 


Figure 15. The Carnot cycle represented 
on an emagram 


The efficiency, i.e., the ratio of the useful work accomplished to the work 
expended, depends on the form of the cyclic process, but above all on the tempera- 
ture limits within which the gas performs the cycle. The Carnot cycle is the most 
favorable as regards efficiency because during this process the gas first expands 
isothermally, then adiabatically, as a result of which its temperature decreases; 


afterwards the gas is compressed until its temperature increases again. 


The gas will return to its initial state at the end of the process. In Figure 15 
the cyclic process is represented on an emagram. On the basis of the arguments 
of §15,, we can explain this process by Table 6. 


Thus, the following work is carried out during the cyclic process: 
w= RT' In8-+ RT In, (1)* 
R Pe as P4 


We will simplify equation (1). Dividing the equation of the adiabate (2—+3) by 
the equation of the adiabate (4— 1), we obtain 


Pr Pa (2) 
P2 P3 


wax e@weww waorewa] 2 oe 
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and by substituting (2) in (1), we obtain: 


W=Rln © (T' —T"). (3) 
P2 


Table 6 


Calculation on the emagram of the work 
performed during a cyclic process 


Thermodynamic 


The equation of the 
thermodynamic path aT=0 dg=0 ad7—0 


Equation of change T' — const. T’ .pa* — 7” _ const. < T’ 7’ “py — 
of state : 
= “p-* = —s T-p = 


=T".p— _— T”.p, 


Work performed by ’ 
rt, PA Cy (T" — Ps 
h RT’ \n‘— >0 " RT" \n— <0 
the gas Pe? —T"’)>0 a 


Energy transferred 
to the gas 


Cy{T” ae 
—T1T")<0 


Qr= 
Pi Ps 

= RT’ |n"— = RT” |n—= 
pe Ps a 


On the other hand, the amount of energy transferred to the gas during a cycle 
is equal to: 


QO =RT' In, (4) 
P2 


Dividing equation (3) by equation (4) we obtain the efficiency of the Carnot 
cycle 


W ’—7" 
Ua 6 eae (a e (5) 


Thus the efficiency of the Carnot cyclic process is the same for all ideal gases. 
It is independent of the values characteristic of particular gases (R, a Cc. etc) and 


depends only on the temperature limits T' and T" within which the cyclic process 
takes place. 


It is obvious that a gas can accomplish work only in case the influx of 


energy Q' during the isothermic expansion is greater than the loss | Q"| during 
the isothermic compression, i. e., when 


Q’>|Q’|, where <0. 


The amount of heat transformed into work equals 


W=O+Q’, 


i. e., expression (5) can be rewritten as follows: 
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the same amount of heat being removed from the colder sink. This fact is not in 
contradiction with the first law of thermodynamics but it does not agree with ex— 
periments nor with the second law. 


Because the described process is realizable in its essentials, it is obviously 
necessary to admit that the accomplished work equals zero in order to make this 
process conform with the second law of thermodynamics, Hence 


T’—7" 
Vn = Tn HS rT) (7) 


which was to be proved 


Evaluation of the direct and reverse processes 


In the direct In the reverse Net result 
process process 


Fnergy transferred from 
the "higher" source, at 
temperature T' 


Energy transferred from 
the "lower" source, at ae Q’ (An — Mn) > ( 


the temperature T"' 


1mQm + nO, = 
= Q’ (im — Tn) ==0 


Thus the second law of thermodynamics leads to the following proposition. 


The efficiency of the Carnot reversible cyclic process, taking place in any 
thermodynamic system, is independent of the properties of this system, but is 
determined only by the temperatures limits between which the change of state of 
this system occurs. Thus the relationship (6) is correct for any substance. 


Now this relationship should be generalized for any reversible cyclic process. 


Let us consider an arbitrary cyclic process, represented on the diagram by 
a closed contour (Figure 16). The area bounded by this contour can be divided by 
the adiabates into a great number of strips, in such a way that the adiabates and the 
isotherms form a zig-zag curve whose vertexes lie on the contour representing the 
cyclic process. Each separate strip can then be regarded as a Carnot diagram. 


Enumerating the strips we can write: 


, AQ; , AQ’ 
for strip 1 7 ri 0, 
A AQ, 
for strip 2 + aes 


and so on. 
Summing the results for all strips we obtain: 


90 


(gL 


‘fi 


Figure 16. An arbitrary cyclic process on the 
emagram 


The first sum refers to the "upper" isotherms, whereas the second one to the 
"lower" ones. By adding together all these sums, we obtain: 


“7 =9, (8) 


where the summation extends over the whole contour. We are obliged to add (or 
subtract) a certain quantity of heat 4Q in all the parts of the the zig-zag curve 
formed by the isotherms in order to realize this process in practice. Each of these 
quantities of heat must be added or subtracted at the temperature of the isotherm. 


Passing to the limit we obtain 


§Pne, ° 


i. e., the sum of the "transferred" quantities of heat @Q/T over the whole thermo-— 
dynamic path is equal to zero for any reversible process, 


Thus the value of the function  8Q/T is independent of the contour of inte— 


gration, but is determined, up to an arbitrary additive constant, by the parameters 
of state only: 


@ — y 2 + const.; 


this function is called the entropy. Therefore a quite definite value of entropy 
corresponds to each state of the thermodynamic system, determined by the var— 
iables of state (p, v), or (v, T), or (T, p). For the value of entropy it is 
immaterial by what thermodynamic path has the system reached the p, v state. 


The entropy , referring to a unit mass of the substance, is called the spe- 
cific entropy; it is obvious that 


= \ ‘4 -+ const. 
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Chapter III 
THE THERMODYNAMICS OF WATER PHASES 
§ 1. The Phases of Water and Their Equilibrium 


In the previous chapter we studied the change of state of a thermodynamic 
system consisting of a single monophasic component, i.e., an ideal gas, for dry 
air can be practically considered to be one, The state of such a system was 
determined by three parameters, related to each other by Clapeyron's equation. 
They could vary indefinitely without giving rise to the appearance of new phases 
in the system, i.e., the changes of state of such a system were due to the 
change of the parameters (p,T,v) only. 


Experiment shows that a second component of atmospheric air, water 
vapor, can be found in the atmosphere in three states of aggregation, or 
phases; it is therefore impossible to apply the laws of ideal gases to it without 
reservation. We can change the parameters of state between their extreme limits 
without changing the number of phases in the system. 


Therefore, we can use the laws of ideal gases to a sufficiently accurate 
approximation only until a state of saturation is reached; but then the picture 


sharply changes. 


In the present chapter we shall also consider the monocomponent system of 
water vapor, which can be monophasic (water, vapor, or ice), or diphasic 
(water vapor + water, water vapor + ice, or ice + water) or, finally, triphasic 
(water vapor + water + ice). 


The change of state of such a sytem will not be limited to the change of 
the parameters of state, p, v, T but will also be accompanied, generally speaking, 
by a phase change. 


These changes are of a great importance for atmospheric processes, because 
during the change of phases, great quantities of latent heat are liberated, 


The monocomponent system is determined, as experiment shows, by two 
independent parameters, anditis therefore convenienttousea(p, T) graph in order 
to represent its properties diagrammatically. 


From experimental data it is known that two phases can be in equilibrium 
only if a certain relationship exists between the pressure p and temperature T. 
The expression ''the phases are in equilibrium" means that their relative quan- 
tities do not change. 


Water vapor and water are in equilibrium along the curve TK (Figure 17). 
Its equation is; 


p=E(T), (1) 
where E is the saturation pressure. This curve is called the curve of evapo- 


ration; it passes through the points E = 6.10mb, t = 0°C and E = 1013. 2mb 
(=760 mm Hg), t=100°C and ends in the critical point K, representing the critical 
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state of water. This state is characterized by the disappearance of the difference 
between (liquid) water and water vapor. The critical temperature equals 

T, = 647°K for water, the critical pressure Pj, = 221000 mb = 218 atmospheres, 

the critical specific volume Vv, = 3.1 cm3/g. It can be seen, by the way, that 
vapor cannot be transformed into water at T>T, or at P>p,, because, by following 
the curve of evaporation up to the point K, we shall enter the region of vapor. 


rd Vapor 


Figure 17. Schematic diagram of the 
water phases 
T - the triple point; K - the critical 
point. 


Water ,vapor and ice are in equilibrium along the curve TS, called the 
curve of sublimation. Its equation is 


where E (T) is the saturation pressure over ice, 


Finally, water and ice are in equilibrium along the curve TL; this curve 
is called the melting curve; its equation is 


T=T,(p), (3) 
where T, is the melting temperature, 


The three curves intersect at one point T, which is called the triple point. 
This point is the only one at which all the three water phases are in equilibrium. 
Its exact co-ordinates are the following; 


pp==6.1mb, ¢t,=0.0075°C, 


The region KTL, bounded by the curves of evaporation and of melting 
corresponds to water in liquid form, the region LTS - to ice, and the remaining 
area - to vapor. Thus, the temperature of water can be lowered beneath 
the melting point, i.e., supercooled water can be obtained, by carefully cooling 
liquid water. But such supercooled water will be in an unstable state and will be 
immediately transformed into the solid phase — ice — as soon as it comes 
into contact with even the finest crystal of ice, The curve of evaporation TK 
must be extended into the region of negative temperatures, because of the existence 
of supercooled water in the atmosphere. This curve is determined by the 
saturation pressure of the water vapor relative to the supercooled water (at 
negative temperatures). The presence of supercooled water is of great 
importance for meteorological processes. Supersaturated water vapor can be 
obtainedin exactly the same way under certain conditions, Thus, the region WTS, 
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bounded by the curve of sublimation ST and the evaporation curve WT at negative 
temperatures, will correspond to supersaturated water vapor — relative to the 
ice, although saturation would not have been reached relative to the water. 


S$ 2, Water Vapor 


We will hypothetically conduct the following experiment, Let us introduce 
drops of water with a pipette into the mercury column of the barometer B 
(Figure 18). The drops of water that emerge on the surface of the mercury 
will spread and evaporate into the space called Torricelli's vacuum. By deter— 
mining the pressures on the barometers A and B, and by comparing them, we 
shall find that the pressure of the water vapor in the barometric tube will in- 
crease as the evaporation of water continues; the vapor pressure will stop 
growing after reaching a certain maximum value E. The evaporation of water 
will then cease, It is said in such a case that the space is saturated by 
water vapor. The value E is called the saturation pressure, It follows from 
the above that water vapor is saturated when in equilibrium with water (or ice) 
with which it is in contact. 


Experiment shows that the saturation pressure E is a function of temperature 
only: 


E=E(T) (1) 


An equation in the form (1) is characteristic of a diphasic system 
‘vapor + water" or "vapor + ice”. 


SX r»rw»wnw,))))) VB 
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Figure 18. Water vapor above the mercury in the 
barometer B is saturated. It reached 
a pressure E equal to the difference in 
the pressures exerted by the mercury 
columns in the barometers A and B 


Attempts to solve this equation have led to several empirical and semi-—em— 
pirical equations. The Magnus equation is the one most prevalent in meteorology: 


at 


E=E,-10°t*, (2) 


where t is the temperature in Celsius degrees, E,= 4.58 mmHg= 6.10 mb 
is the saturation pressure at 0°C, a and b are constants having the following 
values: 


over ice a=9.5, b6=265.5°C, 
over water a=7.5, 6—=237.3°C. 
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It is evident that the saturation pressure is smaller over ice than over 
water (see Appendix 8). 


The graph for the Magnus equation is shown in Figure 19. 


The steep rise of E with increasing t should be noted. 

It follows from the experiment described, that the phenomenon of saturation 
is independent of the presence in the space of other gases, such as air, if 
these gases do not react with the water vapor. This follows from the more 
general proposition, Dalton's law, which can be formulated for the case under 
consideration in the following way: "saturated vapor expands in another 
chemically inert gas as in a vacuum’’. The presence of air only retards the 
attainment of equilibrium. 


Therefore it is not quite correct to say: "the air is saturated with vapor’. 
It is not the air, but the water vapor which is saturated. Thus the phenomenon 
of "saturation" of a certain space merely means that the water vapor is in a 
dynamic equilibrium with water (or with ice), and that the volume of air under 
consideration can, at a given temperature, contain a well defined maximum 
amount of water vapor. Some justification for this incorrect expression can be 
given by the fact that the water vapor contained in the atmosphere has the 
same temperature as the air. Therefore the use of the expression ''air saturated 
with water vapor" will be continued, for brevity. 


Water vapor is called unsaturated, if its pressure is less than the pressure 
of saturated vapor at the same temperature. 


e< E. (3) 


Water or ice, when in contact with unsaturated water vapor, are not 
in equilibrium with it, and will evaporate. 


E in mb 
200 
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Figure 19. Graph of saturation pressure as 
a function of the temperature 


Saturated vapor and ideal gas are, according to their properties, two 
extreme cases of the gaseous phase , Unsaturated vapor has intermediate 


properties. 
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The density p,of the water vapor (or its reciprocal - the specific volume 
vy), its pressure e, and its temperature T, are parameters of state of the 


water vapor. 


Unsaturated water vapor follows the laws of ideal gases with reasonable 
accuracy, namely: 


Process 


Isothermic Boyle-Mariotte , 


P a, 


Isobaric Gay-Lussac.. | ¥y™= Ou, (1 + at); p,, ia 


Isochoric Gay-Lussac,, | e=e (Il +at), (6) 
Arbitrary Clapeyron... CUy=Rol, €=PyR,T (7) 


The gas constant for unsaturated water vapor can be determined theoretically 


from the relationship 
__ Ro 


ae ae (8) 


where },, = 18.02—molecular weight of water vapor; this gives 


8.314107 am? ecm? 2 Wr 
Ro ~ 18.02 sec® deg =e sec™ deg Seen sec deg 
Table 8 


The parameters of state for saturated water vapor 


283.2 373.2 
12.27 1013.226 


Vy oe 106 400 1673 
Experimental Re 461.1 451.3 


The saturation pressure and the specific volume in Table 8 conform with 
the international definitions, established by the third international conference 
which took place in Washington in 1934, and which dealt with the formulation 
of vapor tables. The last line gives the value R_, calculated according to 
the Clapeyron equation. is 


m 


It can be seen that the mean value of the gas constant: R_ = 4602000 
” sec* deg 


can be accepted for temperatures between 0° and 40°C. 


This value agrees perfectly with the value of R_, obtained above from the 
w 
universal gas constant. Thus, Clapeyron's equation works out quite accurately 
for saturated water vapor, and even better for unsaturated vapor within 
the allowed temperature limits, which is very important for meteorology. 
It will be convenient in the following to express R_ by the gas constant 
Ww 


Ry for dry air. 
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Since Ry: Ry = 460: 287 = 1.604, 
we have R,,= 1.604 R, (9) 


It is also useful to compare the density P,, of water vapor with the density 
Pq of dry air under the same conditions. 


Since 


Pa = ) a= RT 


we have for e=p, and the same temperature T 
Py Py —RaiR,, (10) 
so that 


i) 
Dp == 0.6229, = = Pa (11) 


(see Appendix 9). 


33. The Specific Heat of Water 
Vapor 


The specific heat of saturated water vapor is negative, as will be shown 
below. This means that heat does not have to be supplied but taken away in 
order to raise the temperature of saturated vapor. 


For unsaturated water vapor, as is the case with an ideal gas, the 
specific heat can assume different values, depending on the character of the 
process which accompanies the heating. The specific heat cpy of water 
vapor at constant pressure and the specific heat c,, at constant pressure are 
taken into account, 


We have seen above that the specific heats of an ideal gas depend neither 
on the temperature nor on the pressure. The specific heats of water vapor do 
depend slightly on pressure and temperature, but this dependence can be 
neglected for meteorological purposes. In fact, the specific heat of water vapor 
differs only by a correction factor from the specific heat of moist air. 


Therefore we shallconsiderthe specific heats Cow and Cy a8 constants, 


independent of both temperature and pressure; setting 


2 
a= cal __ m 
€ yp = 9.445 eae Oe Ga 


c¢. = 0.335 —s8- = 1402 —-7 — 
ow ; g deg sec’ deg” 
we obtain from the adopted values: 


2 
= m =— 
pw ow = 460 sec? deg Ry» 
which agrees with equations (8) § 2. As water vapor differs from an ideal 
gas, Cow acer also differs, of course, from R., but has the same order of 
magnitude (see Appendix 9). 
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§ 4, The Thermic Properties of Liquid Water and of Ice 
3 
The specific volume of liquid water has a minimum value Ve = 1,06 “2. 
g 
at 4°C. This value is adopted as the unit of specific volume; v increases both 
with the rise and fall of the temperature; it reaches the value of 


3 
1. 043 aaa at t= 100°. 


Water has the greatest specific heat of all substances[sic ]. The specific heat 
of water at 15°C is one calorie, according to the definition of the calorie: expressed 
in mechanical units 


m°< 


Ice is the solid phase of water and often has a crystalline structure. It 
forms crystals of the hexagonal system. Several different forms of ice exist, 
corresponding to the different conditions of temperature and pressure to which 
it is subjected. Thus, at very high pressures ice can be preserved in the solid 
phase even at a temperature of +759. But in nature ice exists in only one mode 
and therefore the other modes of ice will not be considered here. 


3 


The specific volume of ice is v, = 1.091 Cm” , hence the volume of water 


g 
increases inthe courseof freezing by 10%. Icecontracts so insignificantly on 
cooling down from 0°C that V; can be regarded, for meteorological purposes, as 
constant for all temperatures. 


The specific heat c; also changes very little with the temperature so that 
its value at 09°C 


= cal eit 
6, = 0.505 t= 2114 — 2 — 


can be regarded as constant, equal for all temperatures (see Appendix 10). 


S 5, The Fundamental Equations of Thermodynamics 


In the present section we shall derive all the fundamental equations of 
thermodynamics from a transformation of the first and second laws; with their 
help we shall obtain a very important relationship which characterizes the 
phase changes. 


The derivation of the thermodynamic equations is based on the examination 
of the equation 


dz==Xdx+-Ydy. (1) 


This equation would be exact, if X and Y, which are functions of x and v4 
satisfy the condition: 


OX OY | 
Oy” Ox’ (2) 


otherwise equation (1) would not be exact. This may be easily verified. Let: 


z== f(x, y). 
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Then the total differential dz will be: 


oy 
Assuming 
__ of . of 
Agee Vays 
we obtain: 
0X Of ay Cf 
Oy  Oxdy’ Ox Oxody’ 
hence 
ox _oY 
Oy” = Ox 


The equation of the first law of thermodynamics 
6g =du-+-pdv (3) 
can be written in the following form 
tg= Max-+-Nay. (4) 
where x,y are parameters of state of the system, so that 
u== u(x, y), V== 0 (x, y), p=p(x, y), a M(x, y)and N(x, y) 
are functions of state. 


The equations (3) and (4) can be made identical by substituting in 
equation (3) 


Ou Ou 
du== sdx-+s dy, 
dv dv 
du = x de +x dy, 


then we obtain the similar expressions: 


Ou dv 
N=5 TP 5° 


Differentiating M with respect to y and N with respect to x, and subtrac- 
ting the second derivative from the first, we obtain 


0M ON dv op @év LG, (5) 


because ¢@q is not a total differential. This is the first fundamental equation 
of thermodynamics. 


The equation of the second law can be written as follows: 


dpbeing a total differential. 


According to equations (1) and (2) we can write: 


& (7) =H(7) 


hence 
TS — T= TNE 
or 
af ad (WG), z 


This is the second fundamental equation of thermodynamics. Finally, by 
combining equations (5) and (6) we obtain one of the more general equations, 
resulting from the application of both laws: 


oT oT __..f/dv dp ov | 7) 
MENT eT (Se oe) ( 


8 6, The Latent Heat of Vaporization 


The transition of a liquid into a gaseous state takes place in the following 
way. Some molecules, situated on the surface of the liquid, break away from it 
as a result of the thermal motion; they pass from the range of the molecular 
forces into space, where they become instantly subject to different laws of 
motion: they soon behave as gas molecules, Clearly, the fast molecules 
break away more readily than the slow ones, so that the molecules remaining in- 
side the liquid have a lesser average velocity and thus the liquid cools as a result 
of evaporation. If the temperature of the evaporating liquid is to remain con- 
stant, i.e., if the store of internal energy of each gram of the liquid must not 
change, it is necessary to supply continuously from without some quantity 
of heat, which is proportional to the quantity of liquid evaporated. The 
Supplied heat is equivalent to the work which is performed in vaporization 
against the forces of cohesion and against the external pressure. If the liquid 
evaporates into a space devoid of other gases, the work of expansion is 
carried out exclusively against the pressure of the water vapor; if other 
gases are also present, it is carried out against the total pressure. In the present 
chapter, we will consider vaporization in the absence of air. 


The latent heat L of vaporization of a liquid is composed of two parts: 


L=L,+L,, (1) 


of which the most important - L. - is spent to overcome the intermolecular 
forces of cohesion, i.e., to increase the internal (potential) energy; L; is called 
the internal latent heat of evaporation. The second part of the latent heat of 
evaporation - L, = is spent to increase the volume occupied by a unit mass 
of the substance, i.e., as work against the external pressure. Let us denote by Ur 
and uy, respectively the internal energy of liquid water and water vapor, and 

V, and Vy, ~ their specific volumes. We should note that Ve €vV,- It is evident 
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that 
L,=4,— 4, 
L,=e(v, — v;), 
L=L,+L,=4,—u,e(v,—v,) =u, —u,tev, (2) 


(because evaporation takes place at a constant pressure). 
The sum of the internal energy and the isobaric work of expansion is the 
enthalpy 9; therefore, 
L=9,— 3,, (3) 


i,e., the latent heat of evaporation of water is equal to the difference betwee 
the enthalpy of the water vapor, 9,y==4,, +e, and the enthalpy of water 


9,=U, ev, 


The latent heat of melting Lip: is also necessary for melting ice; it is 
expressed by the following equation: 


Finally, a latent heat of sublimation L,,, is necessary for the sublimation 
of ice: 
L ty = Fey — 9 = Bey — Hy He (Uy — V)) FS Uy — 4, $ ev, (5) 


The latent heat of vaporization decreases with the increase of temperature. 
The dependence of the latent heat on the temperature is expressed by different 
empirical formulas. We will choose the following: 


L=597 — 0.57¢ —*, (6) 
g 
whence 
L, == 30.1 + 0.114 rm 
The values of latent heat at 0°C can be considered to equal 
L= 597-4, 
g 
ome cal 
is 80 _ 


Lig wl + Lyy== 677 = 


(7) 


The change of the latent heat of vaporization with the temperature can be 
calculated theoretically by certain approximations. Differentiating equation (3) with 
respect to T, we obtain: 


_ 4%y __ 434 
aT dT 


ee 
sit. 


Recalling that by equation (15), $14, Chapter H, water vapor follows the laws of 
ideal gases, we obtain: 


diy __, 
aT pe 
and according to the definition 
—_ dq __ aj 
‘yar af? 
Hence 
oe ee — 1,00 = — 0.55 “—#—. (8) 


Thus, the change of the latent heat of vaporization with temperature is equal 
to the difference of the specific heats of water vapor and of water. The 
specific heat is chosen for the water vapor, which one assumes will become 
unsaturated during heating. The integration of equation (8) gives a result which 
agrees with the empirical equation (6). 

In the same way we obtain the following equation for the latent heat of subli- 
mation L..: 


dl 

Oti@———  —¢, = 0.45 — 0.50 = — 0.05 —=1_, 

q Cow 0 ae 

Thus, the latent heat of sublimation can be practically regarded as constant, 
equal to its value at 0°C. 


Lig = 677, 


The derivation must be carried out more exactly for the latent heat of 
melting; but even in this case we obtain an accurate expression, and an accurate 
order of magnitude: 


dliy _ es Gals _s 
tly — ¢,—¢,= 1.00 — 0.50 = 0.50 2. 


Thus, the latent heat of melting rises and falls with the temperature. The 
results of the calculation agree closely enough with observation. 


§ 7, The Fundamental Equations Characterizing 
Phase Changes 


When deriving the equations of change of phases, it is primarily necessary to 
choose the parameters rationally, in order to form the equations of heat balance. Let 
us consider a unit mass of water, consisting of two phases which are in equilibrium. 
We will choose the temperature T as one of the variables, and as the second — the 
mass }#t, of the second phase. Denoting by 1 and 2 any two phases which are in 
equilibrium, we shall call {4; and ft, the mass of water in each of the phases, so that 


Ht, = | —f,, 


because the total mass of water is assumed to be equal to 1g. We obtain, then, 
for the specific volume of the mixture: 


U = Med, (1 — py) 0, =, -F Me (Ya — M1), (1) 
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and for the specific heat ec: 


C= pc, + (1 — Be) ¢, == 0c, + pr, (cg — ce). (2) 


Furthermore, let us denote the latent heat of transformation from phase 1 into 
phase 2 by Lj 9: 


We can then write the equation of heat balance for the mixture under 
consideration as follows: 


dq=L,,dy,+cdT. (3) 


Thus 


M= L,,; N= C= 0) + py (Cg — ¢); 
X=f,>  yoT, 


Let us apply the fundamental equations of thermodynamics (5), (6), (7) § 5 to 
equation (3). To this end we shall first determine all the partial derivatives: 


OM __4Ly., OU 00 us, — UV e 
Oy” aT’ Ox Op. 2 I! 
ON __Oc - P dv dv 

@x Op 2 oy” aT’ 

yo ar Oc On 
Por op dy 

Ox Op’ Oy” aT’ 


Or __ — (0: and Op __ dp are chosen so that neither the temperature, 
Og Oe oy dT 

nor the pressure of transition are dependent on either phase, but each is completely 
determined by the other. Thus we obtain: 


d d 

“BA (e, — eo) = (v, —0,) 2, (4) 
dling Lig, (5) 
ar rT oa “1s 
Li2 __ 4, \4P (6) 


We will give some examples of the application of the obtained equations. 
Equation (6), called the Crausite Clapeyren equation, can be used for calculating 
Lio from the empirical values of Vi2Voe CP or from the empirical Liigs Vy» Vo: 

dT 
Finally we can insert the empirical values in both parts of equation (6) in order 
to check the conclusions of the second law of thermodynamics, expressed by this 


equation, 


We will calculate the slape of the curves of equilibrium near the triple 
point. 


The slope of the evaporation curve: 


aE L __ 597 4.185 & 107 dyne_ 44 _—dyne_ 9 4g_mb_ 
dT ~~ TF (0g—%)) 273 (206 300 — 1) cm“ deg cm” deg deg 
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The slope of the sublimation curve: 


dE; Li —_ 877 X 4.185 X10" tyne gg _dyne gy sy mb, 


a al 


d 
aT T(0p—0;) 273 (206300 —1) cm? deg cm? deg deg 


The slope of the melting curve; 
dp Ly —_ 80 X4.185X 10? dynes 4.3.7 ve 108 dyne ___ 
dT” T(vog—v,) 273 (1.00 — 1.09) cm? deg x cm” deg 


deg 
The value obtained for the slope of the curves of equilibrium shows that 
the sublimation curve is situated beneath the evaporation curve, because the 
saturation pressure over water decreases by 0.44 mb , whereas the saturation 
pressure over ice decreases by 0.51 mb , when the temperature is decreased 
from 0° to -1°. At the same time the melting pressure increases by 
1.37. 10° mb = 137 bars 135 atmospheres, when the temperature is decreased 


from 0° to —1°. 


Thus, the melting curve rises rapidly with the decrease of the temperature, 
The results obtained agree well with the experimental data. We can already 
determine the slope of the saturation curve at t = 100°C: 


dE __ 540 X 4.185 X10" __ gg _mb 
dP 373 (1673 —1) — “" deg * 


Let us note that the evaporation curve is parallel to the pressure axis in the 
neighborhood of the critical point. 


We can use equation (5) to determine the specific heat of saturated water 
vapor only on the condition that the quantity of vapor remains constant: 


du=0, 
then 
dL OL 
Co= 9 ap Fi 
at t = 0°C 
597 cal 
Cg = 1—0.57 —, = — I. Sate 
at t = 100°C 
540 cal 


y= 1 — 0.87 — = 1.02 


Thus, the specific heat of saturated water vapor is negative. This can be ex- 
plained as follows. Some quantity of heat must be supplied to the saturated water 
vapor in order to increase its temperature by 19°C but the vapor ceases to be 
Saturated after being heated; in order to restore the state of saturation without 
increasing the quantity of water vapor, the latter must be compressed. But 
compression produces some heat, and this quantity of heat must be dissipated, 

if the temperature (t+1)° of the vapor is to be maintained. 


The quantity of dissipated heat of compression is found to be greater 
than the heat supplied during heating; the specific heat is therefore negative. 


However, the specific heat of saturated water vapor plays a negligible 
part in atmospheric processes with a constant specific amount of water vapor. 
We have raised this question here, because equation (5) will make it possible 
to integrate further the adiabatic equation of condensation. 
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The Clausius-Clapeyron equation (6) makes it possible to derive theoretically 


the equations both of the sublimation curve and of the evaporation curve, with- 
in the temperature limits which are relevant in meteorology. 


First, we will work out the equation of the sublimation curve. Since 
Vw2 ie we can assume that 


RT 
=? 
and the Clausius equation can be written in the form 


dE Ly | E (7) 
af” Ry T° 
Hence L,_, according to the above, can be regarded as a constant; and then 
separating the variables and integrating, we obtain: 
| ee = 1 i 
In = (F-— 7) ’ 
inserting the constant values Liy = 677 SS, KR = 0.10 eer ‘ T° 273° 


and converting into decimal logarithms, we obtain: 


transforming to exponential form we obtain, 


10.8¢ 
EE, 10+, 7 


The equation of the sublimation curve thus obtained agrees closely with the 
following empirical equation of Magnus: 


9.5¢ 


E = E,-10%8547, =) 


In the same way we obtain the approximate equation of the evaporation 
curve. If L is regarded as a constant and equal to its value at t= 0°C, i.e., if 
L = 597, we have: 


Ee i —7} (11) 
lg $= 2593 (7, —7 


or 9.5t 


E= E,:\0F*, (12) 


The result thus obtained is of the same form as Magnus' equation for 
the saturation pressure 
7.5t 


E= E,- 108734", a3} 


However, the constants in the exponents of equations (12) and (13) 
differ from each other and therefore the results obtained by using the approximate 
theoretical equation do not agree completely with the experimental data, on the 
basis of which the empirical extrapolated equation (13) was derived. 


All these equations are not used in practice, because it is more convenient 
to use tables or graphs, But the results obtained are of great interest and 
instructive in one respect, namely, they show how some theoretical relation- 
ships can be derived from the gecond law of thermodynamics, which cannot be 


obtained by any other method. 
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§ 8, Supercooled Water and Supersaturation 
in Relation to Ice 


We have indicated above that by careful cooling of (liquid) water it is 
possible to reach a temperature which is lower than the freezing point, whilst the 
phase remains liquid. Such supercooled water will be in a stable thermodynamic 
equilibrium relative to water vapor, but not relative to ice; the water will freeze 
immediately after the introduction of even the finest crystals of ice. Observations 
show that supercooled water is constantly present in the atmosphere. Clouds 
and fog, which are formed at t <.0°C, as a rule consist of supercooled water. 
The water still remains liquid even at a temperature of -20°C. Water droplets 
can even be detected at temperatures lower then - 30°C. 


Drops of supercooled water and water vapor can be in equilibrium; 
but if into such a system, including drops of supercooled water, crystals 
of ice are introduced at a given temperature, the system ceases to be in 
equilibrium. The water vapor is in equilibrium with the drops of water, but it 
will be supersaturated relative to the ice, i.e., the pressure of the water vapor e 
is greater than the saturation pressure relative to ice E; 


e>k,. 


As a result of this, part of the water vapor sublimates; but the decrease 
of the quantity of water vapor will cause the decrease of the saturation pressure 
relative to water, i.e.,e < E; then the water will begin to evaporate. 


As a result of these two processes, the ice crystals grow at the expense 
of the evaporating water drops. This process will continue until all the drops of 
water evaporate. 


The table in Appendix 8 shows that this process takes place with particular 
vigor at a temperature which is close to —12°C, when the difference of the 
Saturation pressures over water and ice reaches its maximum value of 0.198 mm 
Hg. 


Two important meteorological phenomena relating to supercooled water may 
be cited: 


1) when a fog composed of drops of supercooled water passes over snow, 
it is dispersed; 


2) when a small number of ice crystals get into a cloud composed of drops 
of supercooled water, they start to grow rapidly. These crystals cannot remain 
Suspended in the air, and begin to fall: they melt while falling, and 
reach the earth's surface in the form of rain drops. Such fine crystals can 
exist even at a relative humidity of 55 - 60 % as regards water*. If the cloud 
grows upwards, intensive precipitation can only take place when its summit 
reaches the level where ice crystals are present. 


§$ 9. The Saturation Pressure over a Curved Surface 


The above-mentioned arguments concerning the saturation pressure and curves 
of equilibrium refer to those cases, where the surface Separating water and ice 
from water vapor is a plane. However, water condenses in the atmosphere 
mainly in the form of drops; condensation can occur on the surfaces of 


* ([Nonfrozen water. Translator's note]. 


66 


terrestrial objects (plants, stones, buildi i 
, , ildings et : . er 
of the earth. gs etc) only in the immediate proximity 


We shall now derive th i 
€ equation, which determines th 
e 8a 
over a curved surface. Omen tees 


‘ let oe eee a vessel filled with water (Figure 20) placed under a bell— 

r evacuated of air and containing a vertical capi i j 
pillary tube in which 

the height h up to a horizontal Plane AB. ” eee eer ee 


Let the vapor pressure at the surface CD be E, The pressure E! at the 
level AB will be smaller than E by the water head h, i.e, 


PO 


£E'=E—h-9,,, (1) 


where is the mean density of the water vapor. 
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Figure 20. The saturation pressure is smaller relative toa 
concave surface than relative to a plane surface 


The saturation pressure in the capillary tube at the level AB must be equal to 
Ef; otherwise a perpetual motion machine would be possible. Infact, if the 
saturation pressure were greater in the capillary tube than under the bell-jar 
at the level AB, the water in the capillary tube would evaporate and descending 
along the tube would condense on the surface CD, thus performing work as a 
result of the uninterrupted upward flow of the liquid in the capillary tube. 

The pressure in the capillary tube can also not be less than E' (for the same 


reason). 


The total pressure at the level CD must be the same inside and outside 
the tube, because only in this case can equilibrium be maintained. 


The surface tension of the liquid is expressed by the Laplace equation: 


P=K-+-a (a+) (2) 


where K is the pressure on a plane surface, @- the coefficient of surface 


tension, i.e., the force per unit length of the liquid surface, R, and Ry are the 


radii of curvature of the principal normal sections of the liquid surface, 
these radii being considered positive, when pointed at the interior of the liquid. 


The pressure on the plane surface CD oe the tube will then be E, 
and inside the capillary tube £’ L4,£. (x x) where f, is the liquid 


density. 
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Equating these expressions, we obtain 


E=E +h+a(e+p): 


hence 
l J 
' — — h . —@ (= 7) : 
rage Ps Ri R, (3) 
h being determined from equation (1) 
E—E' 
Se 


and substituted in equation (3), we obtain after transformation: 


Pos Py as z) 
z er Cane : 


In the case of a round capillary tube we have: 
I J | therefore, 


= 
— =~ 


Ry Ry RR? ; 
eas a oP w “We 
E se yeas R (4) 


Because the meniscus of the liquid is concave1/R<0,and consequently E’ < E or 
a convex meniscus (in the case of a liquid which does not wet the tube) 1/R> 0 


and E' > E 


In case of complete wetting, i.e., when the liquid forms an 
angle of 0° with the wall of the capillary the radius of curvature of the 
liquid surface will be equal to the radius r of the tube; the liquid surface 
will be hemispherical. Thus, equation (4) can be extended to apply to a drop with 
radius r. Ignoring the term f,,, in the denominator which is small in comparison 
with p,=1, and substituting for Py in the numerator its value obtained 


E 


Po pp? we obtain the following approx- 
w 


according to Clapeyron's equation 


imate equation which determines the saturation pressure over the surface of 
a water drop: 


j 


Calculating the relative difference of the pressures over the surface of a 
drop and over a plane surface, we obtain: 


LiL A (6) 
E —— ppRut r : 
Equation (6) is also correct for a drop surrounded by air. 
Assuming T = 2739, @= 73 dyne , Py = ig/cm?, Ry = 4,60: 10°, we 


cm 
obtain: 


E'—E 1 
= = 0.12-1076.—, (7) 


where r is expressed in centimeters. 


E' differs little from E as long as the radius of the drop is sufficiently 
great. However E' - E increases considerably with the decrease of r (see 
Appendix 11). 
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§ 10. The Role of Condensation Nuclei 


Condensation on the finest drops, whose dimensions hardly exceed the 
dimensions of molecules, would be possible only at an exceedingly great supersaturation 
if the surface tension were not to be brought into equilibrium by other forces. 


In fact, the very finest particles of hygroscopic substances, so-called 
condensation nuclei, are always present in the atmosphere. 


As a result of careful chemical analyses it has been found that fog drop— 
lets always contain salt of marine origin which probably got into the atmosphere 
as a result of the evaporation of water sprayed from the ocean's surface. 
Industry is a more important source of nuclei of condensation (in particular, 
nuclei containing sulfurous compounds). 


Measurement has shown that the usual dimensions of the nuclei vary 
from 7-10-% cm to 107° cm, The number of nuclei per 1 em® varies from 
1 to 106, put only 102 — 104 nuclei per 1 cm® can be active, because 
the supersaturation in the atmosphere is usually so small that only the largest 
and most hygroscopic particles may serve as condensation nuclei. 


The particle formed as a result of the condensation of water vapor on a 
hygroscopic nucleus, is still a highly concentrated water solution of the hygro— 
scopic substance. The saturation pressure E" over the water solution is less 
than the saturation pressure E over pure water. For solutions of low concentra— 
tion, containing n molecules of the substance for every N molecules of water 
the following equation is used: 

" Sees n (1) 
E -E= Ea rage 

Equation (1) shows that the saturation pressure decreases with the increase 
of the solution concentration. Equation (1) is already not correct, although the 
saturation pressure continues to decrease with the increase of the concentration. 


The nuclei of condensation can exist in the form of drops of highly concen— 
trated solution, because water vapor is always present in the atmosphere, Thus, 
the saturation pressure over the drops will be less than that given in Appendix 
11, and can even fall below the saturation pressure relative to a plane surface 
of pure water, if the size of the drops is large enough. Therefore, persistent 
fog and clouds are often observed at a relative humidity under 100%. 


However, formation of ice crystals on the condensation nuclei cannot 
take place. It is assumed that special sublimation nuclei must be present in 
the atmosphere in order to initiate sublimation. The nature of these nuclei is 
still unknown. However, it appears obvious that some solid particles are centers 
of guch sublimation nuclei. The order of magnitude of their linear dimensions 
is 10° cm. Their number in a volume unit is considerably less than the number 


of condensation nuclei. 


§ 11, The Entropy of Water 
We now derive the equation of entropy of water in the case of diphasic 
equilibrium. 


Retaining the symbols of § 7, we write the equation of heat balance 


for a diphasic system in equilibrium, 
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ég=L,, du, +cat (1) 


or, since C=C, + (C2 — ¢)) Hes then 


bq = Ly, dp, + c,4T 4-(€, — C4) BT. (2) 


e ~ S 
Substituting (Co-Cy), according to the Clausius-Clapeyron equation (5), 3 7, we 


obtain: 
diy, Lis 
bg = Lyp dy + eyaT + (SP — a2) u dT 

or 

bg =Td (=a) 4¢,d7. (3) 
Dividing by T, we obtain: 

Lite 
d: = fa (=) c,d(In7). (4) 

Thus, the entropy of a diphasic system (1+<7> 2) in equilibrium is equal to: 

gaat +c, In 7 -++- const. (5) 


The specific entropy of a diphasic system in equilibrium therefore equals: 


Diphase equilibrium Specific entropy 
" system 


Water+- saturated Ly 
=e n - 
water vapor p= =~ + cylin T+ const 

Lifts 


(a +c; in 7+ const. 


(6) 


Ice «+~>water 


Ice +--+ saturated 


Lit 
water vapor ? = + ¢; In T -+- const. 


Let us deduce the equation for the entropy of the triphasic system 
ice ++ water «<4 water vapor. 


In order to write down the equation of heat balance we choose the 
quantity , of water vapor and the quantity yw, of ice as independent variables. 
The quantity of water will then be p,= 1- (p,-+4,). The heat transferred to 
the system will manifest itself in the change of the relative quantities of the 
phases, whereas the usual parameters of state will remain constant (T = const; 


E = const; an = const). Logik. calories will be necessary for the production 


of dp, grams of water vapor and of dy, grams of ice, 


Lap = — Lyd; 


thus 
6g = Ld, —Ly.d,, (7) 


whence, dividing equation (7) by T we obtain: 


L L 
de == du, — > dy. (8) 
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Because Loz and Lyg are constant for a given T, the entropy of the 
triphasic system will be expressed as follows: 


= =zatt — Suh -t- const. (9) 


§ 12. The Thermodynamic Surface of State for Water 


The equation of state 


f(p, v, T)=0 (1) 


cannot be expressed in the case of water by any elementary function. But the 
character of the equation of state is such that all the points at which equa— 
tion (1) holds are situated on a continuous surface in the p,v,T,space, which is 
called the thermodynamic surface of state for water (Figure 21) and represents 
all the states of water, which are important for meteorology. 


On this surface lie five characteristic curves, which divide the surface into 
six different regions. 
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Figure 21. The thermodynamic system of state of water 
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1) The monophasic region of unsaturated water vapor, bounded both by 
the isotherm ATy,, corresponding to the critical temperature, and by the curve 
T,,8, corresponding to the transition of the water vapor into a state of eolgact 
This part of the surface recalls the thermodynamic surface of Clapeyron Ss 
equation of state for ideal gases. It ig determined by a family of isotherms, 
which resemble more the hyperbolic isotherms of ideal gases, the higher the 
temperature, the greater the specific volume, and the smaller the pressure. 


2) The monophasic region AT,DC for liquid water is bounded by the 
isotherm of the critical temperature AT, by the curve TD corresponding to 


the onset of evaporation of water, and by the curve CD corresponding to 
the onset of freezing of water; this region of the surface is determined by 


a family of almost vertical, straight isotherms. 
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Chapter IV 


THE THERMODYNAMICS OF MOIST AIR 


$1, The Parameters of State of Moist Air 


In the present chapter we will examine a two-component system -- moist 
air -- composed of dry air and water vapor. The quantities referring to dry air 
will be distinguished by the subscript d; those which refer to water vapor, by the 
subscript w, and those referring to the mixture, i.e. to the moist air, will 
bear no subscript at all. 


We assume that the temperatures of both components are identical, and 
equal the temperature of the mixture. The state of moist air and of its com- 
ponents is characterized by the following parameters: 


|__| reseure | ensiey | Sersane [Pampers 
volume ture 
Dry air ns rs ie - ; 
Water vapor .... e Ow Dey r 
Moist air ae P 0 a r 


It has been empirically shown that the state of a two-component system is 
determined by two independent parameters, and that all the thermodynamic functions 
of state of such a system can be expressed by means of these parameters. 


The pressure of moist air for each separate air mass is equal, according 
to Dalton's law, to the sum of the partial pressure of dry air Pp, and of water 


vapor @: 


P=Pyte. (1) 


One can easily check for oneself the correctness of this law for an enclosed 
volume of air; the manometer will indicate a decrease of pressure ¢, equal to the 
previously determined vapor pressure, if the water vapor is removed by adsorp- 
tion on any hygroscopically active substance (CaClg, H2504 etc). 


We shall show in the following that water vapor does not form an independent 
atmosphere; its partial pressure e is therefore not expressed by the static pres~ 
sure of the water vapor contained in the atmosphere, We might imagine that all 
the water vapor contained in the atmosphere should condense and be precipitated; 
we would then find the atmospheric pressure to have decreased only by a value 
equal to the weight of the condensed water, but not at all by the pressure of the 


water vapor. 


Observations have shown that the pressure of water vapor changes very 
erratically with height, and does not conform to any law. An increase of the 
pressure of water vapor with height can be observed in separate layers. 
Nevertheless,the total pressure p decreases with height in a regular way; in 
the case of a static equilibrium, it is equal at at any height to the weight of a 
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column of moist air of unit cross section rising above the considered level. 
Consequently, the partial pressure of the dry air decreases with the same irre- 
gularity as the water vapor pressure. Thus dry air also does not form a se- 


parate atmosphere. 


It follows from the above that the water vapor entering into each volume 
element of the atmosphere, displaces that amount of dry air, which has a partial 
pressure exactly equal to the pressure of the water vapor which replaces it. The 
water vapor pressure e increases while water is evaporating in an open air volume, 
and the total pressure p does not change (providing the weight of the evaporated water 
is not taken into consideration), because the partial pressure Pa of the dry air de- 
creases so as to counterbalance the increase of e. 


It is similarly necessary to consider the density of moist air as a sum of the 
partial densities of dry air and of water vapor: 


0= gt Py: (2) 


But in this case we must keep in mind two different circumstances in which 
moist air is obtained, and which differ in principle. If the moist air is produced 
in an enclosed volume, its density will increase together with the pressure, in 
proportion to the evaporation of the enclosed water, because a fresh quantity of 
water vapor will be added to the dry air. 


In a free atmosphere, as we have just seen, the water vapor expels and re- 
places a part of the dry air, the total pressure of the resultant moist air remaining 
constant, while the partial pressure changes, 


Therefore for the density of moist air we obtain: 
— So Pe e 
?=Pat w= Br +R 
or 
__ p— 0.378e | (3) 
= <p 
thus moist air is lighter than dry air at the same pressure and temperature. 


S$ 2. The Characteristics of Humidity 


We have pointed out in the previous section that the state of moist air and. 
of its components is characterized by three parameters, which may be arbitrarily 
chosen, It is convenient to choose these variables in sucha way that two of them 
Should directly characterize the state of the air and vapor mixture, and the third - 
the state of the water vapor, We will call this third parameter ~- a humidity 
characteristic. 

The following variables can be chosen as characteristics of humidity: 

a) the water vapor pressure e, 

b) the water vapor density 0» 

c) the absolute humidity a, 

d) the specific humidity s, 


e) the mixing ratio w, 


f) the relative humidity r, 
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g) the dew point t. 


a) As we have already said, the partial pressure which is exerted by the 
water vapor is called the water vapor pressure e. It is measured, 
like air pressure, in dynes per square centimeter, in millibars, or millimeters 
Hg: 

(e] = [ML-'T-2}, 


b) The mass of the water vapor, contained ina unit volume of air is called 


the water vapor density 9, . The density is measured in grams per 
cubic centimeter 
[Px] = [ML]. 


According to the foregoing section, the following relationship exists between 
the water vapor pressure and its density: 


_ 4 = e g 
= ———__ = —— = * Gi is 
Po = Rp = 0,622 Fp = 0,22-107. 7 ~s 
if eé igs measured in dynes per square centimeter; 
Py=0,22-10-7 5S, (1) 
cm 
if e is measured in millibars , and finally 
0» = 0,29-10-9 2, (2) 
cm 


if e is measured in millimeters Hg. 


c) The mass of water vapor measured in grams, contained in 1 cubic meter 
of air is called the absolute humidity a. The absolute humidity is, 
therefore measured in g/m3: 


[a] = [ML~*}. 
It ig obvious that the absolute humidity numerically equals the density, but 
is expressed in other units: 


a=p,-10°£. (3) 
m 
The following relationship exists between the absolute humidity and the water 


vapor pressure: 2 
7 vom 0,22 a = 3 " 


5 


if e is measured in dynes per cm?; 


m 


if e is measured in millibars., Finally 


eg __ 1.06 (5) 


T 1 t 
T ne +a 


a = 290 
if e is measured in mm Hg. 
. The following approximate Be latone ee a and e may be established 
in the latter case. Since the coefficient oa differs little from unity, and 
at t= 16,4° Cexactly equals unity, we have 


axe, (6) 
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i.e.,the absolute humidity numerically approximates the water Veper pressure, 
measured in mm Hg. The water vapor pressure is therefore sometimes called 
absolute humidity. One should keep in mind, however, that such usage is possible 
only in case the water vapor pressure is measured in mm Hg. 


d) The ratio of the mass of water vapor to the mass of moist air contained 


in the same volume, is calledthe specific humidity 
M 
s—aP [s] = [0] 


In other words, the specific humidity is the ratio between the density of water vapor 
and the density of moist air, under the same conditions. According to equation (3) $1 


= igre en eee 
s= 3 9,622 pu0,378e ° (7) 


e) The ratio of the water vapor's mass to the mass of dry air contained in 
the same volume, is called the mixing ratio w. 


or, in other words, W is the ratio of the water vapor density to the density of 
dry air under the same conditions, i.e., 
Pw é 
OSS = SS 0, 622 e 8) 
Pa pore’ ( 
In equations (7) and (8) e can be expressed in any units, but certainly in the 
Same units, as p. 


Since e is numerically very small in comparison with Pp, S and W are fractions 
of the order of magnitude of thousandths. The units in which wand s are measured 
are 1,000 times smaller, in order not to have to deal with such small values; the 
definition of these characteristics will change somewhat, accordingly. 


The quantity of water vapor in grams per one kilogram of dry air will be 
called specific humidity, i.e., 


— e g — e & 
$ == 622 p — 0,378e kg’ a Pe a (9) 
it follows from the definition of S and w that 
M M w M M 
ss —? —_ On — —wv — w Se 
M My+Mg  |+w’ a la M—M, T—s’ (10) 
w—s—=sw >0; (11) 


since S and W are essentially positive, w is always greater than s. This is also 
a direct result of equation (9). Since w in the atmosphere is usually smaller 
than 0,04,W—-S<0,0016, i.e, this difference is so small that it can practically be 


disregarded, Since usuallye << p, e can be omitted from the denominator, and 
thus we obtain 


ee e oe 


| It will be proved in the following that s and w remain constant during dry- 
adiabatic processes, and generally when there is no moisture exchange with the 


environment. S and w therefore are invariant characteristics of humidity, and are 
used for indentification of air Masses. 


f) The ratio of the mass of the 


moisture actuall resent i 
mass of the maximal content of moistu m n the air to the 


re,Wwith which the air becomes saturated at the 
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same temperature, is called the relative humidity. The relative humidity 
is a dimensionless variable and is generally measured in percentage. If we respec- 
tively denote by E, A, s, W the water vapor pressure, absolute humidity, specific 
humidity and mixing ratio corresponding to saturation, we obtain: 


Be: Oo; _. @ AY 
r= -100 l= G- 100°/, = -100°/, = %. 1009/,, (13) 


The relative humidity can exceed 100% in the case of supersaturation, At negative 
temperatures, we should make a distinction between relative humidities over ice 
and over water ,. 


Since the saturation pressure E over water is greater than the saturation 
pressure E, over ice, we have at the same temperature 


n> (14) 


Air is saturated, if r=100%; air is not saturated with water vapor if 


r < 100%, 


g) The dew point is the temperature at which isobarically cooled 
air becomes completely saturated. The humidity characteristics are so numerous 
because water vapor plays a very important role in the atmosphere. 


Fach of these characteristics hasits advantages and disadvantages. The water 
vapor pressure, which is not constant, can be easily determined by the difference 
between the readings of the dry and the moist thermometers in a psychrometer. 


The water vapor density, which bears a simple relationship to the absolute 
humidity and the vapor pressure is a very important index of humidity, of use in 
the study of the problems of emission and absorption of radiation in the atmosphere, 
It can be measured by means of an absolute hygrometer. 


The relative humidity and the mixing ratio are invariant characteristics of 
humidity, and hence widely used in dynamic and synoptic meteorology, despite their 
being obtained not bya direct measurement but by computation from other characteristics. 


The relative humidity is the most important characteristic. It is mea- 
sured by means ofa hair hygrometer. In meteorological stations and in aerologic 
ascents the relative humidity is generally measured and more rarely the water 
vapor pressure. The remaining characteristics are computed. 


The dew point occupies a rather special place, being a thermo-hygrometric 
characteristic. 


The dew point can be measured directly by means of a condensation hygro- 
meter. 


§ 3. Graphic Representation of Humidity Characteristics 


Three parameters of moist air: p, T andr, are usually determined by aero- 
logic gounding. In this section we will examine the graphic methods of obtaining 
the most important characteristics of humidity. 


For this purpose it is expedient to use the thermodynamic diagrams men— 
tioned in Chapter II, in order to avoid plotting special diagrams. On each 
diagram isobars and isotherms are plotted, whose points of intersection well 
define the state of dry air, or of saturated water vapor, insofar as the saturation 
pressure depends on the temperature only. The state of unsaturated moist air can 
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not be made to correspond to a point on the diagram. Therefore we divide the cal- 
culation ofthe humidity characteristics into two stages. We first determine the 


ding to the given p, T,. 
functions of state of the saturated water vapor accor 
From this the characteristics of humidity for the actual state will be determined by a 


subsequent calculation. It is not necessary to plot any additional lines in order 

to determine the saturation pressure, Since the saturation pressure is a function 
of the temperature only, any isotherm is at the same time an isoline of the satura- 
tion pressure, E = const. A supplementary scale of saturation pressure could be 
superimposed on the temperature scale, but such an operation is not necessary. 
It is necessary, however, to plot supplementary lines (lines of equal specific . 
humidity), called isograms, in order to determine 5S and W. In this case we will 
assume, for the sake of simplicity (according to equation (12) § 2 )that 


Sz Wx 6224, (1) 


The form of the isograms depends onthe coordinates of the thermodynamic 
diagram. Since the equation of the isogram is S = const., we have, according to 
equation (1), 


digp—dlgE. (2) 
along the isogram. 


Let us now express the saturation pressure in terms of the temperature, 
restricting ourselves to the approximate equation (8) § 7 Chapter III: 


| 
dlg E—=— kd (r) 


We shall then obtain the equation of the isogram in the following form 


digp+hd (>=) =0 (3) 


or, on integration 
Ls ee 
} 
LT, y=lg? » on the emagram, and hence the equation of the isogram plotted 
with respect to the coordinates of the emagram will be: 
Xx 


i,e., each isogram will be represented by a segment of a hyperbola on the emagram. 
However, the isograms are practically straight lines in the ranges of temperature 
and pressure occurring in the atmosphere (Figure 23). Their slope is such, that 
they are placed between the dry~adiabates and the isotherms. The slope increases 
somewhat with increasing temperature. 


r P9 ; 
x= lg T a T lg m ; on the aerogram; therefore the equation of the iso- 
gram plotted in the coordinate system of the aerogram will be: 
Jy 
lg (1— 7) =e—x,; (6) 


expanding in a power-series, and retaining the first term only, we shall obtain 
after simple transformations 


J =k (<9 — x), 
or 
a 
‘i ~~ 0.4343’ 
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consequently, the isograms on the aerogram are also straight lines. The same can 
be shown for the tephigram. 


The value of the specific humidity (mixing ratio) for the state of saturation, 
can be determined by means of an isogram: the points (7, p) are plotted on the 
diagram, according to the results of sounding, and the value S(= W)is determined 
by interpolation between the isograms. 


Let us now show how this value can be determined without marking an addi- 
tional scale for the saturation pressure. Since 


Wx S622 | 
P 


the saturation pressure E, measured in millibars, is numerically equal to the 
specific humidity S at p = 622 mb. 


Thus we arrive at the following rule : itis sufficientto determine the mixing 
ratio corresponding to saturation at the same temperature, and at the same pressure 
of 622 mb , in order to compute the saturation pressure at the temperature 7 . 
Consequently, it is sufficient to ascend along the isotherm to its intersection at the 
point B with the isobar p=622 mb, in order to determine the saturation pressure at 
the pointA. The mixing ratio W, is numerically equal to the unknown saturation 


pressure E. The obtained saturation pressure is measured in millibars (Figure 24), 


The error in the determination of E thus rarely exceeds 4% of the real value, ob- 
tained from the tables. 


Figure 23. The isograms on the emagram are 
practically straight lines 


We use the equations 
w=W-r, e=E-r, 


termine the actual humidity, on the basis both of the given relative 


in order to de ; 
esponding to saturation. 


humidity and the determined values, corr 
out graphically. Let us examine (Figure 25) 
a mass of saturated moist air at the point A(p==100 cb, 7, W,). Let us 


transform it, isothermically, into the state B(p=r cb, T, W,). It is obvious that 
the saturation pressure will then remain unchanged, but the mixing ratio will again 


These computations are carried 


be different: F 
W , = 622 100 ‘ 

E 
W, = 622 — 
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hence 


(7) 


or 


Thus the mixing ratio for the state of saturation at the point A is numerically 
equal to the mixing ratio at the point B where the moisture content is Py: 


p ‘ 
4 Deaf cb 


WE 
p-622 mb | \ 
Cp 
W, 
A peli cb 


lop 


T T 
Figure 24. Graphic determination Figure 25. Graphic determination 
of the saturation pressure of the actual mixing ratio 
on the emagram on the emagram 


We have then the following method for determining the real specific humidity, accord- 
ing to the given (p, 7, r). We mark the point C with the help of the fixed(p, 7) and 
we trace the isogram through the point C to the isobar p==r cb. An isotherm is 

traced through the point of intersection of the isogram with the isobar p==rcbtill 

it intersects the isobar p==100 cb. 


The mixing ratio corresponding to the isogram passing through the point A, 
will then equal the unknown mixing ratio for the state (p, T, r). Indeed, according 
to equation (7), 


W,=W,r=Wo-r=w, (8) 


The calculation of the dew point Tt can be effected immediately, if p is known 
and Wis determined. It is obvious that the temperature at the point E, obtained 
as the intersection of the isobar p and the isogram will be equal to the dew point T. 
If w is not determined beforehand, and it is required to determine t for 
a fixed state(p, 7, r)on the diagram (Figure 26) then it is necessary to proceed in 
the following way: 


C—B—-A—-+E: T,=t. 


The actual pressure é of the water vapor is easily found, once the dew point is 
determined, Since ™, t,and e bear to each other the same relationships as W, 7, E 
the method of determination of e is similar to that of E (Figure 27). Itis suffi-- 
cient, for this purpose, to ascend along the isotherm from the dew point E to the 
isobar 622, and to read there the value w. This value, as stated previously, is 
numerically equal to e. lf the intermediate results do not interest us, and a is to be 
determined for the fixed values (Pp, T, r), then the following route rast be followed: 


C—B—A—-E-—-F, 


W pe, 
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Yp 


Figure 26. Graphic determination of the 
dew point on the emagram 


4 
9p rae 


Figure 27. Graphic determination of the 
actual pressure of water vapor 
on the emagram 


§ 4. The Equation of State for Moist Air 


Moist air can be considered as a monocomponent system-l.e., as a homo- 
geneous mixture of gases, This system will also be monophasic and the change of 
state willonly causeachange of the parametersof state of this system, if a state of 
saturation is not reached, The system will be diphasic, and even triphasic, if sat- 


uration is reached. The change of state of such a di- or triphasic system will be 


accompanied by a phase change. 


The parameters of state of moist air are linked together by the equation of 
We have already obtained one of the forms of this equation in the study of 


state. 
the problem of moist air density: 
— Ry T * 


However, since this form of the equation of state is somewhat unwieldy, it is 
useful to transform it into a simpler one, Let us first work out an equation for the 
specific gas constant. Let us consider 1g of moist air, which contains S$ g of water 
vapor (S— the specific moisture), and(1-S)g of dry air, 


* (The Russian text has p=r, an obvious misprint -- Translator's note]. 


120/4/9 
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The specific gas constant will then be determined for moist air, as the mean 


between the gas constant of dry air R,, and of water vapor R,,; 


R=(!—s)-R,+sR,, (2) 
or expressing R,, by Ry 
R= 1,605 R,, 
hence 
R=(1—s)R,+1,605 s-R, (3) 
or 


R=R,(1+0,605s); R=R,(1+0,605 w). 


Thus the gas constant for moist air changes with the change of humidity. 

$=: wis always smaller than 0,04 under atmospheric conditions; therefore, R can 
change within the limits R=R,=287 toR=1. 024 «R,==294, i.e.,at most by 

2% of its minimum value. The equation of state can now be written: 


p-0==RT=R,(1-+ 0.605 s)-T. (4) 


Equation (1) can be reduced to the same form 
p-v=R, (140.8782) - 7, (5) 


It is sometimes inconvenient to use a variable magnitude as a gas constant. 
In problems of this sort in meteorology, in which the influence of the humidity on 
the density or on the specific volume of the air is taken into consideration, it is 
convenient to replace the real moist air by a fictitious dry air having a higher 
temperature t chosen in such a way that the densities of the real moist air, and 
of the fictitious air coincide. TJ, is called the virtual temperature. 


This concept makes possible the use in calculation of a fictitious air with a 
temperature of: 


T,==T (1+ 0.605 5) = 7 (140.378 < | (6) 


instead of the real moist air, which effectively simplifies the solution of many 
problems of atmospheric statics. 


Tables have been compiled and nomograms constructed in order to compute 
the virtual temperature. The so-called virtual difference is usually computed 


AT, = T,— T= 0.605-s- T= 0.378 2 -T, (7) 


which is added to the molecular temperature in order to obtain the virtual tempera- 
ture, 


Some aerologic diagrams have special devices for calculating A T,. ‘For 
instance on the emagram and the aerogram of the main isobars (1000, 900,... mb) 
Short dashes are marked, the distance between which corresponds to the virtual 
difference at complete saturation. It is sufficient to multiply the difference read 
off the emagram by the relative humidity in order to obtain the actual virtual 
difference. The virtual difference can reach 5 - 8°C at high temperatures and 
high humidities. At temperatures lower than -10°0C, the virtual difference does 
not exceed 0.19 - 0.29 andis, therefore, not taken into account (see Appendix 12). 
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$5. The Specific Heats of Moist Air 


The specific heats of moist air can be calculated as the mean between the 
epecific heat of dry air and of water vapor. 


Thus, for an arbitrary process, 


c= (1—s)-c,+-s-¢,; (1) 
for an isobaric one 

cp=(1 FHS) Cpe S HC (2) 
for an isothermic one 

é,= (I — S$) Coat SC ows (3) 


we obtain from equation (2) 


Cod 
c w 9445 | 9. 
therefore “pd aa (4) 
Cp = lpq(1 +- 0.9 s) = c,,(1+0.9-w), (5) 


i.e.,the specific heat [at constant pressure] of moist air Cp exceeds Coa by at most 


4% (i,e., varies from 0,24 to 0,25), Exactly in the same way 
Cy=Cy4(1 +s) = ,,(1 + w), (6) 


since 


St 


Cow 9.335 
Cud ~ 0.17] == 2,00. 


It is useful to give some combinations of specific heats: 


x== x,(1— 0.11 8) (7) 


and 
A=), (1 — 0.295). (8) 


Thus, the presence of water vapor lowers the constants of Poisson's equation, For 
example, A changes from 0.285 to 0. 282 (see Appendix 7). 


S$ 6. Adiabatic Processes in Moist Air 


The following sections will be devoted to the examination of the fundamental 
problem of the thermodynamics of moist air: the change in temperature due to 
pressure variations. These variations are mainly related to vertical movements 


in the atmosphere. 


We will consider this process as being adiabatic. This means that we will 
disregard radiation, whose influence is very small, as well as turbulence, the in- 
fluence of which is apparently quite considerable, though it can be quantitatively 
evaluated. The (moist) adiabatic process will evolve in a different and more 
complicated way than the dry~adiabatic process previously studied. 
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Since moist air eventually becomes gaturated with the adiabatic decrease of 
pressure, a further decrease of the pressure results in the condensation of 
water vapor and afterwards in gublimation, if the air is cooled below 0 Cc. 


During condensation and sublimation, latent heat is liberated, which retards 
the further cooling of the air. 


The process is strictly reversible, if the products of condensation are 
not precipitated, but remain suspended, and are borne away by the ascending 
air, i.e.,if the process takes place without moisture-exchange with the environ- 
ment. Indeed, if the moist air and the products of condensation descend, the 
same amount of heat will be used up in vaporization of water or ice particles as the 
amount which was liberated during condensation in the course of the air ascent. 


Adiabatic changes of state of moist air were first studied by Hertz in 1884. 
He suggested four successive stages for the dynamic cooling of moist air: 


a a 


1) dry stage - the air is not gaturated with water vapor; 


2) rain stage - the air is saturated with water vapor, water drops being 
present at a temperature above 0’C. The water vapor condenses on ascent, and 
the water drops evaporate on descent; 


3) hail stage - the air is saturated with water vapor, the water drops 
present in it freeze on ascent, and the ice melts on descent at a constant tempera- 
ture of 0°C; 


4) snow stage - the air is saturated with regard to ice, crystals of ice being 
present in it. The water vapor sublimates on ascent, and the crystals of ice eva- 
porate on descent. 


It is to be noted that the proposed terms — stages of rain, hail and snow are 
erroneous (particularly ''the hail stage’, because the precipitation of hail has 
nothing to do with this isothermic stage) . However, this nomenclature has been 
kept to the present day. 


Attention was drawn quite long ago to the fact that a process occurring in 
the atmosphere is often irreversible, because the greater part of the condensation 
products precipitate in the form of rain or snow. Such an adiabatic process, which 
igs accompanied by a moisture exchange, is called a pseudoadiabatic process, Thus, 
for example, no hail would form, if all the condensed water is precipitated before 
the temperature reaches 0'C, However, the differences between the rain and snow 
stages, resulting from the precipitation of the condensation products, or of their 
remaining in the air, are so small that they can be ignored, naturally providing 
the reverse process is likewise ignored, 


The adiabatic process will also be isentropic, if there is no precipitation; 
the derivation of the adiabatic equations will therefore be particularly simple in 
this case. The pseudoadiabatic, irreversible process will be accompanied by an 
increase of entropy during precipitation;therefore it isimpossibletoassociate a de- 
finite entropy with the pseudo-adiabatic processes. We shall examine a strictly 
reversible adiabatic process, studying the change of state of a moist air mass 
composed of lg of dry air, and wa g of water vapor. 


@ 
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§7. Dry Stage—Unsaturated Moist Air 


Moist air can be considered as a homogeneous mixture of two ideal gases - 
dry air and water vapor, i,e.,as a monocomponent System, if saturation is not 
reached, For a given equation of the thermodynamic path dqg=0, the state of the 
System will be completely determined by one parameter, e.g.,by p. Varying p 
arbitrarily, we obtain a well defined variation of state of moist air. 


According to equations (12) and (8) § 16 Chapter II, we can write the following 
equation for the specific entropy of moist air 


g9—=c,InT—Rinp-+ const.; (1) 


and since the process is isentropic, 


T p 
Cp in — Rn no (2) 
or 
——— p X 
ry i (3) 


Equation (3) determines a curve, which can be plotted on an aerologic diagram, 
This curve is called an unsaturated adiabatic curve. Since s==),(1 —0.29s) varies 
together with the moisture s*, an infinite number of unsaturated adiabatic curves 
pass through any point of the diagram, corresponding to any given value of s*, 
Given the humidity s*, we will examine the corresponding adiabatic curve (3). This 
curve will intersect the isobar p = 1000 mb at a temperature of 


i.—=T (=). (4) 


We will compare this adiabate with the dry adiabate, passing through the 
point (T, p): 


ry ee (5) 
yee p 
forming the quotient: 
§ A= (s)": (=) Pie. (1000) ~ 9a (6) 
7 p Pp Pp ; 
we get 
a; (—)oN ~ 4 aye - (7) 
r Pp p 


It can be seen from equation (7) that moist air, when reduced to the standard 
pressure of 1000 mg, has a temperature somewhat lower than dry air, this de- 
parture becoming greater with increasing humidity. Thus, the adiabatic varia- 
tion of the temperature of moist air is somewhat smaller than the temperature 
variation of dry air. This is due to the fact that the specific heat of water vapor is 
greater than that of dry air. But this difference is very small. Thus, for example, 
if air having a specific moisture of s* = 1g/kg is reduced from a pressure of 

P= 500 mg to standard pressure, then 


s== 0.9993 6, 
a § = 300° K 
we obtain 6 == 299° 8. 


eer woeereroeewroee2ew = 2 — 


* [The Russian text has w, which practically equals s — see eq. 12, 
lator's note}. 


§ 2 —- Trans-— 
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Such accuracy is, of course, completely unattainable in meteorology. 
We shall therefore determine the potential temperature of moist air according to 


the same equation as for dry air 


Q.= b=7(<) i. (8) 


This is all the more necessary since the humidity-correction 4—A/,, is 
contained within the limits of error of the determination of jy. Thus, we assume 


that the adiabatic process in moist, unsaturated air is represented by dry 
adiabates on the thermodynamic diagram, The dry stage will therefore be called 


the stage of the dry adiabatic process. 


It is obvious that the dry-adiabatic process is characterized by the following 
conditions: 

§6—const., w=—const. 

The dry stage comes to an end, and the process develops either into the 
second stage, if t>>0°C, or into the fourth, if t<.0°C, when saturation is reached, 
Let us determine the conditions for this transition. We will denote the parameters 
of state, which correspond to the termination of the dry stage as follows: 7, ~ the 
temperature of condensation, p, - the pressure of condensation E,- the vapor pres- 
sure of condensation. The following 4 equations must be solved jointly in order 
to determine the point of condensation: 


> ; R 
w—0.622'#—9 6222, — (Bt): 
Pp P 


[~~ \P 
E Lf ] 
c= Fe en Ge 
a Ex a? r,) 
whence we obtain the determining equation for 7, : 
cy Int + 0.622L (7 — 7) +Rinr=0, (9) 


and p, is determined from the equation of the dry adiabate. The graphic method 

is the simplest way of solving such a system of equations, If the state of air is 
represented on the adiabatic diagram by a point, which we will call the reflection 
point, then the change of position of this reflection point on the diagram will corres— 
pond to a definite process. If the reflection point moves along the dry adiabatic 
curve, in a region where w is smaller than the values marked on the isograms, this 
will correspond to the dry adiabatic process characterized by the condition ) —const. , 
w=—const. The dry adiabatic process will last until the reflection point, moving 
along the dry adiabate, intersects the isogram w. Thus, the point of intersection 

of the dry adiabate 6 const. with the isogram w—const,will be the condensation 
point, or in other words, the characteristic point. The coordinates of the charac- 
teristic point are (T,, p,). 


§ 8. The Rain Stage 


Further decrease in the pressure, after reaching the condensation point, 
will lead to the condensation of water vapor, if t>>0°C. We shall now consider 
moist air as a two-component system, composed of 1g of dry air, and Ww, g of 
water in two phases: saturated water vapor, and water, sufficiently liquid to form 
drops. Since we consider this process to be reversible (there is no precipitation), 
the total mass of the system (1 -+ w,) will remain constant; the partial masses of 
the coinponents of the system - 1g of the dry air and w,g of the water in its two 
phases will remain constant too. However, the partial masses of the water phases 
will vary; the temperature will also decrease with the decrease of pressure 
though more slowly than in the first stage, and the vapor will condense. 
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Since the process is reversible, the entropy of the system will remain constant. 
Let us form the equation for the specific entropy of saturated moist air. 


The specific entropy of the dry air is equal to: 
tae * 
Pa = lng In T—R,In(p—e) + const., (1) 


and the specific entropy of the water (liquid water + water vapor) is equal, according 
to equation (6) § 11, Chapter II] to 


Py == PY + c In T+ const, (2) 


Thus, the total entropy of the mixture will equal 
hs peer Scie Lwyp. 
=(1-+w)9=9,+,4,= Coa in T — R,1n (p —E)+ pe + wien T + const., 


where ,, is the relative mass of water vapor in 1 g of water (see § 11, Chapter III). 


Since Wo, w,,we shall obtain for the entropy of saturated moist air: 


P=c,,InT—R,In (pP—E) + (FF#+ wye, ln T) +-const. (3) 


However, a reversible process is being considered; therefore the entropy will re- 
main constant for a given mass of moist air, The value of this constant is deter- 
mined from the initial values. Denoting the initial values by the subscript 

and carrying out some not very complicated transformations, we obtain 


Coat wooly y TF a (=e — et) = p—E 
Ra nT R; L Lo ) =n (4) 


Equation (4) gives the desired relationship between pand 7, which is called 
the condensation adiabate. F and ZL are, as we have seen, functions of the tempera- 
ture only. This equation corresponds entirely to the equation of the dry adiabate 
(3) $ 7 and is correct as long as the temperature exceeds 0°C, 


In the study of the change of moist air temperature on transition from the 
first to the second stage we will put 


ToT yy Pom Pe Eo Fy, Lo Ly. 
§9, The Hail Stage 


Hertz assumed that the drops of water begin to freeze, as soon as the tempe- 
rature falls to zero, whereby the temperature will not decrease for a while 
with a further decrease of the pressure, because the latent heat of melting Li, will 


be liberated during freezing of water. The hail stage remains, therefore ,isothermic 
until all the water is frozen. A partial vaporization ofthe drops will also take place 
in this phase, because the actual vapor pressure will decrease continuously with 
the decrease of pressure at a constant temperature, which will lead to an uninter- 
rupted vaporization of water drops. The hail stage will end when only ice crystals 


and saturated water vapor remain in the air. 


This mechanism is different from the one which actually operates in the 
atmosphere. Clouds composed of supercooled drops are very often found in the 
atmosphere. Water in the atmosphere can be supercooled below 0° C, if crystal- 
lization nuclei are absent: in sucha case the rain stage, at which supercooled water 
exists, can be represented by a condensation-adiabate; this adiabate makes a turn 
after the freezing point. 


* [The Russian text has e, but Eis meant, for the air is saturated. — Translator's 
note] 
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Therefore a two-component system corresponds to the hail state: dry air + 
water, the water being in a three-phase equilibrium. Let the amount of water 
of water W,, of ice W, and collected W, + W, + W,, = Wy = const. 
rresponds to the triple point, which we examined 
ble, we can make use of its isentropic 


vapor be W,,, 


It is obvious that the hail stage co 
previously. Since the process 1s reversl 
properties. 


The specific entropy of the dry air is equal to: 
Pq= lpg in T— RgIn (p — E)-+- const. 
The specific entropy of water (water vapor + water + ice), according to equa~ 
tion (9) § 11, Chapter III, equals 
Lepg iy ty : 
Oyo pi ep const., 
the entropy of moist air will then be 
Lwos  LigWob 
@ = (1 + w) 9= Gat Wouy = pa ln T— Rn (p — E) at — Et + const, 
Taking into consideration that #j;W)—=W,, 2,;W) = w,,we will obtain 
Lew Life; 
h=c,q|n T—RIin(p— E) 4+ —-* -—- > ‘_t- const. 
or, as a result of the isentropic and isothermic nature of the process 


p—E 
po ES 


[L (W,, — Wyo = Liy (w; — Wio)] =RT, In 


This equation gives the relation between the amount W, of the formed ice and 
the pressure fp). 


$10. The Snow Stage 


A further decrease of pressure, after transformation of all the water into ice, 
will again give rise to a dynamic cooling of the air. The decrease of tempera— 
ture will be accompanied by a sublimation of water vapor. The fourth stage is 
similar to the second one; therefore we can write the equation of the adiabate of 
sublimation - by analogy with equation (4) § 8 - as follows: 


coat ws jy T 4 1 (Lewrte Lie tes) Iq PE 
Ra rT R, T Ty =In Po—Eo ; (1) 


Since the latent heat of sublimation, as we have seen above, (§ 6, Chapter II1) is 
constant, equation (1) can be written in this form; 


Coat Woe T Lig {w w — 

pa ocd lw w w0\ __ P E 

ain ae In 7 ( } = In ——. (2) 
The process goes over directly from the dry stage into the fourth one, by-passing 


the rain and hail stages, if the air in the dry phase is so cold and dry that saturation 
is reached only at negative temperatures, 


In concluding the survey of the four stages of the adiabatic process in moist 
air, we should point out that no sharp demarcations between these phases actually 
exist. In fact, the dry phase can be prolonged (in particular at low, negative tem- 
peratures), since the single condition of complete saturation is not sufficient to 
start-off the process of condensation or sublimation of vapor, but the presence 
of a sufficient quantity of condensation or sublimation nuclei is required, 


The following frequently observed phenomena demonstrate the correctness 
of this assumption: an absolutely clear, cloudless sky; suddenly an airplane 
appears at a height of 6 - 8 km and a newly-formed cloudy trail extends behind it; 
this trail, broadening gradually, can spread over the whole sky in 15-20 minutes. 
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It is obvious that the air was completely saturated or even supersaturated with 
water vapor before the appearance of the airplane, but there were no condensation 
nuclei. An enormous quantity of such nuclei, in the form of combustion products 
exhausted from the motor, enter the atmosphere when the airplane passes in 

this layer. Now all the conditions are present for rapid formation of clouds. 


There are also no conditions in the atmosphere corresponding to the third, 
i.e., the hail stage. For the development of this stage it is necessary that the 
water drops freeze immediately after reaching a temperature of 0°C. The existence 
of a hail stage excludes the existence of supercooled drops in the atmosphere. In 
fact the existence of the latter is a common phenomenon in the atmosphere. The 
phenomenon of ice forming on the surface of an airplane, with frequently disastrous 
consequences, reminds us of their existence. 


Thus, the hail stage is not real and the actual process develops in a more 
complicated way. Even when water drops start freezing, the further decrease of 
pressure does not take place isothermically at all, but is accompanied by a decrease 
in temperature; consequently instead of an equilibrium state of the water phases, we 
obtain a thermodynamically unstable state, leading to rapid condensation; therefore 
the decrease of the temperature below 0°C sometimes takes place along the conden- 
sation adiabate, sometimes along the sublimation adiabate, and it is difficult to indi- 
cate in each separate case precisely when does the transition from the condensation 
to the sublimation adiabate take place. 


S11. The Pseudoadiabatic Process 


An irreversible process takes place, and the entropy of the system increases, 
if there is complete or partial precipitation during condensation. Therefore, 
we can not make use of (a definite) entropy for deriving the equation of the pseu- 
doadiabate. The only thing which can be done is to write the equation of the pseudo- 
adiabate in a differential form, and then to integrate it numerically, because an 
exact integration of this equation is impossible. Let us restrict ourselves to the 
examination of the simplest case, when all the condensation products precipitate. 
As before we will consider(1-+-w)gof moist air, andw g of saturated water vapor, 
the value of w being variable. 


Let us convert the system under consideration from the state (p, 7, w), into 


an infinitely proximate state (p-+dp, T-+- dT, w-+-dw) by means of expansion, dp, 
dT, dw being negative. A quantity of heat 8Q, equal to 


dp 
1Q=(1-+4+w)(c,aT—RT SE). (1) 
will be required to carry out this elementary process, 


Since there is no heat exchange, this quantity will be obtained from the heat 
liberated during the condensation of dwg of water vapor, i.e., 


6Q=- —Ldw, (2) 
from this, by combining equations (1) and (2), we obtain 
dp 
—Ldw=(1+w) (c,aT—RT®). (3) 
This is a precise differential equation for the pseudoadiabate. 


Since it is impossible to integrate equation (3) exactly, we shall have to be 
content with the differential form of the equation of the pseudoadiabate, simplifying 
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it somewhat. We can neglect the quantity w, since w<€1; furthermore, we can 
consider that C,= Coa R=Rp 


We then obtain the following approximate equation of the pseudoadiabate 
ap 
—Ldw=c,,4d7 —RyT > (4) 


or, taking into consideration that 


d§ aT dp 
@ "pa Ray 
we obtain 
Ldw d6 
a pe eg ee (5) 


In the same way a precise differential equation of the condensation (or subli- 
mation) adiabate can be worked out, 


— Ldtg + cy (wy —W,)dT 4-6-0447 =CygdT—RgT PA, (6) 


which assumes the form (4), if the heat absorbed by the liquid water and the satu- 
rated water vapor is not taken into consideration. 


Thus, the equations of the condensation (or sublimation) adiabates or pseudo— 
adiabates assume the same form, if second order terms are disregarded. 


Accurate calculations have shown that the pseudodiabatic process always 
causes a higher pressure (at the same temperature), than the strictly adiabatic 
process, although the numerical difference is so small that it can be neglected, 
except at temperatures close to 0° C, 


The character of the adiabate practically does not depend on the precipitation 
or nonprecipitation of the condensation products, If we will take into account that 
the hail stage is unreal and that the actual freezing temperature is below zero, we 
arrive at the following important conclusions: 


1) There is no practical necessity and no groundfor investigating the hail stage. 


2) It is not necessary to investigate the snow stage, because the beginning 
of sublimation at temperatures between 0 and 20° is hardly probable, and besides 
the rain and snow stages are not essentially different, particularly at low 
temperatures. 


3) There is no practical necessity to examine the pseudoadiabates, because 
the direct process takes place according to the condensation adiabate, whereas the 
reverse process proceeds according to the dry adiabate(if the condensation products 
precipitate immediately), or, at first according to the condensation adiabate, and 


afterwards according to the dry adiabate (if the condensation products precipitate 
partially). 


In practice the adiabatic process in moist air reduces to two stages: 
the unsaturated stage, which we call the dry stage, and the saturated one, which 
we shall call the moist stage, The corresponding equations, describing these 
stages, are the equation of the dry adiabate, and the equation of the moist adiabate, 
for which we can use the equation of the condensation adiabate, 
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$12, Dry and Moist Adiabates on Aerologic Diagrams 
In order to represent quickly and visually the adiabatic variations in the 
atmosphere, diagrams are drawn and curves plotted on them according to the 


equations of the corresponding adiabates. We have already examined some such 
curves. We will elucidate how dry and moist adiabates appear on these diagrams. 


The equations of the dry adiabates are given in Table 9 in coordinates of the 
corresponding diagrams, 


Table 9 


Equations of dry adiabates on the aerologic diagrams 


Stiive mat. 
| atts, [emasram 
T T 


Abscissa 


Ordinate 


Equation of 
dry adiabate 


The slope, relative 
to the x axis 


y' =— Lex (ix) 
Ro 


Sign of curvature 


c 
Y= — LT ex (21% 
of the dry adiabate R’° (2-++-x) 


It can be seen from the table that the dry adiabates are represented by straight 
lines only on Stuve diagrams and tephigrams. 


The dry adiabates are represented on the tephigram by straight lines, which 
are parallel to the abscissa axis and approach each other in the region of high @, 
they are represented on the Sttive diagram by equidistant straight lines, which are 
inclined at an angle of 45° to the abscissa. The dry adiabates are represented on 
the emagram by slightly distorted logarithmic curves, rising from the right to 
the left and convexly facing the abscissa. Their angle of inclination decreases 
with the increase of x(T). They converge together as y increases. 


The dry adiabates are represented on aerograms in the form of slightly 
distorted exponential curves, rising from the right to the left and convexly facing 
upwards.’ They converge together as x and y increase, 


The plotting of moist adiabates involves more laborious computations. 


The moist adiabates, plotted according to equation (4) § 8, rise more sharply 
than the dry adiabatic curves on all the examined diagrams. This is explained 
by the condensation of the water vapor, which causes both a decrease of the specific 
humidity and the liberation of latent heat, which somewhat compensates for the 
change of temperature, caused by the adiabatic variation of pressure. This com- 
pensation becomes greater, as the condensation grows in extent, Therefore the 
adiabates rise more sharply at a high temperature and a low pressure, when the 
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specific humidity is higher, than at low temperature and high pressure. 


The moist adiabates practically coincide with the dry adiabates for very low 
temperatures, when the specific humidity is gmall enough to be neglected. 


When considering the form of any moist adiabate, we see that it first ascends 
quite sharply, intersecting a great number of dry adiabates, then its ascent becomes 
slower as p decreases, and finally it converges asymptotically to some well- 
defined dry adiabate. 


§13. Isoenthalpic Processes. 
Mixing of Two Masses of Moist Air 


We call isoenthalpic the processes taking place in an isolated mass of air, 
which are both adiabatic and isobaric, i.e., preserve a constant value of the enthalpy: 


J= const. 


The isoenthalpic process, taking place in dry air (a homogeneous thermo- 
dynamic system), and characterized by the equation 


a= oe = const. , (1) 


leads to a trivial conservation of state, since not only the pressure, but also the 
temperature, and consequently the specific volume too, remain constant. An 
untrivial result is obtained in the case of an isoenthalpic process, taking place 

in a heterogeneous thermodynamic system. We will here examine two exampies 
of an isoenthalpic process in moist air, which are of practical interest for meteo- 
rology, namely: 


1) mixing of two masses of air 
2) vaporization of water drops suspended in air. 


It is obvious that both processes are irreversible and therefore accom- 
panied by an increase of the entropy. 


Let us imagine a thermodynamic system, composed of two different masses 
of moist air, mixing adiabatically at constant pressure, At the beginning of the 
process, before mixing, the system's state was characterized by the variables 
m,, Ty, S;, my, Ty, So, where mis the mass, 7 -the temperature, s-the spe- 
cific humidity, where the subscripts 1 and 2 refer to the first and second air masses. 
The state of the system, after mixing, is characterized by the variables m, T, s. 


It is impossible to follow the development of this process owing to its irregularity. 
We can only compare the final and initial states of the system. 


Since the process is isoenthalpic, 


3= 9,1 9,, (2) 


where 3,, 9, are respectively the enthalpies of the first and the second masses 
before mixing, and3-—is the enthalpy of the mixture. 


Combining equations (1) and (2), and disregarding the rather small influence 
of water vapor on the specific heat of the moist air, we obtain: 
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mc, T —=m,c,T,-+- m,c,7., 


hence 


Pes mT, + mf, 
m-+- mM, * (3) 


From the definition of the specific humidity follows exactly that: 
ge HS + M1285 
Mm +m, °* (4) 


Expressing the specific humidity by the vapor pressure through 
equation 


s = 0,622 ~. 
P 


and taking into consideration the isobaric nature of the process, we obtain 


oe Me me, 
Mm, + mz . (5) 


Combining equations (3) and (5), we can write 


Oo ad ey (6) 
€,—e my, T,—Tf° 
We obtain the following results when using the graphic representation of the 
air masses state in the e, 7, co-ordinate system. 


If the states of a mass of moist air are represented on the (e, 7) diagram by 
points (Figure 28), then the state of any mixture of two air masses will be repre- 
sented by a point situated on the straight lines connecting the points which correspond 
to the states of the mixture components. Thus, for example, if the point A re- 
presents the state of the first mass, and the point 8B - that of the second mass, then 
the state of the mixture will be represented by a point C, dividing the segment 4B 
in the proportion: 


AC eS (7) 
BC” m” @—e  I,—-T° 


It can be seen from equations (5) and (4) that the point C is situated where 
the center of gravity of the two air masses would have been, were they concentrated 


at the points A and B. 


This theory has some practical value, From the examination of the diagram 
it follows that by mixing two nonsaturated air masses, differing considerably in 
their temperatures, it is possible to obtain air which is saturated and even super- 


saturated with water vapor. 


However, saturation and supersaturation take place only for very high humi- 
dities (approximately 95% and higher), and at a temperature difference of about 
10°. The process of mixing of two different air masses can, under favorable 
conditions, terminate in the condensation of water vapor, although the amount of 
condensed water is so insignificant that there is no precipitation even under the most 
favorable conditions. Therefore, the mixing of the air masses does not play an 
independent role during the processes of cloud formation; it can only accompany the 
the main process, i.e.,the adiabatic cooling, which causes the formation of clouds, 
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Figure 28. Determination of the water vapor pressure 
in a mixture of two air masses 


§ 14, Isoenthalpic Evaporation of Water Drops. 
The Equivalent Temperature 


Let us imagine a two-component thermodynamic system, composed of 1 g of 
absolutely dry air, and of water drops suspended in it. Such a system will not be 
in equilibrium. If the process is isoenthalpic, thermodynamic equilibrium will 
be reached either after the evaporation of all the water, with the formation of 
nonsaturated moist air, or after evaporation of a part of the water only, as a 
result of which saturated moist air with water drops suspended initis formed. 
This process is irreversible. We shall first examine the first case. 


The enthalpy of the system in its initial, unstable state, consists of the 
enthalpy of the dry air, and the enthalpy of the water drops: 
9p =Cygly TF Cp WT (1) 
where Cy is the specific heat of liquid water. 
In its final, stable state the enthalpy of the system is composed of the 


enthalpy of dry air at the temperature T, and the enthalpy of w g of unsaturated 
water vapor: 


9=Cygl + Coy WT + Lw. (2) 
The process proceeds isoenthalpically, 9==3, and hence 
Coal yf CfWTy = CygT 4- Coy WT -+-Lw, (3) 


Since the enthalpy is determined up to an arbitrary constant, and we are not 


interested in the enthalpy itself but in its variation, and since w<<1l,we can now 
ignore the following terms in equation (3): 


C,- WT, and ¢,,..wT; 
we then obtain 
T wo: lw 
C pd 


94 


The simplest way to determine unambiguously the enthalpy of moist air having 
a temperature T anda humidity w, is to revert to the temperature T,, which the 
dry air had had before it was brought to the state (T, w) by the isoenthalpic evapo- 
ration of water drops suspended init. This temperature is called the equivalent 
temperature, 


In the determination of this temperature, generally no use is made of the 
described evaporation process, which can be easily reproduced by experiment, but 
of a reverse process of isoenthalpic condensation, which is impossible to realize 
in practice, or even in principle. 


The temperature the air reaches when all the vapor contained in it condenses, 
is called the equivalent temperature and the liberated heat is used to heat this air 
at a constant pressure. 


The following definition accords better with the nature of the considered 
phenomenon; the equivalent temperature is the temperature which absolutely dry 
air had had before its conversion, as a result of the isoenthalpic evaporation of 
the water drops in it, into the existing moist air having a temperature T anda 
humidity w. 


It follows from equation (4) that the equivalent temperature 7, is determined 
by the equation 
Lew 
e— T+- San oe (5) 


The value Lwjc,, is called the equivalent difference. 


It follows from the above considerations that the equivalent temperature does 
not vary during isoenthalpic evaporation, The equivalent temperature is the maxi- 
mum temperature, which the air had before the isoenthalpic evaporation of the 
water init, and which it cannot regain. 


tgp 


T 
Figure 29. Graphic determination of the equivalent 
difference on the emagram 


Expressing w in g/kg,we can consider the coefficient of was being approxi- 
mately constant and equal to: 


L 600 


tp 1000 = 9:24-1000 


=2.0; 
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then the value of the equivalent temperature will be determined approximately 
by the equation 
i T+2.5 wm, (6) 


At a pressure close to the normal, use can also be made of another appro- 
ximate equation, which can be obtained by assuming that: 


wx 6225 ~ 6222 , 
Pp P 


where a is the absolute humidity, and p - the pressure, measured in millimeters 
Hg. Assuming p= 760 mm, we obtain; 


T, & T+ 2a. (7) 


It can be seen from equations (6) and (7) that each gram of water vapor, 
upon its condensation increases the temperature of 1 kg of air, by 2.5° C, and the 
temperature of one cubic meter under normal pressure by 2° C, 


It is clear from the above that the equivalent temperature cannot be measured, 
but only calculated, Various nomograms and rules are used for its computation, 
A special scale, for example, is marked on the emgaram, in order to compute 
equivalent difference, which gives the equivalent temperature after being added to 
the molecular temperature, The equivalent difference can be determined on any 
aerological diagram with the help of the isograms, according to the following 
reasoning; Rearranging the expression for the equivalent difference 


10 40 
AT, =2,00w>=7-' or W = Fp9 47 es 


it is easy to show that the graphic determination of AT, is equivalent to the deter- 
mination of the humidity of saturation, corresponding to an initial fixed relative 
humidity of 40%, and according to the actual humidity (Figure 29), For this pur- 
pose it is necessary to mark the point of intersection of the isogram Wand the 
isobar p = 100 cb, then to ascend along the isotherm up to its intersection with the 
isobar p = 40 cb, where the value wis read off. This is the practical value of the 
equivalent difference. 


815. The Temperature Read by the Wet- 
bulb Thermometer 


Let us assume that the quantity of evaporated water has been sufficient 
to saturate the air completely with water vapor. According to equation (5) S$ 14, 
if we denote the temperature of the saturated moist air by T’ and by w’, the sat- 
uration humidity at this temperature, we obtain: 


; L'w!’ lw 
e = a —- (1) 
or, disregarding the variation of L, 
T= T,— i (2) 
Cpa 


therefore 


—_—_—- Cpd ~ e (3) 
The temperature shown by the wet bulb thermometer is denoted by 7’. Thus, 


the temperature registered by the wet bulb thermometer is that temperature gain 
of the air which results from an isoenthalpic evaporation of the water it contains 
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until saturation is reached. It follows from this definition, that the wet bulb 
temperature is that minimum temperature to which air can be cooled during iso- 
enthalpic evaporation. It is reached at complete saturation and cannot be decreased 
anymore, because a further isoenthalpic evaporation is impossible. Therefore, 


the wet bulb temperature is constant, for a given mass of air, during isoenthalpic 
evaporation. 


It can be seen from equation (2) that the wet bulb temperature and the equi- 
valent temperature determine each other unambiguously. 


It follows from the above that the wet bulb temperature, and the equivalent 
temperature, are invariant characteristics of the air mass. During the isoenthalpic 
evaporation of water drops in it. 


Isoenthalpic evaporation can often be observed in the atmopshere, when drops 
formed in the upper layers of the atmosphere evaporate before reaching the earth, 
while falling through the lower layers of unsaturated air. This process is iso- 
baric and adiabatic in regard to the air, and thus isoenthalpic. 


Since the enthalpy is well defined, both by the wet bulb temperature, and by 
the equivalent temperature, we see that during the isoenthalpic mixing of two air 
masses, which have different temperatures but equal wet bulb temperatures (equi- 
valent temperatures), the mixture retains the previous wet bulb temperature (equi- 
valent temperature). Equations (2) and (3) show that the calculation of the wet 
bulb temperature is more complicated than the calculation of the equivalent temp- 
erature. On the other hand the wet bulb temperature can be easily measured; 
this measurement is based on the following assumptions: 


It is known that a well ventilated wet bulb thermometer indicates a certain 
quite definite temperature after reaching equilibrium. This means that after the 
wet bulb thermometer has reached a stationary state, the quantity of heat it absorbs 
from the surrounding air equals its heat loss by evaporation from the muslin. This 
first assumption is obvious and does not require further explanations. 


In addition the air surrounding the thermometer is considered to be saturated 
at the temperature of the wet bulb thermometer. The correctness of this assump— 
tion cannot be based on theoretical considerations, Only the results of measure- 
ments can corroborate or refute it. 


Isoenthalpic evaporation is an irreversible process, Therefore the entropy 
of the system will increase and not remain constant. This can be confirmed in 
the simplest way by calculating the increase in entropy of the air which surrounds 
the moistened bulb of the thermometer. At the beginning of the process the system 
is composed of (1 -+-w)g of unsaturated moist air, and of (w’ —w)g of water — 
at a temperature T: At the end of the process it is composed of (1 -+ w’)g of moist 
air, saturated at the temperature 7’. The quantity of heat transferred by the dry 
air, and consumed for evaporating water at the temperature 7” equals: 


69 = (¢,g-+ Wl, q)(T—T’). 
Thus, the increase of the water's entropy is equal to; 


bq T—T' 
OP wy ae) Gamal (Coat WC pw) ey mae 
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The entropy of the moist air before evaporation is 
y= (Cog WC, w) In7—RIn (p—E) 4-2 ; 
The entropy of the same(1 + w)g of moist air after evaporation becomes equal to: 
, ’ ’ L'a’ 
¢' = (pat We py) In T’ —Rin(p— EVE 
The loss of entropy in the original air will therefore equal 
r L LE 
do — o' = (C,4+we,,)In= +o (4—7). 
The total increase of the entropy: 
T—T' ie | er “ ) 
50, — 89 = (Coq WC yep) ( 7 —In 7) +w (—F 


or, developing In r in a series and retaining only terms of up to secondorder, 


we obtain 
oN 1 T—T' 2 | oy L 
bee 29 (et Wipe) (GE) +e (EE) 4. 


Thus, the entropy has increased as a result of the process. However, the 
magnitude of this increase is so small that it can be disregarded and the process 
practically considered as isentropic. Thus, the increase of the entropy is only 
about 0.001 cal/g-degree at T—7°=—10°,7' = 290 and w=—12 g/kg 


§ 16. The Pseudotemperature of the Wet Bulb 
Thermometer 


The following propositions concerning the wet bulb temperature may be 
stated. 


1) The enthalpy of an air body, not saturated with water vapor, is equal to 
the enthalpy of the same air body, when saturated at the wet bulb temperature, 
less the entropy of the additional Hquid water necessary to saturate this air. This 
proposition is the result of the two assumptions Stated above. 


2) The entropy of the air body unsaturated by water vapor is equal to the 
entropy of the same air body, saturated at the wet bulb temperature, minus the 
entropy of the liquid water necessary to saturate the air. This second proposition 
is only approximative, as we have indicated above. The divergence from the isen— 
tropic process can be substantial at high temperatures. 


3) The dry adiabatic curve, which passes through the point A, determined by 
the temperature 7 of the dry thermometer, the moist adiabatic curve, which passes 
through the point C, determined by the temperature 7’ of the wet bulb thermometer, 
and the isogram, which passes through the point D, determined by the temperature 

t of the dew point, intersect at the same point B » Which is the point of condensa- 
tion, or the characteristic point (Figure 30), In order to prove this proposition let 
us consider the air body which is represented by the point A. Let us assume that 
its dew point is at'D. The line BDis anisogram. The point representing the dry 
adiabetic process will follow the dry adiabatic curve AB, and the corresponding dew 
point will follow the isogram DB. The air body becomes saturated, and its tempera- 
ture becomes equal to the dew point, when the point representing the process passes 
into B. The point B is a condensation or a characteristic point. 


We will now examine a body of saturated moist air, represented by the point C, 
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which is determined by the adiabatic curve passing through 8. Its temperature is 
equal to the temperature 7’ of the wet bulb thermometer, and the mixing ratio 
equals W’. If the air body rises according to the moist adiabatic process, the 
point representing it will follow the moist adiabatic curve, and the air body will 
contain w g of saturated water vapor and(W — w) gof liquid water, when it reaches 
the point 8. The air body which moved along CB will, at the point B, have the 
Same temperature 7, and the same humidity w, as that reached by the body 

which has movedalong BA. Let us assume that the water precipitates in the 

form of rain. We will let the air body move down along BA. Since the process is 
adiabatic, the initial entropy of the body coming from the point C will be equal to 
the entropy of the body at the point A-} the entropy of (W’ —w)g of the liquid water, 
which was precipitated at the point B. But the entropy of the saturated air body at 
the beginning of the process is, according to the second proposition, equal to the 
entropy of the unsaturated air body at point B plus the entropy of (W’ — w) gof 
water, necessary for its saturation. It follows from this, that the wet bulb 
temperature at the beginning and at the end of the process must be the same, 1.e., 
that the temperature of the air body A, indicated by the wet bulb thermometer, is 
the temperature of saturation of the air body B. 


yp 
8B 
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Figure 30. The dry adiabatic curve, the moist adiabatic 
curve corresponding to the wet bulb temperature, 
and the isogram intersect at the condensation point 


Thus, the dry adiabatic curve AB, which passes through the point C, cor- 
responding to the wet bulb temperature, and the isogram which passes through 
the point D, corresponding to the dew point, intersect at the condensation point B. 


The above demonstration cannot be regarded as completely rigorous, Thus, 
for example, the temperature 7,, at which water is removed from the system, does 


not exactly equal the temperature indicated by the wet bulb thermometer. Besides, 
this demonstration is based on the not very exact second proposition. The wet 
bulb temperature, when determined by the method indicated and called the pseudo- 
temperature of the wet bulb thermometer, must, therefore, be distinguished from 
the measured wet bulb temperature. 


It follows from the third proposition that the pseudotemperature of the wet 
bulb thermometer is determined on the aerologic diagram in the following way. The 
body of moist air A moves upwards according to the dry adiabatic process, up to the 
condensation level B, and then descends according to the moist adiabatic process 
to the previous isobar. It will reach it at a temperature T.,,, which is called the 


pseudotemperature of the wet bulb thermometer for the air body A. 
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. 17, The Thermohygrometric Characteristics of Air Masses 


The principles of the modern analysis of air masses are based on the fact that 
tropospheric circulation involves voluminous gas Masses. The physical conditions 
inside these masses vary rather slowly, but the variations are sharp at their interfaces. 


In the study of the origin and the development of the air masses, we observe 
that some physical properties of air masses vary quite rapidly in time. Other pro- 
perties, however, remain almost unchanges for prolonged periods. Therefore con- 
servative’ and "nonconservative" properties of the air masses can be distinguished. 


Strictly speaking, it is impossible to discern even one physical invariant. 
When speaking of a physical invariant we mean that the variation of this magnitude 
during some definite process and within a definite period of time does not appre-— 
ciably exceed the error limits of the observations. First of all use can be made 
of the physical invariants of air masses in order to identify such air masses. But 
the invariants can, in addition, also serve for studying the transformations the 
air masses undergo. If any invariants change essentially, it means that a process 
occurs in the air mass, which changes its properties substantially and transforms 
it into a different air mass, having other properties. 


The dry, moist and pseudoadiabatic processes, isobaric heating and cooling, 
as well as isobaric evaporation, are the most important processes which must be 
taken into account when investigating the atmosphere, and which are amenable, even 
if only in part, to theoretical analysis. A great number of different thermohygro - 
metric characteristics have been introduced into meteorology in recent years, in 
order to find the most rational invariants of air masses, and they canbe either 
easily measured, or easily computed. We indicate the most important of them: 


1) The dew point t ; 
2) The equivalent temperature T 3 


3) The equivalent-potential temperature @ ; 
e 
4) The potential - equivalent temperature 9) ; 


5) The pseudopotential temperature 6, ; 


6) The pseudo-equivalent temperature 7,, ; 
7) The wet bulb temperature 7, ; 


8) The wet bulb pseudotemperature 7. 3 


sw ? 


8) The wet bulb pseudopotential temperature 4. ; 


Some of the thermohygrometric characteristics have already been examined 
by us in the foregoing. We will now examine briefly the remaining characteristics. 


§ 18. The Equivalent - Potential Temperature 


It is usual to term equivalent-potential or equipotential temperature 6. 
that temperature gain of air when it is adiabatically reduced to standard pressure 
with a subsequent condensation of all the water vapor, the liberated latent heat 
being used up for heating this air at a standard pressure. This definition, although 
generally accepted, is unsatisfactory because it is based on an impossible physi- 
cal process. The following definition is more exact: 


The equivalent-potential temperature 9, is that temperature gain of absolutely 
dry air at standard pressure before its transformation into moist air (p, T, w) 
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as a result of wg of water isoenthalpically evaporating in it, and its following 
adiabatic reduction to the pressure p and to the temperature 7. 


It is obvious that the equation determining the equivalent - potential tem- 
perature has the following form: 


Ra 
6.644% — (‘ome 4) Lw 
° vai P ze (1) 


The equipotential temperature is an invariant of the dry-adiabatic process, 
because each of the factors affecting it remains constant during this process. We 
will prove that the equipotential temperature is quasi-invariant during isoenthalpic 
evaporation. Let us assume that the temperature of the air reaches 7’, as a result 
of the isoenthalpic evaporation of w’ water vapor: 


Ra 
’ Lew’ 1000\ °P? , L(w+w') 
‘— SS —5 = 7 (<) oS 
aa Cpa P T Cpd 
hence 
Ra 
’ Lw' 1000\ Sr 
eet 
pd P. 


it follows from this that the equipotential temperature will increase at p> 1000 mb, 
and decrease at p<.1000 mb, during isoenthalpic evaporation. It can, however, 
be seen from Table 10 that this variation is very small. It becomes greater, the 
greater the amount w of the evaporated water, and the smaller the pressure p. 


Table 10 


The variation of equipotential temperature during isoenthalpic 
evaporation 


Pp 900 700 000 300 mb 
w=lg/kg 0.08 0.25 0.35 1.29 a @ 


In order to explain this phenomenon, we shall calculate the amount of work 
carried out by the gas against external pressure when passing from 9, to 7’ through 


T, and from 6’ to 7’ through 9’, Since the work A carried out during the isobaric 


process equals A=R(7,—T), and during the adiabatic one ¢,(Ty— 7), we have 


A, = A(§, +64 T+T')=R(8,—9) +6, (8—T) +-R(T—TI SR, 
A, = A (8, +6’ =7")=R(H— 6’) +, (0 — 7’), 


hence 


A,— A, > 0. 


Thus. the work of expansion will be greater ata higher temperature, the pressure of 
the difference between the amounts of work being measured by the temperature re- 


duction during the isoenthalpic evaporation. 


Since the moist adiabatic process can be regarded as an infinite succession 
of elementary infinitesimal adiabatic and isoenthalpic processes, the equipotential 
temperature is a quasi-invariant for the moist and pseudoadiabatic processes. 
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The calculation of the equipotential temperature leads to the calculation of the 
potential temperature and of the equivalent difference. 


§ 19. The Potential - Equivalent Temperature 


wv. 


The potential-equivalent temperature 0. is that temperature gain of the air, 


when all the water vapor contained in it is condensed, the liberated latent heat is 
used up in heating the air at constant pressure, and the air is then adiabatically 
reduced to standard pressure. However, the following definition is more exact. 


The potential-equivalent temperature is that temperature, which the absolutely 
dry air had had when its pressure had been 1000 mb, before its transformation 
into moist air (p, 7,wW), which took place as a result of the adiabatic compression 
to pressure sp and the following isoenthalpic evaporation of w g of water in it. 


Therefore 

att Ra 

‘ “pd Cpa 

(=, (SP) Mo (7-4 Le) (1000 8 

The potential equivalent temperature is greater than the equivalent ~ potential one: 
Ra 
¥ ee Lw 1000\ “p4 
teri) ie (2) 


This difference grows, as p becomes smaller, and w greater. It is a measure 
of the difference of the work of expansion carried out by air against external 
pressure during the change of state following the path aT, —»T and 


following the path 6,— § — 7, 


It follows from the above that the potential - equivalent temperature is strictly 
an invariant of isoenthalpic evaporation at 7,==const., p==const., and a quasi- 
invariant of all the adiabatic processes, while it increases somewhat with the de— 
crease of pressure, 


§ 20. The Pseudopotential Temperature 


The pseudopotential temperature 6, is the temperature gainof air when 


its pressure is raised pseudoadiabatically until the water vapor is completely removed 
and then brought adiabatically to the standard pressure. 


We will work out an equation determining the pseudopotential temperature. 
since the variation of state during the pseudoadiabatic compression differs negligibly 
from the variation of state during the most-adiabatic process, we may derive this 
equation using the euqation of the condensation adiabatic curve in the form of 


In7 — Xa, eee JI lw tee 


We introduce an auxiliary thermometric characteristic, called the partial 
potential temperature: 


Ra 


Cpa 
n= (8) : 
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It is obvious that the partial potential temperature 00 is the temperature 
gain of the air when brought adiabatically from the state in which the partial pressure 
of dry air is p,, to the standard pressure. By comparing equation (2) with the 
equation determining the potential temperature, and neglecting the small difference 


between cy and Coa» We obtain: 


Ra Ra ze 


0,=0 (52) =9 (1 22)" = 0 (141.6050) (3) 


Expanding 9, ina power series and retaining but the first term, we obtain: 


6,=6(1+0.46 w). (4) 


Introducing the partial temperature, from equation (2) into equation (1) of 
the condensation adiabatic curve, we give the following form to the equation: 


In yb = const, (5) 


This equation is correct at the commencement of saturation, i.e., at the condensation 
point. It also remains correct in the case when all the water vapor condenses and 
w vanishes. 


The quantity thus obtained 
6,=9,, 
will be the pseudopotential temperature. (Rossby calls this quantity the equivalent— 


potential temperature). 


Introducing 6,, in equation (5) we obtain: 


Ly 
In § == In4 Cal’ (6) 


or, transforming into exponential form 


Lw 
— 7) 
0. —— A0 ° ecpaT ‘ ( 


In order to obtain the equation determining the pseudopotential temperature of 
the unsaturated air from equation (7), it is necessary to introduce instead of 7, not 
the virtual temperature, but the temperature of condensation, because for the dry 


adiabatic process 
Lw [pw 


6, = 0 ecrd7e — (1 +0.46 w)e “rat, (8) 


i.e., 0. is a magnitude which is strictly invariant for the dry-adiabatic process 


(because 6, w,7, are constant during this process), 


It follows from the derivation of equation (8) that the pseudopotential temperature 
is also an invariant for the duration of the moist and pseudoadiabatic processes. 


From the equations (1), (5), (6) we obtain 


9 =C,4|n6,, + const., (9) 
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i,e,,the pseudopotential temperature bears to the entropy of moist air the same re- 
lation as does the potential temperature to the entropy of dry air. 


Isoenthalpic evaporation is an irreversible process. The entropy of moist 
air therefore increases during this process, and hence the pseudopotential temperature 
increases too. However, this increase is small. Thus, the pseudopotential tempe- 
rature is quasi-invariant of isoenthalpic evaporation. 


§ 21. The Pseudoequivalent Temperature 


The pseudoequivalent temperature i is the temperature gain of the air when 


pseudoadiabatically compressed until all the water vapor is completely removed and 
then expanded adiabatically to the previous pressure, Since 0. is obtained by 


reducing tie to standard pressure, we have 
Rd 


— 


1000\ “r¢ 6 
O,.=T 5 ( p ) ST eR: (1) 
Combining equation (1) with equation (8) § 20 we obtain the equation de— 
termining the pseudoequivalent temperature for unsaturated moist air: 


[rw 


Toe ==T (1+ 0.46 w) ecpate (2) 


and for saturated moist air: 


lw 


T oo =T (1 +0.46 w) eal, (3) 


The pseudoequivalent temperature is not invariant during the adiabatic processes, 
and is quasi~invariant during isoenthalpic evaporation, 


The calculation of the pseudoequivalent and the pseudopotential temperature by 
means of adiabatic diagrams is simple in principle: for this purpose it is sufficient 
to move from the reflection point along the adiabatic curve to the condensation point, 
and then along the moist adiabatic curve up to the pressure level, at which this 
curve will virtually merge with the corresponding dry-adiabate;then, to descend 
along this dry adiabate to the previous pressure (to determine 7,,) , or to the 


standard pressure (to determine 6.) But in practice, such a method of deter- 


mination often appears very difficult, because the merging of the dry and the moist 
adiabatic curves takes place beyond the limits of the diagram. The pseudoequiva- 
lent temperature is always greater than the equivalent one. 


S$ 22. The Wet Bulb Pseudopotential Temperature. 


The wet bulb pseudopotential temperature 0. is the temperature gain of 


the air , wnen adiabatically compressed to the level of condensation and then, after 
being humidified, expanded moist-adiabatically to standard pressure. 


If the air body corresponding to the point A rises toa higher pressure than 
that of condensation, its temperature will vary according to the moist adiabate 
passing through the point B. Thus, if the air body contracts or expands dry - 
moist - or pseudoadiabatically, then its wet bulb pseudotemperature 
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just as its pseudoequivalent temperature, is determined by means of the moist 
adiabate passing through the point of condension B. 6, and 6. remain 
FG! 


constant during these processes, i.e., they are strictly invariant. 


Let us derive the equation relating 6... and )., t© each other. We will 


take the equation of the condensation adiabate in the form 
lw 
In 8-57 = const, (1) 


and apply it to an air body at standard pressure, and saturated with water vapor. 
Then 6,=T=6,,, for this air body. The equation of the condensation 


adiabate can, therefore, be written as follows: 


0 
In6..-+ a2 Cs) = const, (2) 
p’sw 
Since 
In§,, = const., 
we have 


In Ose = In 950 ae! 


psy 


(3) 


or, transforming to exponential form: 


Lw (Seu) 
— é ] 
6, — a € “pew : 


(4) 


Since the exponent is rather small, this function can be expanded in a series, 
whose terms of orders higher than the first may be omitted without impairing the 
accuracy. Equation (4) will then have the form: 


ok Lw (8,1) 
p’ sw 
It follows from the latter equation that the pseudopotential temperature 0. 


is equal to the pseudopotential temperature of the wet bulb thermometer §,,, 


to which is added the temperature gain caused by the liberated latent heat of the 
saturated water vapor contained in the air at the pseudopotential temperature of 

the wet bulb thermometer. The equation (5) is similar to equation (1) § 15, linking 
the equivalent temperature 7, with the temperature of the wet bulb thermometer 

T,. Thus, we may use §,, or 6, to identify the air masses. However, the 
pseudopotential temperature of the wet bulb thermometer has definite advantages, 


in so far as it does not require the reduction of the air to zero pressure in order to 
remove the precipitating water. 


§ 23. Comparison of the Thermohygrometrical Characteristics 


We willnow compare different thermohygrometrical characteristics (Figure 31). 
It follows, from the explanations given in the previous sections, that the following 


inequalities hold for saturated moist air: 
Tex te <1 (1) 


The difference between 7, and 7, is negligibly small, when compared with the 
measurements of humidity, particularly in a free atmosphere, It is equal to zero 


when the air is saturated. But then 
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TS tT yg = Ty HTT e- (2) 


The difference T,—T, reaches a maximum in this case. The concepts of the dew 


point and the condensation point are meaningless if the air is perfectly dry. The 
value of To becomes indefinite, while 7. retains a quite definite value. The 


difference T,,— 7, vanishes, Thus for dry air 
T,y< T=T,=T,,. (3) 


For the potential temperatures similar inequalities hold: for unsaturated air (Figure 
31,a) 


Bey KOKO KO, (4) 
for saturated air (Figure 31, b) 


Dw <0< 0, <BL< O ye (5) 


for perfectly dry air: 


is) = i" = 4,,. (6) 


é 


\ ON 
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00 mb 


Figure 31. Thermohygrometric characteristics on the emagram: 
a) unsaturated air; b) saturated air 
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Table 11 


The behavior of the thermohygrometric characteristics in different processes 


Process Dry- Moist— 
adiabatic | adiabatic Isobaric 


Characteristic 


pression 


Molecular temp. 


“_ 


Relative humidity 


Absolute humidity 
Specific humidity 
Mixing ratio 

Dew point 
Condensation point 


= 
= 


Wet bulb temp. 
Equivalent temp. 
Wet bulb pseudo— 
temperature 
Pseudoequivalent 
temperature 


—< “KK DmDAAaaAa 


Equipotential temp. 
Potential-equivalent 
temperature 
Pseudopotential 
temperature 
Pseudopotential 


wet bulb 
temperature 


cs TFT TS ou TU MAA 


In Table 11 the behavior of different thermohygrometric characteristics is 
exhibited for the most important processes, namely: 1) dry-adiabatic compression and 
expansion, 2) moist-adiabatic compression and expansion, 3) pseudoadiabatic comp- 
ression, 4)isoenthalpic evaporation, 5)isobaric heating and cooling. The following symbols 
are used in the table: p - the characteristic increases; y - decreases; []- is con- 
stant, NMI- nearly constant. 


Isobaric heating and cooling take place mostly in the lower layers of the 
atmosphere. From the table it canbe seenthatthe characteristics of moisture are in- 
variant in regard to these processes, i.e.,the specific humidity, the mixing ratioand 
the dew point. The dew point has an advantage over the first two characteristics , because 
together with the temperature it also characterizes the degree of saturation of the 
aic by water vapor, The dew point has a great practical importance for forecasts 
of fog formations and the first autumn frosts. Fog is formed, if the temperature 
drops below the dew point. This is correct both for solar fog, and for advection 
fog. If the temperature drops below 0 C, first autumn frosts are formed, provided 
that the dew point is lower than 0 C; but fog, preventing a further cooling, is formed 
if the dew point is higher than 0 C. 
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The dew point is quasi~invariant with respect to the adiabatic process, Any 
of the lastfour characteristics introducedinthe table canbe equally used in order to 
analyze results concerning the free atmosphere, where adiabatic processes play an 
important role. The pseudopotential wet bulb temperature is, however, to be 
preferredtothe others, first because itis invariant for all the adiabatic processes, 
and second because its computation is carried out more simply by graphic methods 
than is the computation of the pseudopotential temperature (in the computation of the 
pseudopotential temperature it is necessary to extrapolate beyond the limits of the 
diagram, for the removal of the condensed water vapor); finally, the pseudopoten- 
tial wet bulb temperature is closely related to the measured wet bulb temperature. 
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Chapter V 
THE STATICS OF THE ATMOSPHERE 
* 1. The Fundamental Problem of Atmospheric Statics 


In the present chapter we will investigate air in a static state relative to the 
earth's surface. Actually, the atmosphere is never completely at rest, and hence 
our assumption may appear to deviate excessively from reality. However, three 
circumstances support this premise. 


First, this assumption provides a natural introduction to the more complicated 
problems of atmospheric dynamics; second, it enables to find more general laws 
for the pressure and mass distributions in the atmosphere. 


Finally, as we shall later see, the statistical laws of the pressure and mass 
distribution seem to apply to the moving atmosphere too, if the motion is nearly 
horizontal. However, vertical motions taking place in the presence of orographic 
barriers can influence the pressure field quite considerably, and conclusions drawn 
from statics cease to be accurate in such a case. 


The fundamental problem of atmospheric statics concerns the determination 
of the space distribution of the parameters of state, i.e., the pressure, the density, 
the specific volume and the temperature. The empirical data for such a study are 
given by meteorologic and aerologic observations. While the meteorologic obser— 
vations concern a point fixed in space, the aerologic ones as a rule give only a 
sequence of values of the state parameter measured at about the same time, 
the coordinates of the points to which these values correspond remaining mostly un- 
known. 


We now turn to the fundamental and practical problem of atmospheric statics: 
the determination of the height of a point on the basis of the vertical distribution of 
the parameters of state, ignoring their small horizontal variations, and referring the 
whole sequence of aerologic measurements only to the vertical direction. 


$2. Mathematical Determination of the Parameters of State at a given Point 


In the previous chapters we examined the physical properties of individual 
air bodies. Turning now to the examination of the totality of the individual physical 
air bodies of which the atmosphere is composed, we are first of all obliged to 
explain, in what way the state of air at a given spatial point can be characterized. 


Mathematically we define the air density at any point as the limit towards which 
tends the ratio of an air—mass to the volume it occupies, as the latter decreases 


indefinitely: 
= lim — (1) 


The mathematical definition of the concept of air density at a given point can 
cause difficulties due to the discreteness of gases, which are aggregations of . 
separate molecules, separated from each other by a distance which exceeds their 
diameters. However, the immense number of molecules in a volume unit at normal 
conditions near the earth, allows to consider the atmospheric medium as being 
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continuous. Indeed, 1 em? of dry and pure air contains 2, (ies i019 molecules under 
normal conditions, i.e., as much as 2,7: 10’ molecules per cubic micron. In order 
to comprehend the magnitude of this number, we should point out that more than | 
500 billion years are needed to count the molecules contained in 1 cm’ ofair, evenif 
100 molecules were counted in a minute without interrupting the operation by day or 
night. The density of the atmosphere decreases with increasing distance from the 
earth, therefore the number of molecules per volume unit becomes less and less. 
Thus, for example, 1 cm® contains only 3: 10°° molecules at an altitude of 800 km, 
i.e., 0.3 [sic] molecules per cubic micron, It is obvious that air cannot be considered 
as a continuous medium at very great altitudes; it must be considered there as a 
discrete assemblage of separate molecules. The concept of air density at a point 
has no meaning in great altitudes, because the ratio (1) does not tend at these heights 
to any definite limit. 


The mathematical expression for the pressure at a certain point 


ea (2) 


defined as the limiting ratio of the force acting on a surface element to the magnitude 
of the latter as it decreases indefinitely, also gives rise to fundamental difficulties. 
The force which produces the surface pressure is, according to the kinetic theory, 
the result of molecules colliding with the boundary surface enclosing the gas during 
their chaotic motion. It is obvious that the ratio (2) will not tend to a definite limit 
when the air is very rarefied, the mathematical concept of pressure at very great 
altitudes therefore has no meaning, nor has the mathematical concept of density. 
The mathematical definition of pressure is not difficult for the lower layers of the 
atmosphere on account of the huge number of molecules in a volume unit. 


We can mathematically define the temperature of the air at a given point, as 
a value which is proportional to the limiting ratio of the kinetic energy of the molecules 
to the volume this air occupies as the latter indefinitely decreases. This definition 
of the temperature has no meaning at very great altitudes. The mathematical defini-— 
tion of temperature presents no practical difficulties for the lower layers of the atmos- 
phere, 


The air humidity at a given point can be defined mathematically as the limit 
of water vapor density 


0, lim —# ; (3) 


hence all the previous considerations, concerning the mathematical definition of 
the density at a point, can be applied to it. 


The density, temperature and humidity of air are functions of the [spatial] 
coordinates of the point and of the time. These functions are, generally speaking 
continuous. They also have continuous derivatives. These functions and their de— 
rivatives with respect to the coordinates and the time may become discontinuous on 
some layers of the atmosphere. 


The pressure is a function of position and time. For reasons which will be 
given below, the functions appearing in meteorology are considered to be continuous 
and have, generally speaking, continuous derivatives with respect to the [spatial] 
coordinates and the time. The spatial derivatives of the pressure can be discontinu— 
ous only on isolated layers of the atmosphere. 
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8 3. Scalar Fields 


All the parameters of State, i.e., the density, specific volume, pressure, 
temperature, and humidity, are scalar quantities. It is known that a scalar quantity, 
or simply a scalar, is the designation given to a quantity, which is determined by 
its numerical value only, be it positive or negative. All the parameters of state, 


including the temperature (if it is measured on the absolute scale) are essentially 
positive values. 


We ascribe well-defined values to the physical scalar quantities under con-— 
sideration. This means that any physical quantity, according to its definition, can 
have only one value for a given point in space at a given moment, under given real 
conditions. 


A spatial distribution of scalar quantities is termed a scalar field, Equiscalar 
surfaces are drawn in order to visualize a scalar field. 


An equiscalar (or isoscalar) surface is a surface, on which the considered 
scalar quantity has constant value. The equation of an equiscalar surface therefore 
has the following form: 


a(x, y, z)==const. (1) 


As examples of equiscalar surfaces one can give the isobaric surfaces p = const., 
the isosteric surfaces v = const., the isopycnic [equal density] surfaces P = const., 
the isothermic surfaces T = const., etc. The equation of the equiscalar surface 
(1) does not include the time, if the field of the scalar quantity does not change 
with time. The equation of the equiscalar surface has the form: 


a(x, y, 2, f)=const. (2) 
if the scalar field does change with time. 


The distribution of the parameters of state under real atmospheric conditions 
is so complicated that equations (1) and (2) cannot be expressed, in the general case, 
by means of any elementary function. We know nevertheless that equiscalar sur— 
faces exist in the atmosphere, and we are even able to indicate some general pro— 
perties of these surfaces. So, for example, we assume that the equiscalar sur-— 
faces are continuous and that they cannot be disrupted somewhere within the field's 
boundaries; these surfaces either stretch to infinity, or they close upon themselves, 
or terminate at the external or at the internal boundaries of the field. Since the 
scalar field is well defined everywhere, the equiscalar surfaces cannot intersect; 
otherwise the scalar quantity might have several values for one point. Nevertheless, 
some surfaces can still intersect each other. 


It is useful to plot equiscalar surfaces for scalar values differing by one unit. 
Such surfaces 


a=0, 1, 2, 3,... 


we will call unit surfaces. These surfaces divide the scalar field under considera - 
tion into a sequence of unit layers. A proper choice of unit of the scalar quantity 
makes it possible to give the layer that thickness, which is most convenient for a 


clear and faithful representation of the field. 


til 


By selecting small enough units of measure, we obtain layers as thin as re- 
quired, and in the limit infinitely thin layers. 


Thus, we are able to say that between two arbitrary points of the scalar field 
M1(x1. Yy. Zz) and Mg(xy, yg, 29), that number of unit layers N(@) lie, which 
is sufficient to define the difference between the scalar values at these points. 


A(X_, Yo. Zq)— A(X, Vy, 2%) = N (a). (3) 


Letting the unit layers become infinitely thick, only one layer occupies all 
space, and the number of layers between two arbitrary points is thus equal to zero, 
The scalar function in this case degenerates into a constant, and the equiscalar sur~ 
faces satisfying the condition @ = const. , becomes indefinite, Often two scalar 
functions are simultaneously given by 


a@==a(x, y, 2) 


and B= B(x, y, 2), (4) 


Their equiscalar surfaces intersect along doubly equiscalar curves ( @, B ). Each 
of the scalar quantities @ and B under consideration, has a constant value along 
these lines, The unit equiscalar surfaces of one quantity divide the unit layers 
of the other quantity into tubes, whose sections have the form of curvilinear paral- 
lelograms, These unit tubes are also called solenoids. 


wae ee 
oer” 
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Figure 32. Barotropic density field 


It follows from the foregoing discussion of equiscalar surfaces that the sole- 
noids cannot terminate anywhere within the scalar field under consideration, The 
solenoids either extend to infinity, or close upon themselves. Therefore, if a 
closed contour is drawn one can speak of a well-defined number N( 4, 8 ), of solenoids 
encircled by it. 


If a functional dependence 
F (a, B) == 0, (5) 


exists between the scalar quantities, then any equiscalar surface @ = const, , 

will, at the same time, be an equiscalar surface B = const, , and vice-versa, 
Therefore, both scalar functions will have the same system of equiscalar surfaces, 
but the unit surfaces of one scalar function will not coincide with the surfaces of the 
other function, In sucha case itis necessary to use different systems of enumera- 
tion for the equiscalar surfaces of the function gq, and for these of the function B - 
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Figures 32 and 33 represent two fields: the density field, determined by the 
distribution of the density ?, and the pressure field p,. In the case represented 
in Figure 32, a functional dependence F¢ 0, p) = 0 exists between pandp. The iso— 
thermic surfaces therefore coincide with the isobaric ones. Such a density field 
is called barotropic, i.e., determined by the pressure, " 


. There is no well-defined relation between and pin the case represented by 
Figure 33. The isobaric and the isosteric surfaces therefore intersect, giving rise 
to isobaric—isosteric solenoids.Such a field is called baroclinic, 


Figure 33. Baroclinic density field 


§ 4, The Vector Field 


A directed magnitude is called a vector. Analytically, a vector is repre- 
sented by its components, with respect to three axes, perpendicular to each other, 
We will denote the unit vectors directed along the axes x, y, Zz, by i,j, Rrespectively 
(Figure 34). The vector A will then be represented in the following form: 


A= AI +AS+A,R. 


a 


Figure 35. The vector A and 
its components 
A,A,A.. 

x’ y Z 


Figure 34. The unit vectors 
i,j, R. 


the direction and the magnitude of the vector 


The vector field A(x, y,z), le.» 
d by the fields of the three scalar 


at each point in space, are completely determine 
quantities: Ay, Ay» Ag. 

presentation of the vector field in the form of the three 
ordinate system, does not give a graphical vi- 


The streamlines are of greater importance for 
d. By a streamline is understood 


However, the direct re 
fields of its components in any Co 
sualization of the vector field. 
4a visual representation of the vectorial fiel 
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a curve to which the field vector under consideration is tangent at each of its points 
(Figure 36), A surface spanned by streamlines is called a stream surface. 
If this surface has the form of a tube, it is called a steam tube (Figure 37). 


AM) 


Figure 36. The streamline 


AtM) 


Figure 37. The stream tube 


Since the field vector is tangent to the streamline, the differential equation 
of the of the streamline has the form: 


dx dy dz 
A, Ay A,° (1) 


The integration of these equations gives rise to two scalar functions: @ (x, y,Z) 
and §(x,y,z). Doubly equiscalar curves of these functions: 
a(x, y, z)==const. B(x, y, z)=const. (2) 
represent the streamlines, 
Once the streamlines have been determined, it is only necessary to know 


the absolute value of the vector at each point in space, in order to represent the 
vector field completely, Setting 


—V A p} y 
As AY + A+ A 
we obtain the equiscalar surface 


A(x, y, 2)==const., (3) 
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which gives the absolute value of the vector at the points situated on this surface. 


Three scalar functions (2) and (3) give a visualrepresentation of the streamline in 
avery general form, 


Let us give another representation of the vector field, more lucid from the 
physical point of view, We should note that the solenoids (a, B) of the scalar func- 
tions (2) are the stream tubes of our vector field. The product of the absolute 
value of the vector by the cross section of the stream tube is called the 
flux of the vector through this section, In the most general case the vector flux 
changes from one section of the stream tube to another. But the flux density of 
the vector is a well defined scalar quantity at any spatial point and the vector field 
under consideration can be characterized both by the system of these stream tubes 
(2) and by the corresponding surfaces of equal flux density 


(x, y, z)==const. (4) 
if the system of the stream tubes has been determined, 


If ¥ degenerates to a function of @ or 8, the surfaces (2) and (4) still 

do not intersect. The flow in this case has the same value for all the sections of 
the stream tube. Such a vector field can be clearly defined by the stream tubes, 
which are also,at the same time,tubes of equal flux of the vector, Such a vector 

is directed along the axis of the stream tube, and its value is inversely proportional 
to the cross section of the tube. @ and 8 can be chosen in such a way that the unit 
stream tubes will, at the same time, be the tubes of unit vector flux, A vector 
field which possesses these characteristics is called a solenoidal or source—free 
vector field. The tubes of unit flux are also called the solenoids of the vector field, 


The streamlines, represented either by the differential equation (1) or by 
equation (2), form a family of curves of very general form, These curve families 
generally do not possess orthogonal surfaces. 


Let us examine a vector field where the streamlines are orthogonal to an arbit- 
rary set of surfaces 


a(x, y, 2)==const. (5) 


The orientation of any surface element in space is determined by the direc- 
tion cosines cos (n,x), cos (n,y), cos(n,z) of the normal n to this surface, le., 


by magnitudes proportional to the partial derivatives o Zs oe (Figure 38). 

x’ Oy’ oz 
The components Ay, Ay, Az of the vector under consideration must be proportional 
to these derivatives. 


The condition of orthogonality of the vector A to the surface @= const. can 
be written in the form: 


Ox dy Oz On 
where B (x,y,z) is some function of the co-ordinates(x, y, z). Thus, the field 
of vectors everywhere orthogonal to the surfaces @ = const, , is determined by 


two functions @ and B. The vector's direction coincides with the direction of the 
normals to the surfaces @= 0,1,2...., andits absolute value is determined by 


the equation 
Aap 2aE, (7) 
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where h is the thickness of thea unit layer. If between the functions a and § 
some functional dependence 


F(a, p)=9, 


exists, the vector A is determined by one scalar only, because the vector's direction 
is perpendicular to the surfaces q@=—=const., and § = const. 


Figure 38. The spatial orientation of a surface 
element is determined by the direction 
of the normal n ° 


The absolute value of the vector can be determined using the new enumeration, 
according to the equation 
Oa ] 

on Rs (8) 
where h is the thickness of the unit layer. Such a vector field is called a potential 
field. This field is directly given by the unit layers of the scalar qg (Figure 39). 
This potential vector is known in field theory as the gradient of the scalar function 
a, denoted by the symbol Y or grad, so that 


a ae __ Oa Oa ., Oa 
A=Va=grada=sit es ity, R. (9) 


Figure 39. Potential vector field 


The gradient of the scalar @ is thus, according to field theory, that vector 
which at each point of the scalar field indicates the direction of the steepest in- 


crease of the scalar q; its value is equal to the derivative of the scalar in this 
direction. 
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However, in meteorology this vector is called the ascendent of the scalar 
field. Meteorology designates by the gradient G the vector which is numerically 
equal to the ascendent but directed in the opposite sense, i.e. ,in the direction of 
the most rapid decrease of the scalar @, so that 


G=— A—=—Va= —grada. (10) 


We shall use mainly the meteorological meaning of the word gradient in the 
following. 


§ 5. The Force of the Earth's Gravitation 


In atmospheric statics we consider the atmosphere both in its entirety, and 
its separate parts, as a mechanical system in equilibrium under the action of forces 
exerted on it. Two kinds of forces operate in the atmosphere: the external, which 
act on the elementary air mass from without, and the internal forces, caused by 
the interaction of the air masses themselves. Terrestrial gravitation is the most 
important force in the atmosphere; we will consider this force as the sole external 
force. The sole internal force in the static case is the pressure. 


Figure 40. The force of gravitation is directed 
towards the center of the sphere. The 
equipotential surfaces are spherical 


Let us assume that an observer, situated on an immobile earth, measures 


the force of the earth's gravitation. This force, acting on a mass unit located at 
a distance r from the earth's center, is directed towards this center and its value 


is equal to 

g,=k- | (1) 
where K is the universal constant of gravitation, M — the mass of the earth. The 
force of graviation is directed towards the earth’s center (Figure 40). Therefore 
if it has a potential, its equipotential surfaces will be spherical. Denoting the dis— 


tances along the common normals between the equipotential surfaces by ¢r, in case 
of the existence of a gravitational potential we obtain 


6h = g,°8r. (2) 
Substituting for g, its value from equation (1) we find: 
M ap My : 
bb, = KS tr= 8 (K-S), (3) 
by which the existence of a potential ® is proved: 


@,=c—K-". (4) 
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Fixing the constant of integration C by the condition that the potential should vanish 
at the pole, we obtain 


@ =K-M(-—-—), (5) 


The gradient of the gravitational potential is the force of gravitation, refer- 
red to a mass unit, i.,é., 


&,7—> —V@. (6) 


lt is obvious that equation (6) can be applied to an arbitrary mass distribution 
inside the earth, because the gravitational potential exists in this case too. 


$ 6. Pressure 


Generally speaking, not only volume forces but surface forces too act on an 
alr parcel, The pressure is the sole surface force which acts on the air when it 


18 at rest, ‘ 


The pressure inside the gas is, according to Pascal's law, transmitted equal- 
ly in all directions if the gas is in equilibrium, 


If the pressure is equal at all points of the surface, then the force acting on 
a surface element @6 will have a value of pes, and will be directed at the in- 
terior of the volume which the gas occupies, along the normal to this sur- 
face element, 


We will now consider the dynamic significance of the pressure gradient 
(— grad p). 


Figure 41. The pressure gradient is a 
force acting on a unit volume 


Let us imagine an elementary cylinder in an isobaric field, the bases of which lie 
on the isobaric surfaces, and its axis directed along the common normal to these 
surfaces (Figure 41). Let us assume that the pressure on the bottom is equal to p, 
and on the top to p'= p +-(prad p, én), where on —=¢6n-n,, én being the length of 
the cylinder, and n, ~ the unit vector in the direction of the pressure ascendent, 


If ddis a vector, the value of which is equal to the area of the cylinder's base, 


and whose direction coincides with the outgoing normal to the surface at the cylinder 
base, then the forces acting on the bases of the cylinder will be: 
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on the bottom the following force acts: 


—pdo=p-ds-n, 


and on the top: 


— pds' = — [p+ (grad p, 8n)] do-n,. 
The sum of these two surface forces 
dF= — pds — p'de' = — (grad P, on) don, = —|grad p|-dn-dan, 


is a force, which pushes the cylinder in the direction of the pressure gradient, 
The product én-8o6 is the elementary volume dt . Thus, 


adF 
de — — Stad p. (1) 


Hence, the pressure ¢radient is a force which acts on a unit volume: 
[grad p] =(ML~27~2}, 


We obtain the force per unit mass by multiplying the pressure gradient by 
the specific volume YU, and denoting it by 6, we obtain: 


b= —vV p= — vgrad p (2) 


or 


b= —_Vp= —~ gradp, (3) 


§ 7, The Equation of Absolute Motion of a Particle 
which is at Rest Relative to the Earth's Surface 


We refer absolute space to the earth's center, which we consider to be 
immobile, disregarding the motion of the earth around the sun, and together with 


the sun in the universe. 


The earth turns on its axis from west to east with a constant angular velocity 
wm. Therefore each particle, at rest with respect to the surface of the rotating 
earth, will move in absolute space, The trajectory of the particle in absolute 
space will lie on the circumference of the circle of latitude, 


Since the particle under consideration moves on the circumference witha 
constant velocity, its tangential acceleration is equal to zero, and the total acce- 
leration, equal to the centripetal acceleration , lies in the plane of the circle of 


latitude and is directed towards the earth's axis, 


The ebsolute total acceleration of a particle, at rest with respect tothe earth's 
surface, is equal to the centripetal acceleration of transport of the particle. 


Denoting this acceleration by j,, we obtain: 


J,= —w?-R, (1) 
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The inertial force will be the same as the centrifugal force: 

[, oe J, = w*R, (2) 
directed along the radius of the circle of latitude towards the circumference 
(Figure 42). 

The angular velocity of the earth's rotation is constant. Therefore the cen— 
trifugal force has a potential of 


Q = -— > w*?R2andl,= —V ®,. (3) 


e 


It is obvious that the equipotential surfaces of the centrifugal force are coaxial 
cylinders where the common axis coincides with the axis of rotation of the earth 


(Figure 43). 


Figure 42. The centrifugal force is Figure 43. The equipotential surfaces 
directed along the radius of of the centrifugal force are 
the circle of latitude, from circular coaxial cylinders. 
the center towards the 
circumference. 

@ 


<Py 


Figure 44. Gravity is equal to the vector 
sum of the gravitational and 
centrifugal forces. 


The equation of absolute motion of the particle with respect to the earth's 
surface therefore has the following form 


J=6b+e¢, or b+¢4+1=0. (4) 


Equation (4) simultaneously describes the relative equilibrium, but is written 
in the absolute system of coordinates. The same equation, written in the 
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relative system of coordinates has the form: 


6+ g=0, (5) 


where gis the gravity acceleration. We see, combining equations (4) and (5), 
that the pressure gradient appears to the observer from absolute space as being 
compensated by two forces g, and J, while to the observer from relative space-— 
only by the gravity g. Since the pressure gradient remains the same both in the 
absolute and in the relative system, we have (Figure 44) 


&= 8, + J,. (6) 


§ 8. The Field of Gravity 


It is simpler to represent the field of gravity by means of level surfaces of 
gravity or, in other words, by equipotential surfaces of gravity. 


A level surface of gravity is a surface to which the force of gravity is normal 
at each of its points. An example os such a level surface are the face of a calm sea. 


It is obvious that the work done by the force of gravity when the position on a 
level surface is changed is equal to zero. In order to lift a unit mass by the height 
dz from one level surface to another along any path element ds it is necessary to 
counteract gravity and to carry out work, equal to 


dw == (g,ds) = g dz. (1) 


According to the law of conservation of energy, this work cannot be destroyed. 
{t shows up as a change in the potential energy of the particle which is determined 
by the position of the latter in the field of gravitation, and called the potential of gra- 
vity or, for brevity, the geopotential ®. It is obvious that dw=d@® or 


ad®P = g dz. (2) 


d® is a total differential. The level surface of gravity is, at the same time, an 
equipotential surface @ = const., and the gravity - a gradient of the geopotential 
@== — V®.Since the force of gravitation and the centrifugal force are potential vec— 
tors, gravity is a potential vector too. Therefore, equation (6) $ 7 can be written 


in the following form: 
—Vob=— —VO,—V9,, 
i.e., the potentials ®, P,, ®, are linked by the relationship: 
o=—9? + 9,. (3) 
Consequently: 
o=Km(t—7)—39 (4) 


It is easy to obtain the surfaces of equal potential (by drawing the spherical 
equipotential surfaces ®, and the cylindrical equipotential surfaces ‘(p, and 
uniting these surfaces graphically. 
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Since all these surfaces are surfaces of revolution, it is sufficient to consi-— 
der a meridional section. 


The concentric circles in Figure 45 represent the lines of intersection of the 
meridional planes with the equipotential surfaces of pravity, whereas the vertical 
lines are lines of intersection of the meridional planes with the equipotential sur-— 
faces of the centrifugal force field. The value of the angular velocity of earth's ro— 
tation is magnified tenfold for the sake of clarity, and hence the slope of the geo- 
potential level surfaces also appears much increased, The geopotential level sur- 
faces are drawn on a geopotential scale of unit 10° m4} sec®, 


Figure 45. The graphic composition of 
equipotential surfaces 


The following relation, which is obtained by the integration of equation (2) 


@ = \ gdz, (5) 


exists between the altitude of a point above sea level and its geopotential, assuming 
that the geopotential vanishes at sea level. 


Since 
oO ER 
we have 
2 
dz z 
d= ay" | par Be. (6) 
0 aoe 


We obtain the equation of the equipotential surface 


® ® 


ee Ce amaeedd 
— ee 


— &45 (1 — 0.0026 cos 2¢) ee (7) 


by assigning a definite value to © . 
. It can be seen from the equation (7) that the level surfaces of gravity pass 
at different altitudes which depend on the latitude, namely: they descend and approach 


each other at the pole, but lift and move apart at the equator, The horizontal 
surfaces do not parallel each other at different altitudes, but are inclined from 
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the equator towards the pole, although the angle of this inclination is very small. 
We will evaluate the difference in altitude of these equipotential surfaces at the 
equator and at the pole, because this difference characterizes the closeness of 
these surfaces. Up to terms of the Second order we obtain: 


, Pal | ae 
2 nso 0.52°/,. 
2 450 E450 


For example, the equipotential surface passing above the equator ata height of 
1, 000 m sinks at the pole to an altitude of 995 m. 


It follows from the above that the dynamic condition of a material particle is 
not clearly defined by its geometric position over sea level. If we consider two 
particles located at the same height above sea level, they may happen to be situa— 
ted on different level surfaces of gravity, and therefore have different potential 
energies, 


ee a 
Pole 


Figure 46. The surfaces of equal altitude 
and the equipotential surfaces 


It is sometimes more convenient to use the equipotential surfaces rather than 
surfaces of equal altitude, because the gravity is always perpendicular to the equi- 
potential surface, while it has a tangential component g, with respect to the surface 
of equal altitude (Figure 46). A ball placed on the equipotential surface will remain 
in a state of equilibrium, but on the surface of equal altitude it will roll from the 


pole to the equator. 


Therefore it is sometimes more convenient to characterize the position of a 
point not by its geometrical altitude, but by the value the geopotential assumes 
there, the so-called dynamic altitude. 


The geopotential unit is the value in the CGS system of the work which must 
be carried out in order to displace a mass unlt by 1 cm against a force field, pee. 
an intensity of 1 cm/sec*. This unit, however, is too small and Dehetre inconven 
{ent for practical use. The geopotential unit of the MTS system is 10 peice 
greater. In geophysics use is made of a still greater geopotential unit, calle e 
dynamic meter, in order to obtain a simpler and more convenient relationship 
between the geometric altitude and the geopotential. A dynamic meter is -_ 
work which must be spent to displace a unit of mass by 1 meter agains 
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a force field having an intensity of 10 m/ sec” (a rounded value of the gravity 
acceleration). The dynamic meter and the geopotential unit are related in the CGS 
system by the relationship: 


1 dyne: meter = 1000 X 100 = 10° cm2/sec?. 


It must be kept in mind that the dynamic meter is not a unit of length, but 
of specific energy. In order to emphasize this, some special nomenclatures have 
been proposed for the dynamic meter, The most widespread designation is berk 
(in honor of Bjerknes), The other geopotential units are derived from the berk; 
most widely used are: 


0.1 berk (dynamic meter) = 1 dynamic decimeter = 1 deciberk 


10 dynamic meters = 1 decaberk 
100 dynamic meters = 1 hectoberk 
1000 dynamic meters 2 1 dynamic kilometer = 1 kiloberk, 


The deciberk is the geopotential unit in the MTS system, 


It is not difficult to see that the following relationship, derived from equation 
(6), exists between the dynamic altitude @, measured in berks, and the geometric 
altitude z, measured in meters, 


p— Se 2 or B= f z(1 —1.57-1077 2). (8) 


&? 


The correction given by the quadratic term 1,57: 107% 22 Or is very small. 


Thus, at an altitude of z = 1000 m it amounts to merely 16 berks, In this way the 
following approximation may be accepted: 


@® —0.98z berk (9) 


or conversely 
z= 1.029 meter (10) 


By substituting (10) in the quadratic term of equation (8) and solving it with respect 
to z we obtain a more exact equation: 
. 


za + @(1 + 1.60-10"7 9). (11) 
x 


However in the majority of cases use can be made of the approximate equations 
(9) and (10) for the conversion of dynamic into geometric altitudes and vice versa. 
Tables, calculated on the basis of the exact equations (8) and (11) were drawn up 
by Bjerknes, which make it possible to convert dynamic altitudes quickly and 
exactly into geometric altitudes, and vice versa, We should notice, that 1 berk 
equals approximately 1,02 meter, and 1 meter - 0.98 berk. Therefore, the 
number of berks which determine the dynamic altitude of a point is less by ap- 


proximately 2% than the number of meters which determine its geometric 
altitude. 


The practical advantage of dynamic as compared with geometric alti-— 
tudes lies in the fact that it appears possible to relate the variation of gra- 
vity to the variation of the dynamic altitude, which measures the elevation of the 
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material particle. Many relations which contain dynamic altitudes therefore have 
a simpler form than similar relations containing geometric altitudes. 


§ 9, The Pressure Field and the Field 
of Gravity 


We will now study the simultaneous action of pressure and gravity on an air 
parcel, The fields of these forces can be best visualized by the isobaric and equi- 
potential surfaces, We will make use of the equation of equilibrium in relative 
coordinates, in order to clarify the mutual position of these surfaces. The relative 
acceleration of the air parcel must equal zero in the case of relative equilibrium, 


6+-g=—0. (1) 
But 
b=—vVp; g= —V9, 
hence 
Ve == — Vp (2) 
or 
Vp = — pV®, (3) 


Equation (3) is called the fundamental equation of atmospheric statics. 


The vectorial equations (2) and (3) characterize graphically the fields of den- 
sity,pressure and geopotential for a system in equilibrium. 


Each of these equations expresses a formal equivalence of the solenoid and 
potential vectors. In so far as such an equivalence exists, @ must be a function of 
p, and @ ~a function of ®, 


If we denote the thickness of the isobaric and of the equipotential unit layers 
by ‘ and Ae, we obtain: 


1 1 
V — — an Vo | — — 
POs ia (4) 
and 
__ |V@| A 
sl ae Pe (5) 
ITp| A» 
C= Ol Re (6) 


Thus, each isobaric unit layer contains, in an equilibrium system, v equi- 
potential layers, and vice versa, each equipotential layer contains p isobaric unit 


layers. 


We may illustrate the obtained result by some examples, employing real 


units. 


The unit of pressure in the CGS system is the bar, as was stated before 
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which equals 1 dyne per cm, The pressure at sea level is approximately equal 
to one million bars, or to one meteorological bar. From this fundamental unit we 
obtain the units used in practice— decibar, centibar, millibar. The centibar is 
the MTS unit of pressure. The deciberk is the MTS unit of geopotential. 


Therefore it can be said, using the equations (5) and (6) and applying the 
MTS system, that the thickness of an isobaric layer, corresponding to a pressure 
difference of 1 centibar, is equal to v deciberks. Conversely, a layer one deciberk 
thick contains 9 isobaric layers. The lower layer, at a normal specific volume of 
air has a dynamic thickness of 800 deciberk, or 80 berk (Figure 47) 


—, == — — —_ ——7 eee 
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Figure 47. Each isobaric unit layer contains, in an 
equilibrium system, v equipotential layers 


"Dynamic barometric step’ is the term given to the dynamic altitude change (which 
may be anascentor a descent) that gives rise to a change of one unit of pressure. 
In other words, the dynamic barometric step is the dynamic thickness of a unit 
isobaric layer. It can be seen from equation (5) that the barometric step is equal 
to the specific volume of air. 


If the equation of state 


I (o, P; T)==0 


does not contain other spatially inconstant parameters of state, the invariability of 
p and @ on a given surface also entails the invariability of T. Consequently the 
isothermic surfaces coincide with two other isosurfaces in the case of equilibrium. 


Therefore it can be said that the state of equilibrium is characterized by a 
complete coincidence of the isobaric, isosteric, isopycnic and isothermic surfaces, 
all these three sets of surfaces being horizontal at all points of the atmosphere. 


The atmosphere is called barotropic (Figure 32), when its state is such that 
the isosteric surfaces coincide with the isobaric ones. Such a state does not usual— 
ly occur in the atmosphere, and the isosteric surfaces intersect the isobaric. 

This atmosphere is called baroclinic (Figure 33). 
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Using this terminology one can say that the atmosphere is barotropic when 
it is in a state of equilibrium. However, this condition is necessary but not 
sufficient. We shall see further that some motions are also characterized by a 
coincidence of the isobaric and isothermic surfaces, but all these surfaces are 
horizontal in an equilibrium system, 


$ 10, The Barometric Equation for a Polytropic Atmosphere 


The differential relationship between the pressure and the geopotnetial 
was examined in the previous section, where it was found that the isobaric and 
the isosteric surfaces are horizontal when in a state of equilibrium. The distribu- 
tions of the pressure and density in a resting atmosphere will now be examined. 
The distributions of pressure and density in the entire atmosphere are known, if 
their distribution along the vertical is determined; the latter is obtained by in- 
tegrating the hydrostatic equation of the atmosphere which has the form: 


dp—— godz. (1) 


However we will first consider the pressure difference: 


p—Po=\ epaz. (2) 


The expression gpdz,after the integral sign is the weight of the elementary 
air column of unit cross section and height dz. Thus, it can be seen from equa— 
tion (2) that the pressure difference between two levels is equal to the weight of the 
air column of unit cross section, enclosed between these levels. From this a very 
important conclusion, which will be used repeatedly further on, can be drawn: 
the pressure at any level of the atmosphere is equal to the weight of the air column, 
of a unit cross section, which extends from this level up to the upper limit of the 
atmosphere. 


The fundamental equation of atmospheric statics contains three variables 
Pp, p, Por P, 9, z. It is obviously impossible to integrate such an equation in its 
generalform. A particular case will therefore be examined. The daily aerological 
ascents determine simultaneously the values of pressure, temperature and humidity. 
Since the value of @ is not measured, it is more expedient to substitute for it mea- 
sureable magnitudes obtained from Clapeyron's equation for moist air: 


p= pF: (3) 


The hydrostatic equation will then have the form: 


(4) 


from which the barometric equation in its general form is obtained by integration 


p 
R dp 
z—a=—*\7,%. (5) 
Po 
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The empirical data obtained by aerological soundings show that the changes 
of the (virtual) temperature with the height is so erratic that it is impossible to 
express this variation by any elementary function of altitude and pressure. The 
calculation of the integral (5) is therefore usually carried out by graphical methods, 
The same empirical material shows, however, that the atmosphere can always be 
divided into layers, the temperature of which depends linearly on the height. The 
barometric equation for the atmosphere with a linear distribution of temperature 
will first be examined, before we go on to explain the calculation of the integral 
(5) by graphic methods. Only the virtual temperatures of the moist air will be 
considered here, because the problems of moist air statics are solved in the same 
way as those for dry air, when the virtual temperature is introduced, The subscript 
v of the virtual temperature will therefore be omitted, for brevity, and the tempera= 


ture will be simply designated by T. 


Thus, we imagine the atmosphere to have a linear temperature distribution 
in altitude 


T= i —_ Ye; (6) 
where ¥ =o is the lapse rate, i.e., the decrease of temperature for a unit of 
height 

[y] = [82-}. 


By substituting equation (6) in the fundamental hydrostatic equation (4), and 
by separating the variables, we obtain: 


dz 
ly — yz 


eee i 
gp 


b 
from which, by integrating from Po to p and from 0 to z, we find 


i aera 6 


In = ; 
To E Po 


or, transforming to exponential form: 
RY 


Tr Ne a. (2) 
To Po 


(7) 


The relation (7) between altitude and pressure is known as the barometric 
formula for a polytropic atmosphere, because the dependence of T on p expressed 
by this relation, is completely similar to the polytropic equation if the index of the 
polytrope is related to y by the equation 


_ _8 
= eR: (8) 


The state of the polytropic atmosphere is thus completely defined either by 
one parameter of state, or by the altitude, and consequently also by the value of 
the potential at the point under consideration if, apart from that, the index k of the 
polytrope is known (which is equivalent to the assignment of a temperature gradient) 
and likewise the state of the air on the initial (zero) level. Table XU summarizes 
the formulas which determine the state of a polytropic atmosphere; 
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Table 12 


Formulas which determine the state of a polytropic atmosphere 


Since the temperature of the polytropic atmosphere is a linearly decreasing 
function of the altitude, it reaches the absolute zero T = 0°K at a determined 
ultimate altitude, i.e., the limit altitude of the polytropic atmosphere: 


To (9) 


If {>> 0, the substitution of the value given by equation (9) in the formulas of 
Table 12 gives 
p=0; p=0. 


Thus we find that the polytropic atmosphere must terminate at the altitude 
determined by equation (9), assuming that the gas laws retain their validity down 


to the absolute zero. 


gs 11, The Homogeneous, Adiabatic and Isothermic 
Atmospheres 


Some most important instances of the polytropic atmosphere will now be exa- 
mined, An atmosphere is called homogeneous, if its density does not vary with 
the altitude, i.e., @= const. It follows from Table 12 that for a homogeneous 


atmosphere 
g—Ry=0 or Y= = 0.0342 °/m, (1) 


and the formulas of Table 12 assume a Simpler form: 


0 = Py == const., f= 1 > 0.0342 2; P= Po — &Po- (2) 
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O : 
The [limit] altitude of a homogenous atmosphere at T> = 273 K will be 


H=7991 um. (3) 


Such a significant drop of temperature with height can be only encountered 
under exceptional conditions, for example, over a chimney during firing, or over 
the crater of an active volcano, A considerable drop of temperature can also take 
place ina very thin layer of air over an intensely heated soil surface. The equi- 
librium of the atmosphere will be unstable under these conditions. The 
density will increase with the height, and the equilibrium will become more unstable, 
ifY >g/R. The concept of the homogeneous atmosphere is very helpful in theo- 
retical studies. 


An atmosphere with a dry-adiabatic lapse rate 


y= —= = 0.00985 9m, (4) 
€ pd 


is called an adiabatic atmosphere, 


The fundamental formulas of Table 12 have the form 


T p Cpa gz Ra (5) 
TST 2: to (2) ’ P= Po (1 — £7) : 


for the adiabatic atmosphere, 


The {limit] altitude of the adiabatic atmosphere is 


pape LE 
O eg 
at T = 273° H=28,000 meters, 


The overlapping of one level on another is determined approximately by the 


equation z, — z= 100(T , — Ty), if the temperatures T, and T, of the adiabatic 


atmosphere are given for two levels, 


The atmosphere which has a constant temperature T = const., and hence 
¥Y = 0, is called an isothermic atmosphere, All the formulas of Table 12 become 
indefinite for the isothermic atmosphere, By solving these indeterminate equations, 
say, for the barometric formula, according to the well known L'Hospital's rule, 
we obtain 


— RT In Po ° (6) 

& P 
It is obvious that this formula can be obtained more easily by a direct calculation 
of the integral in equation (5) § 10 for the isothermic atmosphere. Thus, the state 
of the isothermic atmosphere is well defined by the relations given in Table 13. 


Zz 


It can be seen from Table 13 that the [limit] altitude of the isothermic at- 
mosphere is infinite, since both the pressure and the density decrease exponential- 
ly, asymptotically approaching zero. 
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Table 13 


Equations determining the state of an isothermic atmosphere 


§ 12, The Barometric Mean Temperature 


The foregoing integration of the fundamental hydrostatic equation 
for the polytropic atmosphere, is chiefly of theoretical importance. In practice 
the temperature is usually obtained in the form of a very complicated function of 
the pressure, as a result of aerological soundings. It may, therefore, be too 
tedious to divide the atmosphere each time into polytropic layers, to calculate 
their lapse rates and then to determine the relation between the pressure and the 
altitude, according to the polytropic equation. The calculations become more com- 
plicated, the oftener the lapse rate undergoes achange. The barometric 
equations for the isothermic atmosphere, on the other hand, are very simple and 
convenient for calculations. The mean barometric temperature is therefore in- 
troduced, inorder to enable the use of the barometric equation forthe isothermic at- 
mosphere in the case, when the temperature is not constant along the vertical: 
this mean barometric temperature is determined in the following way. The temp- 
erature of the fictitious isothermic layer, at which the thickness of the layer and 
the difference between the pressures at its boundaries equal, respectively, these 
values for the real atmosphere, is called the barometric mean temperature: 


z 
g \ 4 _ & 
~R JT RT i, 
0 


P= Poe = Poe ’ 


where T is the mean barometric temperature. Hence 
m 


yA 
° 


(@ (1) 
T 
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Let us show that the barometric mean temperature jo is not identical with the 


 — 


arithmetic mean temperature TTY even in the case of a strictly linear variation 


of the temperature an 
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Indeed 


mm 2 ae, \z . 
dz In € —¥) (2) 
T ? 


0 


In order to compare Tos and jaee let us express them by means of infinite series: 


(3) 
i= 


ee ee 
TF O re 


Since the denominator of the barometric mean temperature is greater than that 
of the mean arithmetic temperature, we have 


| ar as ae (4) 


The arithmetic mean temperature will be equal to the barometric mean temperature 
only in the case, when the terms of the second and higher orders can be neglected. 
It is, however, not always possible to neglect these terms. Assuming T = 273° 


and allowing different values for the lapse rate y—— - we obtain; 


! 
th a a Bal — okeke 


236.3 | 241.8 | 247.2 201.7 | 262.9 | 268.0 


2380 | 2430] = 253.0 


The error in determining the barometric mean temperature may lead to over= 
estimation of the altitude, if it is to be determined according to the measured 
pressure, and to underestimated values, if the pressure is determined according 
to the barometric equation. Calculation has shown that the error due to the 
pressure being determined by the arithmetic mean temperature (instead of the 
barometric mean temperature) exceeds the usual accuracy of measurements which 
is + 0.5 mb, for layers, having a thickness less than 5, 000 meters and only at 
very high atmospheric lapse rates, The error is appreciable when the layer is 
higher, and itis therefore more expedient to use polytropic equations for altitudes 


above 5,000 meters, the use of this equation becoming obligatory for altitudes of 
about 10, 000 meters, 


The introduction of the arithmetic mean temperature into the barometric 
equation, instead of the barometric mean temperature, can lead to appreciable 


errors even for relatively thin layers if the temperature inside these layers varies 
nonlinearly. 
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§ 13. The Determination of the Absolute and Relative Geo—- 
potentials of the Isobaric Surface 


Barometric equations are used to solve a great number of important prac— 
tical problems. We will examine one of the most important — the determination 
of the absolute and of the relative geopotentials of an isobaric surface. The results 
of aerological ascents, which give the simultaneous values of the pressure the 
temperature and humidity at certain points of the atmosphere, form a basis for 
these computations, which are necessary for plotting pressure,contour maps, 
The absolute geopotential ®, of the isobaric surface p = const, is known as its dyna- 


mic altitute above sea level. By relative geopotential Vo of the isobaric surface 


p = const.we designate the geopotential (the dynamic altitude) over any other 
surface Base const. 
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Figure 48. The absolute and the relative geo- 
potentials of the isobaric surfaces 


Let us explain on what the absolute geopotential of a given isobaric sur- 
face @ depends. By introducing the geopotential in the barometric equation and 
p 


solving for ®,, we obtain 


P= RT (Inp, — In p), (1) 


where T is the barometric mean virtual temperature of the layer extending from 
sea level up to the isobaric surface. The absolute geopotential of the isobaric : 

tanding in direct proportion to them, l.e., the 
surface thus depends on T and Py § g 


absolute geopotential increases with the increase of the pressure p_ at sea level, 
and with the increase of the mean virtual temperature T. The increase of T and 
p will, however, differently influence the absolute geopotential of different 


isobaric surfaces. Let the absolute geopotential vary together with the variation 
of T and Po: Then 


__ pp APo Po AT (2) 
Ab, =RT eel 


the absolute geopotential of all the isobaric surfaces will vary equally as a result 
of the variation of the pressure at sea level, ifthe mean temperature remains 


constant, whereby at 
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Ap, = | mb , Py = 1000 mb , T = 273° K, 
Ad, = 8 berk. 


The absolute geopotential of all the isobaric surfaces can change under any 
other conditions which may be realized at sea level, within the limits from 6 to 9 
berks, when the ground-level pressure varies by 1 mb. 


The absolute geopotential of different isobaric surfaces varies differently - 
depending on the altitude of the isobaric surfaces - if the pressure at sea level 
remains constant and only the mean temperature of the layer changes. Thereby 
the geopotential of higher isobaric surfaces varies more than does the geopotential 
of lower surfaces. We should notice that the value of the mean temperature does 
not in itself influence the change of the absolute geopotential. The equation 


Ab, = R In OAT (3) 


gives the changes of the absolute geopotential of the isobaric surface corresponding 
to the variation of the mean temperature of the layer. It has been proved by cal- 
culations that ''the thermic contribution'' to the absolute geopotential of the isoba- 
ric surfaces up to p = 800 mb, at AT = 1° is smaller, compared to the ''dynamic 
contribution'’ at Ap. = 1 mb, if the pressure at sea level‘is about 1,000 mb. The 
thermic contribution exceeds the dynamic one, beginning with p = 700 mb and 

higher and thus the higher the isobaric surface is, the greater the geopotential 
increase (Figure 49). It can be seen from equation (3) that an error of 1°C in the 
determination of T for very thick layers, can cause a major error in the determina- 
tion of ® . The necessity for a particularly careful determination of the mean 
virtual temperature of the layer is thus made evident. However, the mean temper- 
ature of a very thick layer cannot be determined with sufficient accuracy, in spite 
of all precautions. The subdivision of this layer into thinner layers by intermediate 
isobaric surfaces, with the implied determination of the relative geopotentials of 
these isobaric surfaces and their summation is, therefore, the only method which 
enables to enhance the accuracy of determination of the absolute geopotential. 
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Figure 49. All the isobaric surfaces rise equally 
when the pressure increases by 1 mb. 
The higher the isobaric surface the more 
it rises, when the mean temperature of 
the layer increases by 1°C 
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The relative geopotential %, is determined by the equation 


@),=RT In. (4) 


The relative geopotential PF ,of the isobaric surface p=const. with respect to the 


— 


Surface P= const. therefore depends only on the mean temperature of the isobaric 


layer, namely, the higher the temperature, the greater is the relative geopotential, 
and vice versa. 


§$ 14, Analytical Computation of the Geopotential of an 
Isobaric Surface 


Let us explain V. Bjerknes's method for the computation of the geopotential 
of the isobaric Surfaces, 


The surfaces corresponding to the main pressure, 1.e., to the pressure ex- 
pressed in whole decibars (in whole hundred of milibars): 1,000, 900, 800, 700, 
600 mb etc., are called by Bjerknes the main isobaricsurfaces, The layer of 
the atmosphere enclosed between the main isobaric surfaces is called a complete 
main layer, The relative potential of two adjacent main isobaric surfaces is 
determined by the equation 


OF = RT Int . (1) 


V. Bjerknes drew up Table 9M with the help of equation (1); from this 
table the relative geopotential of the main isobaric surfaces or the dynamic thick— 
ness of the main layers, depending on the mean temperature T of the layer, for 
the values P,/ Py. = 10/9, 9/8, ..., 2/1 and for t from -109°C to + 49°C. can be 


obtained. We can at once find the dynamic thickness of the layer in berks, when 

T is obtained beforehand (by means of any aerologic diagram) for the mean iso- 
baric layer, determined from Table 9M. However, the pressure over the earth's 
surface naturally does not belong to a main layer. Onthe other hand, it often appears 
necessary to determine the geopotential not of the mainisobaric surfaces, butofother , 
intermediate surfaces. The layer included between the main isobaric surface and 
any other isobaric surfaces, separated by whole hundreds of millibars from the 
main surface on both its sides, is called the partial mean layer, 


The construction of other tables by V. Bjerknes becomes clear after the 
following transformations of the barometric equation for the geopotential. By 
introducing the temperature measured in degrees Celsius, instead of the absolute 


temperature, we obtain 


P pit 
Op, = R 273 In R-273 no (2) 


where P; is the main pressure, and p - an arbitrary pressure. The first term is 


the relative geopotential Oe at 0°C: 


fe Pe 
(DF ,), = R273ln me (3) 


Equation (3) can easily be tabulated, since the geopotential it contains depends 
only on p. Bjerknes drew Table 10M by means of equation (3), by assuming the 
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main pressures to equal 1,000, 900... 100 mb and by setting the values of p at 
one millibar intervals, beginning with 100 mb below P,, Up to 100 mb above P,. 


Table 10 M gives the dynamic thickness of the layer in berks for each pair of 
values of P; and p. 


Table 11 M drawn up by Bjerknes, is computed by means of equation (3), p. 
being assumed to be equal to 1, 100 mb in order to avoid negative altitudes. The 
pressure p has all values from 1, 099 mb to 1 mb. Table 11 M thus gives the dy— 
namic thickness @jo) of the layer from 1,100 to patt=0°C. By using this 
table for two levels p and p?, we can obtain, by subtraction, the dynamic thick— 
ness between the levels p and p' at 0°C. Table 11M is used for the computation 
of the heights of aerologic ascents. The second term of equation (2) gives the 
correction for the temperature 


t 


and can also be easily tabulated. It is to be noticed that the sign of the correction 
term always coincides with that of t. Table 12 M of Bjerknes gives the tempera— 
ture correction for all the altitudes, given in Tables 10 M and 11 M. 


Thus, only three tables are necessary to calculate the geopotential, accord— 
ing to Bjerknest method: one (9 M) for the determination of the relative geopo— 
tential between two main isobaric surfaces, the second (10 M) — for the determina— 
tion of the relative geopotential between the arbitrary and the main isobaric surfaces 
at O°C, and the third (12 M) — for the temperature correction of the data determined 
according to Table 10 M. Bjerknes worked out a series of auxiliary tables to cal- 
culate the virtual temperature. It is, however, more expedient to carry out these 
computations graphically, by means of some diagram, an emagram for instance, 
as was shown above. 


Since the greatest error in determining the absolute and the relative geo— 
potentials is caused by a wrong determination of the mean temperature of the layer, 
we may, in order to avoid this error, subdivide the layer under consideration into 
thinner layers, determining first the dynamic thickness of each layer separately, 
and then adding up the results obtained. The determination of the relative geopotential 
of the main isobaric surface will then amount to the determination of the thickness 
of the main isobaric layers, using Table 9 M, and adding up the results. 


The determination of the absolute geopotential of some main isobaric sur— 
faces necessitates two operations: 


1, Determination of the dynamic height of a 1, 000 millibar surface at sea 
level. This is done by using Table 10 M and the correction Table 12 M. 


2, Determination of the dynamic thickness of each main layer, which is 
read from Table 9 M. 


The obtained results are added together. The sum gives the absolute geo— 
potential of the main isobaric surface. It is sometimes necessary to determine 
the absolute geopotential of some arbitrary (not main) isobaric surface, i.e., the 
dynamic height of some point in the atmosphere, for example, the height of ascent 
of radiosonde apparatus; in this case a third operation is added to the above- 
mentioned two operations: the determination of the dynamic height of the point 
situated over the upper main isobaric surface. This operation is carried out by 
using Table 10 M and the correction Table 12 M. 
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S15, Graphic Representation and Computation of 
Dynamic Altitudes 


It is particularly convenient to use graphs for the computation of dynamic 
altitudes. For this purpose many special diagrams have been plotted. However, 
there is no necessity for special diagrams, since all these computations can be 
carried out by means of any of the energetic diagrams considered previously. The 
results of aerologic soundings are used for the calculation of altitudes, namely, 
the results of the analysis of meteorograms and radio—soundings. 


The results of radio—sounding give a series of simultaneous values of p, T, r, 
by which a series of simultaneous values of the pressure and of the virtual temp- 
erature Te can be found by means of some aerologic diagram. These values are 


plotted on the aerologic diagram as points, which are afterwards connected by 
broken lines, The broken line thus obtained represents the state of the vertical 
column of the atmosphere. This curve is called the stratification curve, 


The stratification curve should not be confused with the curves, plotted on 
the aerologic diagrams and corresponding to the temporal change of state of any 
individual air parcel during any particular process. 


Thus, let us assume that a stratification curve is given. The barometric 
equation in the form: 


b 
a? = — R | Td \n p. (1) 


forms a theoretical base for plotting and for calculating the dynamic altitude on the 
aerologic diagram. This expression makes possible a simple graphical interpre— 
tation of the emagram. Let us imagine (Figure 50) that the stratification curve is 
plotted on the emagram from the level a to the level b. Let F represent the area 
limited by the stratification curve, by the isobars P. and Ph and by the isotherm 
T= 0°K. Then 


l 
F=\Td(—Inp). (2) 


0 


Combining equations (1) and (2) we obtain 
o? —R-F. (3) 


, b: 2 
Thus, the dynamic thickness of the atmospheric layer &? 2 is proportional 


to the area F. Since it was shown in § 17 Chapter II that the emagram is an ener— 
gy diagram, it is obvious that this conclusion will be correct in regard to any 
energy diagram, for example, for the tephigram and aerogram. But this will not 
apply to the nonenergetic diagrams, e.g., the Stuve diagram. 


Thus, the following rule can be formulated: the dynamic thickness of the 
isobaric layer confined between the isobars Pe and pe 38 equal (up to 


or, which depends on the scale of the diagram) to the area on the 
the stratification curve, by the isobars p 
Figure 50 shows the dependence of the 


the constant fact 
energetic diagram which is limited by 
and Py and by the isotherm T = 0° K. 
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dynamic thickness of the layer on the temperature; the hotter the layer, the 
greater is the area limited by the stratification curve, and the greater the dynamic 
thickness of the layer. This result is quite comprehensible from the physical point 
of view. Warm air is lighter than cold. 


Figure 50. The dynamic altitude of an isobaric layer is 
represented on the emagram by an area ofa 
region limited by the stratification curve, by 
the isotherm T = 0°K, and by the isobars 


Bs and Ph 


Since the pressure difference at the limits of the layer represents the weight of a 
unit air column, then, for the same weight, the hotter air layer must be thicker 
than the cold one. The dynamic thickness of the layer is represented on the tephi- 
gram and on the emagram by an area which is limited by a stratification curve, 

by the isobars P. and Ph and by the isotherm T = 0°K, 


The dynamic altitude can be given a different graphic representation on the 
tephigram and on the aerogram. For this purpose we will examine in what way 
the geopotential position is related to the value of the entropy. 


Since dp=c, FARE u dp==—oa?P, 
we have 
dT , d® 
dg=c,- +>; dP=Tde+-c¢,d7, (4) 


from which 


b 
o—| Tdp +-c,T-+-const. or ©,— 6,=\Tag + ¢,(7,—T,). (5) 


The term \ Tap in Figure 51 is represented by the area limited by the 
a 


Stratification curve, by the zero isotherm, and by two isentropic curves (p, and 9,. 
The term c aT p ae ) expresses the heat, which must be used up, in order to raise 


Si RE aes ae T, to a at a constant pressure; it is therefore equal to 


b 
§ rap, i.e., to the area limited by the isobar Po by the isentropic curves, and 9, 


as well as by the zero isotherm. Thus, the dynamic thickness of the isobaric layer 
is proportional to the area limited by ie stratification curve, by the isobar Pus 
by the isentropic curves y, and »,, and by the zero isotherm. 
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However, the calculation, either on the emagram or onthe tephigram, of 
the area which corresponds to the dynamic thickness of the layer, is impracticable 
because such a calculation requires the existence on the diagram of the isotherm 
T = 0°K, which necessitates an undue increase in the dimensions of the diagram, 


a 
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Figure 51. The dynamic altitude®? of the isobaric layer 
is represented on the tephigram by the area 
limited by the stratification curve, by the 
isobar P.. by the isentropic curves 


¥o. ¥eand by the zero isotherm 


The aerogram does not suffer from this disadvantage. In fact, the area 
on the aerogram which is limited by two isobars P. and Ph? and by two isotherms 


T and T = o°K, is proportional to the distance between the isobars, m?asured 
along the isotherm T. 


Let us prove that this is really so. It follows from the structure of the aerogram 
that 


xs hy In Fs hy In TA, = y=k,-T In = 


where ky and ke are the positive constants, depending on the scale of the diagram, 


and k., = -koInT. 
From these equations we obtain: 
x — ks es 
T =e *: : y= k,In te Ry 


re) . 
The area F between the isobars P,» Py from T = 0 KtoT, is determined by the 
equation 


ex hs Pe ae 
|e Ry dx==k,k,Inse As = ky. 


It can be seen from this equation that the area F bounded by the isobars P. and Py 


measured from an infinitely distant line x =- ™, which corresponds to the zero 
isotherm, and the isotherm T, is always proportional to the distance between the 
isobars ‘measured along the isotherm, In order to determine the dynamic thick- 
2 Ld e 
ness of the isobaric layer, itis therefore necessary to plot an isotherm in nk 
° ° : d . 
a way that the areas f and f, , enclosed between the stratification curve and this 


isotherm, are of equal magnitude. 
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Figure 52. The dynamic thickness of the isobaric 
layer, determined by means of an aerogram 


Such an isotherm can be approximately plotted in the majority of cases. The 
dynamic thickness of the isobaric layer will then be represented by the length of 
the segment of the isotherm T, enclosed between the isobars Ps and Py: It follows 


from this that the aerogram is especially convenient for a quick graphic determi- 
nation of altitudes. On other energetic diagrams only the mean temperature of 

the layer is represented graphically, whereas the corresponding dynamic thickness 
of the layer is determined according to the tables of Bjerknes. 


$ 16. The Relation between the Altitude of the Tropopause 
and the Temperature of the Lower Troposphere 


It was proved shortly after the discovery of the stratosphere that the height 
of the lower limit of the stratosphere (the tropopause) is not constant, but changes 
both in time, and from place to place. Numerous aerologic ascents have shown 
that the tropopause is higher in summer than in winter, and it is higher in the tro— 
pics than in polar latitudes. This fact, as we will soon show, agrees with the baro—- 
metric equation. 


Let us imagine an air layer, which extends from the terrestrial surface up 
to an altitude of about 20 km (Figure 53). Let us suppose that the pressures at the 
upper and the lower boundaries of the layer are given and have constant values po 
and Ph The pressure difference aaa will give us the weight of a unit air col- 


umn of the layer under consideration. The weight of this column can remain con- 
stant, although the distribution of the temperature may be different in it, i.e., 
various altitude distributions of temperature correspond to one value of pressure 
difference. The indefiniteness of the distribution of temperature will be maintained 
even when sufficiently strict conditions for temperature variations are laid down, 
i,e., when the troposphere is assumed to be polytropic, and the stratosphere — 
isothermic, The indefiniteness of the temperature distribution will lead to an in- 
definiteness in the position of the tropopause, which is a function of the temperature 
of the lower atmospheric layers. 


We shall find the relation between the altitude of the tropopause and the tem— 
perature of the lower troposphere, assuming Por Py h, y to be given, by basing 


ourselves on the barometric equation. Since the thickness of the troposphere is 
too great to permit the application of the barometric equation for an isothermic 
atmosphere to the whole tropospheric layer — substituting the barometric mean 
temperature by the arithmetic mean one, we resort to the barometric equation 
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for the polytropic atmos phere in the following form; 


In 20 — & Jy Zo 1 
Po Ry T,? -) 
where € _ is the height of the tropopause, fr is the pressure at the tropopause, 
T, = T)— Yj, the temperature at the tropopause, y -the lapse rate. 


The barometric equation for an isothermic atmosphere 


Po g(hkh—) 
i RE 


is correct for the lower layer of the stratosphere. 
We shall obtain the sought relation between the altitude of the tropopause 


and the temperature of the lower troposphere, by eliminating the auxiliary magnitude 
Pp, between equations (1) and (2) 


| T fiat R 
hye 8 = = C. whereC = * |p. (3) 
_ ane pears & Pp 


Equation (3) is solved by the method of successive approximations, or 
graphically, 


The following values of the tropopause altitude at a given temperature of the 
lower layer of the troposphere are obtained, assuming P, * 1013 mb, Ps 93,4 mb, 


h=20km, Y= 0.6°/100 m, and are given in Table 14. 
r4 


= 
Figure 52. The dynamic thickness of the isobaric layer, 
determined by means of an aerogram 


In the third line of the table are given the values of the stratospheric temperature, 
corresponding to the obtained tropopause altitude. 


The stratification curves plotted with help of the data in Table 14, are re - 
presented in Figure 54. Both curves and the data of the table show that, in spite 
of a great variation of the lower troposphere, the pressure over the earth! s sur- 
face usually varies little, because the stratosphere rises with the increase of the 
temperature of the lower troposphere, and its temperature decreases, Thus, a 
high and cold stratosphere corresponds to a warm troposphere, whereas a cold 
troposphere corresponds to a low and warm Stratosphere, Certainly in the real 
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atmosphere we do not encounter a layer having a relatively constant pressure, 

just as the pressure over the earth's surface does not remain constant. A level 
exists in the stratosphere, however, at which the pressure changes considerably 
less than at other altitudes both higher and lower than this level. This level exists 
at an altitude of about 20 km. In addition, the average air pressure changes little 
with the latitude. Finally, the stratification curves, plotted on the basis of 
empirical data, agree well with the theoretical curves. 


Table 14 


The tropopause altitude and the tropospheric and 
stratospheric temperatures 


0 10 15 20 
8440 11 390 13 220 15 550 
—50 —~58 — 64 —73 
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Figure 53, The relation between the altitude and the 
temperature of the tropopause 


We can therefore assume that the f wi i 
oll 
terrestrial atmosphere. Owing State 1s established in the real 


142 


The influence of increasing lower tropospheric temperatures on ground 
level pressure is mostly compensated by the rise of the tropopause and by 
the decrease of the stratospheric temperature. This situation is a particular in- 
stance of an important principle of the statics of the atmosphere, i.e., the prin- 
ciple of temperature compensation: "warm below, cold above® and vice versa. 
This principle is very important for understanding the peculiarities of temperature 
stratification of stationary extratropical cyclones and anticyclones, 


It was already proved at the end of the last century that stationary cyclones 
of the lower tropospheric layers are cold, while the stationary anticyclones are 
warm. This fact seemed puzzling. It was only possible to explain it after suffi-— 
cient aerologic data had been accumulated, by establishing that, in spite of a warm 
troposphere, there is high ground level pressure in stationary anticyclones, due 
to the fact that the stratosphere rises to an exceptional height over the region of 
high pressure, and that it is extremely cold. 


In the same way, in spite of a cold troposphere, a low pressure is observed 
in cyclones, due to the fact that the stratosphere descends to a very low level, and 
is extremely warm. Thus, the influence of the stratosphere is greater in this 
case than that of the troposphere. 


$s 17. The Barometric Equation of Laplace 


The determination of altitudes by means of barometric equations, the so— 
called ® barometric levelling ®, came into use after it had been proved that the 
pressure decreases with increasing altitude. 


The best known is Laplace's altitude equation. This equation can be easily 
derived from the barometric equation by expressing the virtual temperature in 
terms of the molecular temperature, measured indegrees Celsius, and of the 
humidity, making allowance also for the force of gravity: 


A z= 18400 ig (1 + at)(1 -+ 0.378 =)(1 -+ 0.0026 cos 29) X 
SX (1 -+ 3.14-1077A), 


where Az is the altitude difference in meters ( Az = Zo~Z4)i t -— the arithmetic 
t t 
mean temperature of the air layer (t = ———); — — the arithmetic mean of the 
2 yg 1 81. 88 
ratio of the water vapor tension to the air pressure [ = = has + pot h — the 


p 
Z Z 1 2 
arithmetic mean height (h = +t), Detailed tables for the barometric determi- 


nation of altitudes were worked out with the help of this equation. 


The Laplace equation is used only for very exact computations. The inaccur~ 
acy of the data concerning the distribution of the temperature is so great that itis 
ase to take into consideration the influence of temperature and 
of the change of the force of gravity, because they are considerably less important 
than the error in the temperature determination. However, if the mean values 


must be computed from a sufficiently large number of observations, then it is 


necessary to use more exact equations, because the errors in determining the ver— 
averaging, in the majority of 


tical distribution of the temperature cancel out on 
cases. The influence of the humidity and the change of the force of gravity must 


be taken into account in order to avoid a basic inaccuracy in the results. 


meaningless in this c 
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§ 18, The Standard Atmosphere 


For many practical purposes it is important to know some standard condi-~ 
tions for the distribution of pressure and density in the atmosphere. A knowledge 
of the distribution of pressure in the standard atmosphere, for example, makes 
it possible to construct an altimeter (a gauge of the altitude at which an aircraft 
is flying); this instrument actually measures the pressure, but it is calibrated in 
units of altitude of a standard atmosphere. The distribution of density in the stan- 
dard atmosphere is used, for example,in aerodynamic computations. 


The standard atmosphere is characterized by the following conditions: 


1. The chemical composition of the air at all altitudes up to 15 km is iden— 
tical, and the content by volume of the separate gases is the following: 


NItPOSCN. s4ce-g.us.ccisces aeielages 10.03% 
OXV GENS « coe coruceeeytet OG acres . 20.99% 
70 612.0) 5 eee re eee bn eas tays des elacirene 0.94% 
Carbon dioxide ............0.- 0.04% 


2. The relative humidity is everywhere equal to 0%, i.e., the air is ab— 
solutely dry. 


3. The pressure at sea level equals 760 mm Hg or 1,013.3 mb; the temp— 
erature is 15°C and the density 1, 225 kg /m°. 


4, The air temperature varies linearly with the altitude up to 11 km, the 
lapse rate being equal to 0. 65°/100 m (the standard troposphere). The temperature 
remains constant above 11 km (the standard stratosphere), i.e., the temperature is 
determined in relation to the altitude by the formulas: 


T = 288° —0.0065z (z< 11 km), 
T = 216.5° (z= 11 km). 


9. The change of pressure and of density in the standard troposphere is 
determined by the corresponding equation for a polytropic atmosphere: 


P =(1 —0.002257z)5.256 
Po 


= (1 — 0.0022572z)4.258, 


6, The change of pressure and of density in the standard stratosphere is 
determined by the corresponding equations for an isothermic atmosphere: 


z— 1100 Zz — 11000 
<2 ~~ 6340 _ "3340. 
P= Py,é 9 P= Pye 6340 ® 


7. The limit altitude of the standard atmosphere is determined by the 
following barometric altitude equations: 


0. 
z= 44 308 [1 —(2) | (z< 11 km), 


z= 11000 + 6340 Ino (z>> 11 km). 
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Chapter VI 
THE STABILITY OF STATIC EQUILIBRIUM 
S$ 1. Conditions of Quasistatic Equilibrium 


InChapter V we found the relationship between the characteristic variables of 
state and altitude in the course of our examination of the resting atmosphere. 


In the present chapter the motion of a small air mass will be examined, 
assuming all the other air masses to be at rest, and that the motion takes place in 
a vertical direction. Such an elementary air mass will be called an individual air 
particle (or parcel). All the quantities which refer to such an individual air particle 
will be distinguished by the subscript "i", and those referring to the surrounding 
atmosphere — by the subscript "e", 


We will begin the investigation of the processes accompanying the motion of 
such an air particle with the assumption that the motion under consideration takes 
place slowly enough for the pressure inside the air particle to stay equal to 
the pressure of the surrounding atmosphere, i.e., that at the same height 

P;=P.==P, andalso Pt Be (1) 

These equations define the so-called quasistatic motion conditions of an air 
particle in the surrounding atmosphere. We assume, however, that the motion of 
the air particle is also too rapid to allow the remaining parameters of state to 
adjust to their values in the surrounding atmosphere, i.e., that at the same 
altitude, generally speaking, 


OT, 1 OTe, 
T,#Ts Si#SS: 


. 931 We 
?; Sa Pe? Oz Ff 5, ? (2) 
OS, OS, 
S= Si Gr F Ge 
It follows from equation (1) that the isobaric surfaces in the atmosphere 
remain unchanged during the motion of the air particle, whereas the isothermic, 
isosteric and other iso-—surfaces will be deformed, i.e,, disrupted or bent. In 
particular, those isobaric surfaces which are horizontal remain so, in spite of the 
displacement of the air particle from one isobaric surface to another, if all the 
parameters of state depend on the altitude only. 


The condition of quasistatic motion, formulated above, is realized only for 
velocities much smaller than the velocity of sound (= 320 m/sec), so that this 
condition is actually fulfilled for verticalvelocities encountered in the atmosphere. 


§ 2. Dry-—Adiabatic Temperature Variation of an Ascending Air 
Particle 


The individual air particle which moves ina vertical direction will be sub- 
jected to the pressure prevalent in the surrounding atmosphere at the correspond=~ 
ing level, Our aim is to derive relations, which enable to determine the parameters 
of state of the air particle in any future state. These relations, known as the | 
equations of change of state of the particle, have been examined in ChapterIV, in 
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which the change of state was determined by the pressure change. For many 
metereological purposes, however, it appears more expedient to examine the 

change of temperature and of other parameters of state in an ascending air particle 
not in relation to the pressure p, but to the altitude z. This is explained by the fact 
that the pressure inside the particle undergoes very great changes during its vertical 
motion. Indeed, the daily experience of the weather bureau shows that the vertical 
gradients of pressure are, on the average, 10, 000 times greater than the horizontal 


ones. 


Naturally, the motions of air particles in the atmosphere do not take place 
adiabatically, but these conditions can be considered adiabatic to a first approxima— 
tion, for motions extending over short distances and for sufficiently short durations. 


The phenomenon of the foehn is undoubtedly the most striking example of 
adiabatic vertical motion in the atmosphere. Numerous observations carried out 
during the foehn show that in the falling air mass the temperature varies nearly 
adiabatically. Adiabatic curves are therefore used for the analysis of vertical 
motions in the majority of meteorological problems. The temperature of the air 
particle which is adiabatically displaced, is considered a function of altitude and, 
of course, of the initial values T, and p,. 


However, one equation of state for an airparticle is not sufficient in order to 
take account of the altitude, and it is also necessary to consider the equation of 
stratification of the surrounding atmosphere. This can be explained by the fact that 
the adiabatic temperature is a function of the pressure p. The same pressure 
for different atmospheric conditions can, however, be encountered at different 
altitudes. Thus, for example, the pressure p= P,/2 is encountered at a height of 
9,900 m in an isothermal atmosphere, and at a height of 5, 000 m in an adiabatic 
one. Therefore, the same value of pressure, and consequently the same temperature 
of the ascending air particle, are encountered at a height of 5, 500 m in the first 
case and at a height of 5, 000 m in the second one. It should be emphasized that no 
calculation, no matter how elaborate, will give us the temperature of the adiabatical— 
ly ascending air particle as a function of altitude, when using an adiabatic equation 
alone. It is therefore necessary to consider the stratification curve of the 
surrounding atmosphere as fully known; the variation of the temperature Tj of the 
independent air particle can be calculated only on this condition. 


These preliminary remarks having been made, the sought relation for 
Ti(z) can be derived. 


Letus onsider the differential equation, relating the change of temperature 
to the change of pressure during the dry~adiabatic process 


aT R dp _ (1) 


Since the change of pressure inside the air particle is equal to the change of 
pressure in the surrounding atmosphere and the latter, according to the fundamental 
equation of hydrostatics, is determined by the density of the same atmosphere, 
we have 


dp —= — go, dz, (2) 


where ~, is the density of the surrounding atmosphere. By substituting equation 
(2) in equation (1), and keeping in mind that the problem concerns the variation of 
the temperature T; of the individual air particle, we obtain: 

RT 


aT, = C5, : p (— gp,dz), 
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and by substituting for p, its value accordin 
g to Clapeyron's equati = 
we finally obtain: : pey quation 9, =p/RT,, 


se Be Te 


- Allthe quantities of the right-hand side of equation (3), exceptdz, are essentially 
positive, The minus sign therefore indicates that the temperature of the air particle 
decreases: dT,<_0, during the adiabatic ascent, when dz >0, and the temperature 
of the air particle increases: dT, >0 during the adiabatic descent, when dz<0. 


. An exact integration of equation (3) is impossible, primarily, because the 
variation of the temperature of the surrounding atmosphere is very irregular. Ifthe 
temperature of the surrounding atmosphere always remains equal to the temperature 


of the adiabatically ascending air particle T; = T,, we have 

dT; _—s—s gg 

dz ~~ cy’ (4) 
The right-hand side of equation (4) is constant, Assuming that gic, =Y,, we 


obtain 


Ya= 0.985, — [¥.] = [L710]. 


This magnitude is called the dry—adiabatic lapse rate. The dry~adiabatic lapse 
rate is constant and equals 19/100 m providing, of course, that the very small 
changes of the gravity acceleration both with altitude and latitude, and the variation 
of specific heat oe with the temperature, are not taken into consideration. The 


atmosphere whose lapse rate equals J, = 17 100 m_ is called a dry-adiabatic 
atmosphere. 


The dry adiabatic temperature variation of the ascending independent air 
particle does not stay constant, but depends on the ratio T/T. 


It is obvious that the use of values of Ya. measured to an accuracy of more than 
1°/100m, would lead to superfluous precision. 


The integration of equation (4) is very simple, if T; = Te; as a result of inte- 
gration the following relation is obtained: 


However, the integration of equation (4) can only be carried out for some ex- 
ceptional cases, if Tj + T.. Thus, for example,if the surrounding atmosphere is 
isothermal, i.e., T, = const., we obtain: 

ep ae (6) 
T;=T 06 “8 

If the temperature of the surrounding atmosphere varies linearly we obtain, 

separating the variables in equation (3) and integrating: 


a 607 
T= Tol Teg ih d 
where Y¥ is the lapse rate of the surrounding atmosphere. Equation (7) shows 
that the temperature of the dry air particle ascending adiabatically in an 
atmosphere with a lapse rate Y depends not only on the initial temperature 


of the particle, but also on the distribution of temperature in the 
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surrounding atmosphere, The overheated air particle may ascend to different alti- 
tudes before cooling down to the temperature of the surrounding atmosphere, 1.e., 
when 


7, = T,=T 29 — Y- (8) 


Relationship (8) makes it possible to determine this altitude. By substituting equa- 
tion (8) by equation (7), we obtain, after a simple transformation: 


1 
1 T..'¢ \-——— 
IT ed la—TS, 9 
ate ee oy 


<3. The Variation of the Humidity Characteristics with Altitude 
during the Adiabatic Ascent of Unsaturated Moist Air 


From the definition of the specific humidity itfollows that it remains constant, 
if there is no moisture exchange 


$== S, = const. (1) 
The mixing ratio retains its exact value 
W == WwW, — const, (2) 


The water vapor pressure does not change, Since e = 1.605 Sp, we obtain 
after logarithmic differentiation, owing to the constancy of s: 


at =. (3) 
However, for the adiabatic process 
a7 eR a. 
T Cp P ’ 
consequently 
d d 
Page : 
or 
dey _¢p &% dT; (5 
az fe i, dz i ) 
whereby 
Pdi 3.9 , 
and hence 
de; _ ey 
| in 3.5 r,* (6) 


By integrating equation (4) we obtain 


€p 
“= e,0( F) R. (7) 


It can be seen from equation (6) that the water vapor pressure changes 
very slowly during the adiabatic ascent and the change in the vapor pressure 
exceeds the accuracy of the humidity measurements only when the moisture content 
is considerable; the change in the vapor pressure with altitude is practically 
imperceptible when the moisture content is small. 
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We shall now determine how the saturation pressure E, of a moist unsatu- 
rated air parcel varies with altitude during its adiabatic ascent. From the equa- 
tion of Magnus follows 


1 dE abinio 
E dz (6-+ 2 a 
= dE; _ 4026.7. 
dz” — (285 -+ tp we (8) 


Table 15 gives the values of GEi_ 
dz 


Table 15 


The change in saturation pressure during adiabatic 
ascent of moist air 


E; 0.373} 1.27 | 2.85 | 6.10} 12.26 23.38 | 42.42 mb 


0.033 0.09 | 0.23 | 0.44] 0.83 | 1.45 | 2.22 
- mb/100m 


It can be seen from Table 15that the change in saturation pressure is much 
greater than the change in the actual pressure of the water vapor. Therefore satu- 
ration is reached sooner or later in an adiabatically rising air particle, and then 
condensation commences. 


We will now consider the change of the relative humidity during the adiabatic 
ascent of moist air, According to the definition 


é 
=e -100°/,, 


hence 


or, when equations (6) and (8) are taken into consideration, 


dr 3.5 4026.7 
a= |—Fteoml: (9) 


Table 16 gives us the variation of the relative humidity during the adiabatic ascent 
of unsaturated moist air. 


Thus, the relative humidity increases during adiabatic ascent and decreases 
during adiabatic descent, its variation becoming more pronounced for greater 
humidity. Indeed, the descending air currents (e.g. in the "foehns") are charac— 
terized by extraordinarily small values of the relative humidity. Layers having 
a relative humidity considerably less than 10% are often encountered in the free 


atmosphere. Condensation of water vapor eventually takes place in ascending 


currents. 


Finally we consider the variation of the dew point during adiabatic as~ 
cent. According to the definition, the dew point is related to the actual water 


vapor pressure by the equation of Magnus 
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e=E,-\0F*, 


hence 
| de 4026.7 at 
e dz (235-+7? dz’ 


Or, according to equation (6) 
consequently 
cies (10) 


Table 16 


The change in the relative humidity of moist air during adiabatic ascent 


drj 


dz 


Table 17 gives the change of the dew point in an adiabatically ascending air parcel 
for different values of the temperature and of the difference t —T. 


It can be seen from equation (10) and from Table 17 that the dew point 
falls during the adiabatic ascent of unsaturated moist air, though more slowly 
than does the temperature of the individual air particle, namely - by about 0, 1° to 
0. 2° per 100 m, and the dew point changes more rapidly, the higher the temperature 


and the greater the saturation. 


Table 17 


The variation of the dew point with altitude during an adiabatic 
ascent 


Now it is also easy to find the level of condensation, i.e.,that level at which 
the dew point equals the temperature of the adiabatically ascending air particle, 


It is Obvious that 


dt 
ty =ty— Yate T= Tob (F) fle 
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dt 
where (ae) is the mean variation of the dew point with altitude. Hence: 


ty (et 
fo 199 = oF i) 7 


N ww 


fess 
L, = To (ety Ale te 

| 0+ (3), 
This equation makes it possible to determine the altitude at which condensation 


begins. The value of A is determined by successive approximation. The values of 
A thus calculated are given in Table 18. 


(11) 


Table 18 


The values of the coefficient A, for the determination of the con< 


densation level 
t 
+e — 50 | — 40 
Co—% 


1 115 | 116 7 117 | 118 | 119 | 121 7 122 | 123 | 124 ] 129 
10 114 | 115 | 116 | 117 | 118 | 120 4 121 | 122 | 123 | 124 
20 113} 114 |] 115 | 116 FY 117 | 118 | 120 | 121 122 | 123 


— 30 | — 20 = 10) 0 | 0 | 2 | 3» 


The following empirical equation has been found for the determination of the 
condensation level 


2, = 122 (t, — %,). (12) 


The accuracy of the approximate equation (11) depends greatly on the initial 
assumption that there is no moisture exchange with the surrounding air. It is 
obvious that such an assumption cannot be strictly correct. In order to compute 
the change of moisture resulting from a process of mixing with the surrounding 
air, not the mixing ratio at ground level is used, but its average value over the 
whole layer through which the air particle under consideration ascends, 


S 4. The Moist—Adiabatic Lapse Rate 


InChapter IV we derived a series of equations, which determine the depen- 
dence of temperature on pressure during the adiabatic ascent of moist saturated 
air. Let us now determine the dependence of the temperature on altitude from the 
equation of heat balance, which has the approximate form: 


¢,dT —RT EP = —L dw, (1) 

P Pp 
This expresses the fact that the work of expansion is not carried out entirely at the 
expense of the internal energy, but a part of this work is converted from the 


latent heat liberated during condensation. Let us eleiminate dw from equation (1). 
Since w = 0.622 E , we obtain by differentiating: 
p 


dP wg (2) 
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Substituting equation (2) in equation (1) we obtain: 


Cy aT +. dE = Lw ? PRT 


or 
LwdE = T). 1 dp 
(c ste) a —— == (Lw-+- RT) ia 
Since the process is quasistatic, we have 
_ Op;___ Pe 
Pip—= Pe oz Oz 
B re oP we obtain: 
y p dz RT .’ 
Lw dE aT; __ ) £- 
(¢) + nae haa 1 P 
hence 
pee 
dT; rt Br 8 
dz Lw dE 
‘et EGF, 2 


Thus, the change of temperature during the moist-adiabatic ascent is a 
variable magnitude, depending on many factors. Let us assume that the change 
of temperature with altitude is the same in the ascending air particle, as in the 
surrounding atmosphere 

qT; __ af, , 
dz dz 


This change will be called the moist-adiabatic lapse rate and denoted by ie 
We then obtain 


Lw 
&+ RF, & 
Ya = Lw dE° (4) 
Cot EF aT 
Assuming w = 0,622 ~ , we obtain 


Bae 2. Poe 
la= py = Tap y’ (5) 


where 


LE = 
x= 0.62255. y= 0.622 = 7 


It is obvious that the value of the moist-adiabatic lapse rate depends on the tempera- 
ture and on the pressure. Since both temperature and pressure of the ascending 

air particle vary with altitude, the moist-adiabatic lapse rate is also a function of 

the altitude. Table 19 gives the values of x and y for different temperatures. 


The isopleths of the values of the moist-adiabatic lapse rates, plotted according 

to the data cited in Appendix 13, are givenin Figure 55, It can be seen from this 
figure that the value of the moist-adiabatic lapse rate decreases with the increase 
of temperature, and with decreasing pressure. Let us examine the process of 
adiabatic ascent of an air particle in order to understand this dependence correctly. 
During the dry~adiabatic ascent the air should cool down approximately by 1° for 
each 100 m, if the condensation of the water vapor were not taking place. The 
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Table 19 


The values of x and y 


Ice Water 


f —20|—10] 0 10{ 20) 30 
x 27; 58] 121 | 228] 427) 719mb 
y 141} 360] 682 | 1375] 2209] 3348mb 


latent heat liberated as a result of condensation of the water vapor slows down the 
process of dynamic cooling and the moist-adiabatic lapse rate is therefore smaller 
than the dry-—adiabatic. The amount of liberated latent heat depends, however, on 
the amount of condensed water vapor. The value of the moist-adiabatic lapse rate 
therefore also depends on the amount of condensed moisture. It is obvious that 
with a decrease of temperature by 1°, the amount of condensed moisture will be: 


dE dp 
dw=WwWy—w a 
Consequently it stands to reason that a greater amount of water vapor will 
be condensed at high temperatures, when dE is particularly great, as compared 
with low temperatures (on equal cooling), leading to smaller values for the moist— 


adiabatic lapse rate. 
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Figure 55. Isopleths of the moist-adiabatic lapse rate 


The dependence of the moist-adiabatic lapse rate on the temperature is therefore 
inverse. For exactly the same reason, the amount of condensed moisture will 

be greater at a low pressure, than at a high one and the moist-adiabatic lapse 

rate will therefore be greater at a high pressure, the dependence of the moist= 
adiabatic lapse rate on the pressure will therefore be direct. Since the amount of 
the condensed water vapor decreases more and more as the ascent progresses, the 
moist-adiabatic lapse rate increases with increasing altitude of ascent, and 
asymptotically approaches the dry-adiabatic lapse rate. 
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In connection with the study of the temperature and pressure dependence of 
the moist-adiabatic lapse rate it must be emphasized that an exact and rigorous 
explanation of the causes of the adiabatic variation of temperature with the altitude 
is still not to be found in meteorological literature. Thus for example, Brunt 
says in his book on " Physical and Dynamic Meteorology " when deriving the 
equation for the moist-adiabatic lapse rate: " When a unit mass of dry air, 
containing its natural admixture of water vapor and liquid water, ascends the 
height z, the increase of the potential energy is compensated by the loss of internal 
energy from the air and water vapor, and also from the water present in it", 
Koshmider writes in his book "Dynamic Meteorology", as if arguing against Brunt: 
"The cooling of air during the adiabatic ascent has sometimes been explained by 
the fact that the temperature drop, i.e., the decrease in internal energy, is 
necessary for the increase of the potential energy. This is not exact, because in 
the place of the ascending quantity of air, another quantity must descend, and 
Y* Ya, when the equilibrium is indifferent: for example, no energy is required, 
and none is consumed, in a vertical displacement (if the molecular and eddy 
viscosities are not taken into account). And then: "Adiabatic cooling can take place 
during an ascent without yielding any energy, and energy can be used up without 
an adiabatic cooling. Consequently, the energy consumed in ascent and the adiabatic 
cooling are not related to each other, " 


Let us first consider the equation of thermal energy balance for dry air, in 
the form 


dq=c,dT +RaT —vap. (6) 
in order to clarify this fundamental problem of atmospheric thermodynamics. 


The first term c dt of the equation represents the change of the internal 
energy eT of the gas. Brunt, for some reason, incorrectly calls the enthalpy 
oats internal energy. On the basis of this reasoning, he might have obtained a 


correct equation for the moist—adiabatic lapse rate, had he not fallen into this 
error. The second term RdT is the work carried out by the gas during its isobaric 
expansion against the external pressure ae = RdT = pdv. The expression RT = pv 


represents some store of potential energy, which a gas of a volume v possesses 
at constant pressure. This potential energy will be called the energy of expansion. 
It is obvious that the potential energy of expansion varies in the same way as the 
internal energy, namely, the potential energy of expansion increases with the in— 
crease of temperature and vice versa, the ratio of the energy of expansion to the 
internal energy remaining constant. 


w R] 0.07 
al 7 


The two first terms of equation (6) can be considered together, by uniting them in 
the following way 


c,aT +-RadT =c, aT. 


This is the change of the enthalpy, or of the heat content. Thus the enthalpy re- 
presents the sum of the internal energy and of the potential energy of expansion: 


93=¢,T=c,T -+RT=u+w,. (8)* 


* [stands everywhere for the enthalpy. ~ Translator's note]. 
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The last term of equation (6) can finally be written as follows: 


—vdp=—ap=—Rrainp. (9) 
But this is precisely the work of isothermal expansion: 


dw —= pdv=—vdp=—RTd Inp. (10) 


It is easy to see that the work of isothermal expansion represents the change 
of potential energy of the independent air particle dw. Indeed: 
d 
dn = gdz—“© ——vdp. (11) 


Thus the equation of heat balance can now be written in the following form: 


dq == du-+ dw, -- dn (12) 
or, for an adiabatic process 
du + dw,+di=0 (13) 
or, in short 
d3+dnxn=0. (14) 


Thus, the sum of the particle's potential energy of position and of the en- 
thalpy is constant for an adiabatic process: 


5-1 =const., (15) 


which could be written down without additional explanations — on the basis of the 
law of the conservation of energy. Thus, ifthe air particle ascends dry-adiabatically, 
its potential energy of position increases at the expense of the enthalpy, i.e., as 

a result of the simultaneous decrease of the internal energy and of the energy of 
expansion, the increase of the potential energy of position being made up of the 
contributions of the internal energy (71%) and of the energy of expansion (29%). 


The potential energy of position is clearly defined both by the value of the 
geopotential corresponding to the particle's altitude, and by the ratio T/T. or 


more generally — by the ratio Ty,! T,; therefore 
e 


eee 
naz O. (16) 


Equation (16) can be regarded as a dry—adiabatic equation. The dry adia-— 
bate will be represented by a straight line, forming with the co-ordinate axes 
angles of 45°, if we agree to use equal units in plotting the enthalpy on the abscissa 
axis, and the particle's potential energy of position on the ordinate axis, 


The equation of the condensation adiabate can also be written in a very 
concise form as a sum of the potential energy of position and of the enthalpy, 
which remains constant throughout the adiabatic process. In this case the moist- 
adiabatic curves are also represented in the 9—a coordinate system by straight 
lines, inclined at an angle of 45° to the to the coordinate aX€s. However, the expression 
for the enthalpy will, of course, be different for the moist adiabatic process. 
Whereas the enthalpy of dry air is proportional to the molecular temperature, the 
enthalpy of moist air is proportional to the equivalent temperature T_, therefore 
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9=¢,7, -+- const. (17) 


If the very small terms are omitted from the differential equation of the 
condensation adiabate, it can be written in the following form: 


c,aTs +5 db =0 (18) 


or when the wet bulb temperature T' is introduced instead of the equivalent temperature 
T in the form: 


Pans? r oe 
cp aT’ +-d(L'w') +7 d@ = 0. (19) 


Since the wet bulb temperature agrees with the actual temperature (T'=T) for a 
moist—adiabatic process, it is easy to obtain from equation (19) an equation, which 
enables to determine the value of the moist-adiabatic lapse rate. By assuming 
TIT, = 1, we obtain: 


aT 4.702) aT 4. 2(ow) ap 4 1 — 0, 


“pdb ' oF “dbl op d® 
hence 0 (Lw) dp 
aT 1 op d® 
dD” cy 1 d(Lw)* 
gear OT 
But 
O(Lw) _ LE | 0(Lw) L dE 
dp 0 aT __1 a7 
Adm »#4;”? Ad p= ? 
therefore 2 ay gas 
’ pix 
Ya = Ta pry’ 
where 
LE L dE 


$5. Equilibrium Conditions for a Dry Atmosphere 


The results obtained above can be applied to the analysis of the thermodynamic 
state of the atmosphere; in particular, to explain the decrease of temperature with 
altitude. These results, to be sure, specifically apply to the progressive change of 
state of an individual air parcel. But since some air parcels are usually ascending 
while others are descending, the same kind of adiabatic decrease of temperature 
must ultimately take place everywhere in the atmosphere as a consequence of 
this general mixing, which in fact eventually happens to every air particle in the 
course of its ascent. 


The atmosphere is said to be in convective equilibrium, when the ascending 
adiabatically air particles encounter at all altitudes a surrounding atmosphere of 
the same temperature as their own. 


The convective equilibrium in fact is but the first approximation to the 
actual state of the atmosphere. However it explains in the main the phenomenon 
of the air parcel's temperature falling as its ascent progresses, in which lies its 
importance, Helmholtz has already drawn attention to the fact that as a conse- 
quence of the existence of convective equilibrium at t, = 0°C the temperature must 
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piece - absolute zero at an altitude of about 28 km, where the upper limit of the 
mosphere should be found, Since this is not the case, the stratification of the 


atmosphere must be caused not onl eee 
y by adiabatic vertical motions of = 
Sphere, but also by other processes, er EG eee 


Figure 56. Analysis of the atmospheric equilibrium 
conditions in relation to the lapse rate. 


a) ¥>Ya -unstable equilibrium: b) Y=y, ~indifferent 
equilibrium; c) y< yg stable equilibrium. 


Let us now explain in more detail the equilibrium conditions of the atmo-— 
sphere, which follow from the foregoing argument. For clarity we shall use 
graphic representations both of the stratification curves and of the change of state 
curves, 


In a T,z coordinate system let us plot a dry-adiabatic curve, i.e., a curve, 
which represents the change of temperature in a parcel of dry air, rising adiabatical— 
ly (Figure 56). The dry— adiabatic curve will be a straight line, inclined to both 
axes at an angle of 45°, and rising from right to left, if the same unit is chosen 
for 100 m on the ordinate axis, and for 1°C on the abscissa axis. Side by side 
with the dry—adiabate a section of the stratification curve will be plotted, which 
characterizes the vertical temperature distribution in the surrounding atmosphere 
near some point at the level z. It is necessary to distinguish between the stratifi-— 
cation curves and the curves of the change of state of the individual air parcels, 
because on this difference is based the entire analysis of atmospheric stability. We 
emphasize again that the curve of change of state (the dry—adiabatic curve in our 
case) gives the progressive variation of the temperature of the same air parcel, 
rising adiabatically, whereas the stratification curve gives the vertical temperature 
distribution in the surrounding atmosphere. The stratification curve can only be 
plotted on the basis of the actual temperature measurements at different altitudes, 
while the curve of state is plotted theoretically. The angle the stratification curve 
forms with the abscissa can vary from day to day, or when passing from one alti-— 
tude to another, but the angle of inclination of the dry adiabate always remains the 
same (it is equal to 45° for the scale chosen). 


Three cases must generally be distinguished in the stratification of dry air: 
Wy> Yor 2) Y= Yar 8) YC Ye 


For all the three cases we suppose that the atmosphere is in a state of rest; 
consequently, each air parcel, as well as the whole layer under consideration, 
characterized by the lapse rate y, is ina state of equilibrium. The question 
arises whether this equilibrium will be stable, unstable, or indifferent, and under 


what conditions. We must answer this question in a manner as detailed as possible, 


because it is of great practical importance. 


1) y>Yy,. Let us consider an arbitrary dry air parcel at level z, having 
at this level the same temperature as the surrounding atmosphere. This air parcel 
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is in equilibrium. Let us suppose that equilibrium of the air parcel is spontane— 
ously disturbed, and it rises adiabatically to the level Zo >z. The temperature 


of the air parcel will vary according to the dry-abiabate while the temperature of 
the surrounding atmosphere will vary according to the stratification curve, Since 
the air parcel cools by ¥,, while the surrounding atmosphere cools by ¥ > Yq: the 


ascending air parcel at the level Zo will be hotter than the surrounding atmosphere. 


Since the pressures inside the individual air parcel and in the surrounding atmos— 
phere are equal (quasistatic condition), the ascending parcel will be lighter than 
the surrounding atmosphere and will continue to ascend under the action of the hy~ 
drostatic force, i.e.,it will no longer preserve the state of equilibrium in which 

it has been at the level z. 


Let us assume now that the same parcel, which was on the level z, is thrown 
out of balance by some impulse and descends to the level z, < z. Its temperature 
increases by y, in accordance with this condition, while the temperature of the 
surrounding atmosphere increases by y > Mae As aresult, the air parcel at the 
level Z4 will be colder than the surrounding atmosphere; therefore, a downward 
force will act on it. The air parcel is displaced from its previous position of equi- 
librium at the level z. 


Thus, a Small vertical displacement of the individual particle is sufficient, 
in case y> y,, to start it moving further and further away from the equilibrium 
position. Since we consider an arbitrary air parcel in the given layer, the equi-— 
librium of the whole layer will be equally unstable at y>y,. When y> yg the 
stratification of the atmosphere, or its equilibrium are said to be unstable. It 
stands to reason that the unstable stratification promotes the growth of vertical 
motions in the atmosphere (both of regular vertical currents and of irregular 
turbulent motion). A vertical exchange of different impurities (water vapor, dust, 
condensation nuclei, etc) evolves together with the growth of vertical m>»vements 
in the atmosphere, and consequently, favorable conditions for the development of 
convective cloudiness are created. 


2) y= Ya: The adiabatically moving dry air parcel will in this case have 
the same temperature as the surrounding air at any altitude, since the curve of 
change of state (dry adiabate) coincides with the stratification curve. The individ— 
ual air parcel will therefore have the same density as the surrounding air at any 
level it reaches, When displaced from its initial position, the parcel is therefore 
not accelerated, It follows that the equilibrium of the whole layer is indifferent for 
Ver 


3) ¥<Yg. Applying the same reasoning it can be shown that any air parcel, 
displaced trom its equilibrium level z will, for y < cer have a nonvanishing com=- 
ponent of acceleration in the direction of z, which tends to bring this parcel into 
a State of equilibrium. The atmospheric equilibrium is thus stable atyc y. A 
stable stratification forestalls the growth of vertical movements (regular vertical 
currents and turbulent motions, as well as vertical transport of different impuri- 
ties and admixtures are precluded and consequently cloud formation is also pre- 
vented). A particularly stable equilibrium forms in the isothermic (y = 0) and 
inversion (y< 0) layers. These layers are therefore called retarding layers. 


It should be noted. on the basis of the above consideration that lapse rates 
exceeding Yq> can not be expected to occur in the atmosphere. Indeed, the smallest 
impulse causes a rearrangement of the layers having an unstable stratification. 

It has been proved by aerological observations that Superadiabatic lapse rates are 
rarely encountered in the free atmosphere. The lapse rates can exceed the adiaba~ 
tic limits significantly only during the hot summer days in the lowest, 1 meter thick 
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ground level layer. On the other hand, the following considerations indicate that 
such lapse rates can, nevertheless, be encountered. Until now nothing has been 
said about the behavior of air parcels in the neighborhood of the moving one, which 


were taken to be ina state of rest, Infact, an air parcel moving among the others 
will impart some impulse to them and dislodge them from their respective equili- 
brium positions, A definite energy, which is derived from the unstable stratifica— 
tion of the atmosphere, is necessary for this to occur. Thus, superadiabatic 
lapse rates must exist, and are infact encountered in the atmosphere. 


It was proved by observations that such lapse rates only slightly exceed the 
adiabatic lapse rate of a free atmosphere, not surpassing the value of y by more 
than 1, 2° C per 100 m. 


The moist-adiabatic lapse rate has the same significance as a criterion of 
stability in relation to moist-adiabatic processes, as the dry~adiabatic lapse rate 
has for the dry—adiabatic changes of state. Namely, the equilibrium is unstable 
in relation to the moist-adiabatic changes of state, if y> yl; the equilibrium is 
stable, if y< y',; finally, it is indifferent, if y= y',. It is to be noted that these 
criteria are not universal, as are the criteria for dry air. The conditions of sta— 
bility are realized only for impulses which are directed downwards. The air parcel 
will be heated dry—adiabatically on its descent, and will therefore acquire an ac= 
celeration directed towards its initial level. These conditions are realized for any 
impulse, directed upwards or downwards also if the air contains water drops, but 
such as evaporate so quickly that it is always saturated. 


s 6. Convective Acceleration. The Energy 
of Instability 


We will now derive a quantitative expression for the vertical acceleration 


dz. which is imparted to an independent air particle under the influence of the 

dt lifting force, resulting from a temperature difference existing between the 
air particle and the surrounding atmosphere. Let us denote by P, the weight of the 
air particle, occupying a volume v and having a density » i and a temperature T.. 
We will denote by De the weight of an equal volume of the surrounding air, having 


the density j and the temperature BN The independent air particle immersed in 


the surrounding atmosphere will, according to Archimedes’ principle, become 
lighter by the weight of that volume of surrounding air which it displaces, i.e., 
the weight of the air particle in the surrounding atmosphere will be equal to P.-P. 


The lifting force F acting on the independent air particle will be directed up-— 
wards, if P, < Ps: 


F=P,—P,= ev (p, — 0): 
ace 
This lifting force will impart to the air particle an acceleration qd inversely 


proportional to the mass v9él; consequently dt 


d*z Pe = Ph 
dai Foy (1) 


By substituting 9 from Clapeyron's equation g =p RT, and keeping in mind that 
p. = p_ = p according to the quasi-static condition, we obtain; 
e 


. —T 
dz Tim te. 
Wee he (2) 
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It is obvious that the air particle will be accelerated upwards if T; > T and 


downwards, if T, < T 3 the acceleration will be equal to zero, if r, =T e 


ss Seu : = - {Z. 
Let now T; To 122.5 dpe fh Y 
Then 
az __ Tio Feo 4p 11a)? 
gqoe og Ve (3) 


Thus the acceleration of the particle is caused: 
1) by the initial heating of the particle relative to the surrounding air 


@z\ To —To. (4) 
de), 8~ Fe? 


2) by the specific stratification conditions 


az\ _(y—Ya)Z 
& ).= oe. (5) 


The first term of equation (3) remains constant during the entire motion of 
the air particle. The second term varies during this motion, 


It can be shown by calculations that the acceleration due to the instability of 
the stratification is very small when there is saturation, But the acceleration 
due to heating is of the order of 1 cm/sec’, the stratification accelerations being 
many tenfolds less. There is therefore no reason to expect significant vertical 
velocities in the absence of overheating and condensation. The acceleration due 
to the moist-adiabatic is greater than the acceleration due to the dry—adiabatic 
convection. Considerable vertical velocities can therefore be observed in clouds. 
We can, however, evaluate the orders of magnitude of these velocities in a more 
precise way. 


Every air particle, as well as the whole layer, possesses in an unstable 
stratification a certain store of potential energy, the so-called energy of instability; 
this energy is transformed into kinetic energy or spent as work done against the 
forces of friction as soon as the unstable equilibrium is disturbed. The air par- 
ticle in this case moves under the action of the lifting force without an external 
influx of energy, and the stored energy of instability is liberated and transformed 
into kinetic energy. In order to lift an air particle in a stable stratification, a 
force sufficient to overcome the residual weight of the air particle must be applied. 
The work this force will perform is converted into potential energy of the air part— 
icle. It is obvious that the work w, performed in elevating the particle and the 
energy of instability e are related to each other by 


tw —=— e, 


The energy liberated during the dry—adiabatic convection can now be calculated. 
It was shown above that a lifting force per unit mass expressed by the equation 
T; ate 
F=g-—7-* 
T, 


acts on an air particle ascending through an atmosphere whose temperature oF 
is likewise a function of altitude. The energy of instability, equal to 


Ae = FAz = glial le -Az=—— zi pant -AQ®. (6) 
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is liberated during the ascent of the air particle by a height Az This energy is 
converted into kinetic energy which equals c2/2 per unit mass, 


Hence 
oo a Teay 
2° rT. 
or 
2(7;,— A 
c= ( t teh 0) : (7) 
€ 


The values of the vertical velocity c developed during the liberation of the energy 
of instability, and calculated according to the equation 


2(T;—-Te) A® | 
ca of ed 0.24 VT, —T,) a0 m/sec 


are given in Table 20. 


It can be seen from Table 20 that considerable vertical velocities can be 
reached only in the case, when the air particle remains for a long time warmer 
than its surrounding medium, and such conditions are possible only in the case 
of initial overheating and of unstable stratification. 


Table 20 


Vertical velocities, developed during liberation of the energy of 
instability 


An unstable stratification is more probable in the case of water vapor condensation, 
than during an adiabatic ascent, It has already been noted that the values of the 
vertical velocities given in Table 20 are the maximal. In fact, it was assumed in 
the calculations that all the energy of instability is converted into kinetic energy. 
As a matter of fact, a part of this energy is used up to accomplish work against 

the forces of friction. It was also assumed that the ascent of the independent air 
particle takes place adiabatically. Actually, the temperature of the air particle 

is gradually equalized with the temperature of its surroundings, as a result of 


turbulent heat exchange. 


Any of the energy diagrams previously examined can be used for graphic 
calculation of the energy of instability. Indeed, the elementary energy of instabi— 
lity is expressed by equation (6). This equation gives the amount of potential en- 
ergy which is liberated during the disturbance of the unstable equilibrium, when 
a particle of given mass moves along an elementary path Az. Itis sufficient to 
integrate equation (6) from Z4 to Z,, in order to calculate the energy of instability 
which will be liberated during the motion of the particle along an arbitrary path 
extending from Z4 to Zo. It is impossible to compute the integral 


® 
cee l;—T, (8) 
em {5H -a® 
Do 
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in the general case, but it can always be graphically evaluated. Assuming dip = 
~ (RT ./p) dp, we obtain 


LP 
ex | (T,— T,) d In p. (9) 
Pe 


The integrand is represented on the emagram by the surface element, bounded by 
an elementary segment of the stratification curve, by the curve of change of state 
and by two isobars, whereas the entire integral is represented on the emagram 
by an area bounded by the stratification curve, by the curve of change of state, 
and by the two corresponding isobars. 


The area ABC in Figure 57, bounded by the stratification curve and the dry 
and moist adiabates, is proportional to the work, which must be carried out to 
lift a mass unit to the level C. The area CDE, bounded by the stratification curve 
and by the moist adiabatic curve, is proportional to the energy of instability lib— 
erated during the ascent of a saturated air particle, the so~called energy of moist 
instability. 


The difference between the areas CDE and ABC is proportional to the total 
energy of instability liberated during the motion of the air particle from the level 
A to the level having pressure p. But any energy diagram can be obtained from 
another such diagram by means of an area~preserving transformation. The energy 
of instability will therefore be represented on any energy diagram by an area, 
bounded by the stratification curve, by the curve of state, and by the isobars pas- 
sing through the points corresponding to initial and final levels of the air particle. 


Figure 57, The area, enclosed between the stratification 
curve and the moist—adiabatic curve, is pro— 
portional to the energy of moist instability 


Since this air particle has been chosen quite arbitrarily, the corresponding areas 
on the energy diagrams characterize the energy of instability per unit mass cor— 
responding to a given stratification. 


S$ 7, The Potential Temperature as a Criterion of Dry Air 
Stability 


The potential temperature is a good criterion of the dry air stability. The 
potential temperature of an air particle, as was proved in Chapter Il, x 16, does 
not change during the adiabatic processes; the adiabatically moving air particle 
will therefore preserve its potential temperature in passing through different 
levels, whence 
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d6 
ap == 0 wi §,== const, (1) 


We shall now determine precisely the atmospheric altitude variation of the 
potential temperature. By definition 


R 
=7, (Se). (2) 
Pp 


Computing the logarithmic derivative of 6. with respect to z, we obtain: 


1di.  14T, R 1 dp 3) 


—_ _e =e «Sr e@memmee~n~ww == =, 


6, dz [dz Cy, pdz 


But, according to the fundamental hydrostatic equation 


iap__sg 
pdz RT," 


Consequently 
do, 96, /dT, 
ae =, (e+e) - 


4 


assuming, as was done before, that — a e = Y, we finally obtain: 
dz 


di, 6 (4) 


dz. 7, %a— Y). 


It can be seen from equation (4) that the potential temperature increases 
with altitude in case of a stable stratification (y<_y,), decreases in case of un— 
stable stratification (¥ > Y,) - Ithas already been noted that the potential tempera- 
ture lapse rates can differ for the same stratification. 


R 
; Cc 
By assuming @ _(1000)"P we obtain. 
le _—#p 
R 
do, (eye (Y —y) 2 
dz \ p ° 


Thus, the dependence of the potential temperature on the altitude at a given 
lapse rate, is not linear, but is essentially determined by the pressure and, through 
it, on the altitude itself, 


The convective acceleration which is typical of the particular stratification, 
can also be expressed by the potential temperature, By substituting y—y, in 
equation (5) $ 6, according to equation (4), we obtain 


d?z gz db 
dt? ~ 6 dz° 


The potential temperature in many cases plays the same part in the com= 
pressible atmosphere, as does the molecular temperature in an incompressible, 
homogeneous fluid. One can easily convince oneself of this fact, by taking the 
potential temperature as a criterion of stability. 


A method based on the following considerations is used, if it is necessary 
to determine rapidly the approximate value of the potential temperature. Since 
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a descending air particle is heated by almost 1° per 100 m, it reaches sea level 
with a temperature of (T + 70) when dropping from an altitude of zm. This 
value will be approximately equal to the potential temperature if the pressure at 
sea level is close to the standard one (1,000 mb): 


6=—T+0.01 z. (6) 


The particle's pressure must be reduced to standard pressure, if the pres~ 
sure at sea level differs appreciably from the standard one; for this purpose a 


temperature increment of ( shia Po) is added to the right-hand side of equa- 
12 

tion (6). Hence the definitive approximate value of the potential temperature will 

be 


O—=T-+ 0.01 z= Po, (7) 


The obtained estimate will be a closer approximation to the actual potential 
temperature, the less does the atmospheric stratification deviate from an adiabatic 
one, Otherwise an important difference can occur between the actual and the com- 
puted potential temperature. We have seen above that the temperature of an adia— 
batically ascending or descending air parcel depends not only on its altitude, but 
also on the stratification of the surrounding atmosphere. 


The determining equation for the potential temperature at a given altitude 
can therefore be written: 
Ta 


To —ta2\* 
T;=Ty( —) 


or, assuming T; = T, = T and T a 0, and expanding in a series we obtain, re-— 


taining terms of order not higher than the second 


a {ita 22? 


The last term vanishes, and equation (8) goes over into equation (6) in the 
case of an adiabatic stratification (y=y,). It is proved by computations that use 
can be made of the approximate equation (7), when the potential temperature for 
altitudes of about 1,000 m is to be determined, but this equation is not sufficiently 
for altitudes of above 5, 000 m. 


8 8, The Influence of Vertical Motion on Dry Air Stability 


When large scale vertical motions take place in the atmosphere, entire layers 
of air rise and fall in such a way that they become subjected to different pressures 
and their horizontal cross section varies. The already mentioned phenomenon of 
the foehn can serve as an example of this process. In the case of anticyclones, a 
subsidence of vast air masses often takes place over a wide territory without a 
change of the relative position of the layers. The stratification of major air masses 
is altered in the course of such motions. 
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pip a:T” 
Figure 58. Change of atmospheric stability 


during the vertical displacement of 
great air masses 


Let some air layer (Figure 58) descend adiabatically and spread out in sucha 
way that its thickness diminishes, Let us assume in addition that there is no over- 
turning and no mixing, i.e., that the particles, which were situated on the upper 
boundary of the layer before the descent began, remain there after downfall. 

Let the layer's initial cross section be F, its thickness Az, the air density 

at the lower boundary f, , the pressure p, the potential temperature § , the mole- 
cular temperature T, the lapse rate ¥, and the corresponding values after 

descent: F'’, Az’, 0’, p’, W’, T’, Y'. 


In addition let the potential temperatures be respectively 0-1 A§ and 6’ + A’ 
at the upper boundary of the layer. Then as a result of an adiabatic descent, we 
obtain §6=6', 6-+ 46 —6'-+ Af’ and consequently A§ — Af’. Since the air mass 
remains unchanged, pFAz = 9'F’Az’ and 


or, in the limit 


d ) 
Assuming that p= pp = F (Y, —Y), we obtain after some 
reductions 
ee ee 
je lo V = PP le 1) w) 
hence, finally 
, F'p’ 
¥ =a Fp a). (2) 


It is obvious that the spreading out affects the layer in the same way as the descent, 
i.e. , diminishes its thickness, and vice versa. For our purposes in the following, 
and also for simplification, we will consider F to be constant, in spite of the fact 
that its variations are actually as important as the variations of the pressure. 
Equation (2) can be written in a form more readily explained, by assuming 


Ap =p'-p: 
A 
Y=1-(4a- DF (3) 


The case most often encountered is Yn i.e., when the strati- 
fication of the layer is stable before its descent. y’<C y¥ and the lapse 
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rate decreases, when p> 0, i.e.,when the air parcel is falling, whereby y’ be- 
comes zero and even negative, if Ap is large enough. Thus an isothermal process 
and even a temperature inversion can take place as a result of the subsidence and 
spreading out of air masses, Such a process often takes place in the center of 
stationary anticyclones, where extensive inversions of temperature are observed, 
called inversions of ascent or of subsidence according to their origin. Since 

the stratification becomes more stable the smaller the lapse rate as compared 
with the dry—adiabatic lapse rate, the result obtained can be formulated in the 
following way: the subsidence of air having an originally stable stratification 
increases the stability of the atmosphere; contrariwise, the stability decreases 
when a stable stratified layer rises, i. e., when Ap <0. 


The effect of ascending and descending motion is reversed in the rare cases 
where the stratification is unstable to start with, when y > y,, the downward 
motion causes an increase of the lapse rate, i.e., increases the instability; but 
the ascending motion diminishes the lapse rate, and consequently diminishes the 
instability too. 


If the lapse rate is initially equal to the adiabatic lapse rate (Y=Ya)) it 
remains equal to it also after descent. This result brings us to the conclusion 
that an atmospheric state cannot lose its stability merely as a result of adiabatic 
vertical motions. The results obtained above are given in Table 21. 


Let us have a look at Table 22, which gives the values of the lapse rate after 
the adiabatic descent of the air layer, and which was calculated on the basis of 
equation (3) for p = 500 mb. 


It should be noted that although the above theory of formation of subsidence 
inversions seems plausible at a first glance, but nevertheless the intensity of the 
inversions obtained according to this theory are incompatible with the more inten- 
sive inversions observed in stationary anticyclones. Inversions of great intensity 
cannot develop at positive lapse rates, as Table 22 shows; but an adiabatic descent 
of several kilometers is necessary for their growth even at negative lapse rates, 
which is not very probable. It seems that the intensive anticyclone inversions 
have their origin in some other sources of a dynamic character, whereas the adia— 
batic descent only augments the effect of these dynamic factors. 


Table 21 


The change in atmospheric stability during vertical motions of large 
air masses 


tratification 


Vertical 
motions 


Subsidence 
ip>o0 


Ascent 


Stable 
v4 
<< Ya 


Stability 
increases 


Ya> i >yY 


Stability 
decreases 


Unstable 
Y> Ya 


> 1> Ye 


Stability 
decreases 


(a= =< % 


Stability 
increases 
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Indifferent 
v= ‘1a 
Y= 1=%a 


The stratification 
remains constant 


V=1= Yo 


The stratification 
remains constant 


Table 22 
The values of the lapse rates Y' after a dry air subsidence 


§ 9. Polytropic Variation of Temperature with altitude 


The temperature variation of an air parcel during the polytropic process 
will now be determined. From the equation of heat balance we have: 


R T 

ope, pee _ 
from which we obtain, by introducing the altitude z:through the fundamental 
equation of statics 


aT = 


dz Cp — Cy T, : (2) 
If the temperature of the ascending air parcel always equals the temperature 


of the surrounding atmosphere, we have 


Lil pene 2 (3) 
dz bo Cx 


The magnitude 


=n (4) 


may be called the polytropic lapse rate. Equation (4) and Table 23 show that the 
polytropic lapse rate increases together with ¢,. 


Table 23 
Polytropic Lapse Rates 


0.23 | 0.24 


Ce | 0.00 0.5 | 0.10 0.15 0.17 0.20 


0.0600 | 0.2400 | fo) 


l 
Yx°/™m 0.0109 0.0126 | 0.0171 | 0.0267 | 0.0342 


The case ¢_= c, is of the greatest interest, i,e., when the density 
of the atmosphere does not change with altitude, and when the air parcel changes 
its temperature in such a way that its specific volume and density remain constant, 
while its temperature is constantly equalized with the temperature of the surrounding 


atmosphere. In such a case 


& 
Y= of == = 3.42°/100 m, 


Co— Cp 
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i.e.,the temperature must decrease by 3. 42° per 100 m, if the density does not 
vary with the altitude. The density will increase or decrease with altitude, de- 
pending on whether the actual lapse rate will be greater or smaller than 1, This 


limiting lapse rate is called the lapse rate of ®autoconvection®. It has been assumed 
in the past that convection starts immediately and automatically without any ex— 
ternal impulse, because the air density increases with altitude. However, this 
idea appears to be erroneous. According to the theory expounded above, the dry— 
adiabatic lapse rate of autoconvection is the limiting one (in the sense of stability) 
for dry air. According to contemporary views, an unstable equilibrium can exist 
in the atmosphere on any scale, if there are no disturbances to disrupt it. Lapse 
rates exceeding several times the dry~adiabatic lapse rate are, however, encoun— 
tered very often in the lowest layers of the atmosphere. Their presence must be 
explained in some other way, but not exclusively by the absence of distrubances, 

A dry adiabatic lapse rate should exist in the atmosphere, if both the ascending 
and the descending air parcels were to change their state adiabatically. However, 
an air parcel situated in the lowest layer of the atmosphere in fact changes its 
state not at all adiabatically. Some other lapse rate must therefore serve as 
criterion of stability for the lowest layers of the atmosphere, which should be a 
polytropic and not a dry~adiabatic lapse rate, The value of this lapse rate is not 
constant — it varies both with altitude and time. This lapse rate is greater than 
the adiabatic one during the heating of the lower atmospheric layers, and smaller 
during cooling. Its value can be particularly great in the lowest layer, where the 
heating takes place nearly isobarically. It can be seen from Table 23 that the 
polytropic lapse rates can be of the same order of magnitude as those observed in 
the terrestrial surface layer of the atmosphere, Thus the great superadiabatic 
gradients observed in this lowest layer are still not indicative of a very unstable 
stratification, since the criterion of stratification stability must here be not the 
dry~adiabatic, but the polytropic lapse rate, the value of which can not be evaluat- 
ed even approximately because it varies over a very wide range depending on the 
actual influx of heat to the air parcels in the lower layers of the atmosphere. 


§ 10. The Criterion of Stability for Unsaturated Moist Air 


The dry—adiabatic lapse rate also retains its significance as a criterion for 
moist air unsaturated by water vapor, if its composition is the same at all altitudes 
i.e., if the specific humidity of the atmosphere does not vary with altitude. The 
dry—adiabatic lapse rate will not, generally speaking, be a criterion of atmospheric 
Stability, if the specific humidity varies with altitude. In order to verify this let 
us consider the equation for the convective acceleration in the form 

dz Pe — Pi 


apo ” 


Replacing p, and p, by their values, obtained from Clapeyron's equation: 


p — Pp e a_i: p 
: RT," Pe RT" (2) 
we obtain 

d’z Tot — TV ve 

dt? Tye’ 


where Ti and jee —~are respectively the virtual temperatures of the independent 


air parcel and of the surrounding atmosphere, whence 


Ty, =T; (140.6055); T,,==7,(1-+0.605s.). (3) 
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In the equation (2) let us introduce the lapse rates 


aT; 
dz dz= toi ae Ya42, 


Ty = T ot, + 


taking into consideration that the process takes place without any moisture exchange 
with the surrounding medium, and that s, = s_ = const. in this case, On the other 
hand, we have : 2 


Tye ma a oe OF Az ’ 


dTe_ . : 
where Y =-dz 18 the virtual temperature lapse rate in the surrounding air. 
By putting TL 50 = ce, we obtain 
Gz __ to Ya 
dan BT. - Az. (4) 


Thus, a virtual temperature lapse rate which equals the dry-adiabatic 
lapse rate, Y=, Serves as criterion of stability for moist air. 


The moist air is thus in a stable equilibrium, if Yu< i; in an unstable 


equilibrium, if ‘ee and in an indifferent one, if Y,==Y,.- 


The virtual temperature lapse rate Yo equals the molecular temperature 


lapse rate ¥, if the content of water vapor does not vary with altitude. The virtual 
temperature lapse rate can differ essentially from that of the molecular tempera— 
ture, if the specific humidity does vary with altitude. 


Indeed, by differentiating equation (3) with respect to z, we obtain 


ds 
Yo=Y— 90.67. (5) 


Equation (5) shows that the conditions of stability may assume diverse forms 
for a humid atmosphere with a nonhomogeneous distribution of water vapor. The 
lapse rate can eventually reach superadiabatic values in the course of specific 
humidity growth with altitude, but the stratification remains stable. Such cases 
are rare, however, Sharp minima in the specific humidity altitude distribution 


( <0 are more frequently observed in the atmosphere. The condition of 


stability then appears to be not the decrease, but the increase of the temperature 
with altitude (temperature inversion), This agrees with the well known fact that 

an inversion is often observed at the top of a cloud, It follows from the above ana- 
lysis that the existence of inversion is necessary from the point of view of statics, 

if stability prevails. The cloudy layer will not be in a state of stable equilibrium, 

if the layer of drier air aloft is not hotter than the cloudy layer situated directly 
under it. Moving clouds are for the same reason often colder than the surrounding 
atmosphere at the same level, though the observed temperature difference is usually 
greater than that which can be explained by the foregoing analysis. 
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§ 11. Stability and Instability 


The stability and instability of dry and unsaturated moist air have been con 
considered in $ 5, by proceeding from the conception of the equilibrium stability of 
a mechanical system. We have seen that it is easy to give an exact definition of 
stability and instability. air is in a stable equilibrium if the air parcel, being 
thrown out of the state of equilibrium by any exterior impulse and then left to pro 
ceed on its own, is retarded in the direction of the impulse and tends to return to 
its previous level, The equilibrium is unstable, if the air parcel is accelerated in 
the direction of the impulse and tends to move away from its initial level. Finally, 
the equilibrium is indifferent if the air parcel can remain at rest on any level and 
may be either accelerated or retarded, 


However, the determination of the character of the stability of atmospheric 
stratifications on the basis of actual observations, seems less, owing to the follow=— 
ing circumstances; 


1. It was previously assumed that the independent air parcel moves vertical— 
ly, while the remaining air remains at rest. The actual situation is different. 
Since air is a compressible and a continuous fluid, the displacement of an independ- 
ent air parcel will immediately cause a compensatory flow in the surrounding m2d- 
ium; consequently, the density both of the rising air parcel and of the surrounding 
medium will be altered, Since the acceleration of the parcel depends on the difier— 
ence between its density and that of the surrounding medium, the parcel'’s accelera— 
tion depends not only on the initial impulse and the initial stratification, but also on 
the kinematic conditions of the motion. 


2. If the vertical motion causes a condensation of water vapor, the latent 
heat of evaporation liberated during this process causes additional changes in the 
density distribution. If the saturated air parcel, for instance, rises moist— 
adiabatically within the descending unsaturated air, and such cases do constantly 
occur in the atmosphere, the ascending saturated air will change its state moist— 
adiabatically, whereas the descending unsaturated air will do so dry=adiabatically. 
The heating of the descending air can be greater or less than the cooling of the 
ascending air, depending on the kinematic conditions. 


3. It may happen that the stratificationis stable with regard to small disturb- 
ances, and unstable with regard to sufficiently great ones, if the stability is slight. 


The stability of atmospheric stratification is thus not only a problem of statics, 
but also of the dynamics of the atmosphere. Therefore, when solving the problem 
of the stability of the atmosphere, one cannot consider only the stratification of the 
atmosphere, but it is also necessary to make allowance for: 1) the nature of the 
disturbances, 2) the density changes which take place as a result of motion. 


As we have seen inChapterV, the state of equilibrium is characterized by the 
coincidence of the isobaric and the isosteric surfaces, as well as by their horizontal 
position. The atmosphere is baroclinic, and accelerations which tend to restore 
the barotropic state develop in it, if this condition is not realized, 


In this way, isobaric~isosteric solenoids—positive in case of instability, 
negative in the case of stability—appear in the atmosphere when equilibrium is 
disturbed, 


The conditions for stability were briefly examined above, assuming that the 
air parcel rises in a resting atmosphere. This assumption is quite accurate for 
those cases where the rising air parcel is small, and the compensating de— 
scending current consists of a vast air mass, The dry~adiabatic lapse rate is 
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then a criterion of stability for completely dry air, while the moist-—adiabatic 
lapse rate is a criterion of stability for moist saturated air. 


If the moist air is unsaturated, the dry-—adiabatic lapse rate can be 
adopted as a reasonably accurate criterion of static stability, by considering 
it constant and using the virtual instead of the molecular temperature. The 
last condition is, however, not obligatory, because the change of humidity is 
usually insignificant, and may therefore be neglected. Only in rare cases of 
very rapid intermittent changes of humidity with altitude is it necessary to take 
into account its influence onthe degree of stability of moist air. 


These criteria, however, apply to the moist air only as long as the motion 
which began in an impulse does not take the parcel past the limit beyond which 
condensation starts in ascending parcels. Thus, although the criteria obtained 
for completely dry air are also applicable to unsaturated moist air when the im—- 
pulses which disturb the air parcel's equilibrium are small, they cease to apply, 
if the impulse is large enough for the parcel to reach the level of condensation. 
Since atmospheric motions often transcend this level, new criteria applicable to 
strong impulses causing considerable displacements of moist air masses have to 
be elaborated. It is more convenient to study this problem by means of some 
aerologic diagram such as the emagram, 


Let the curve ACED (Figure 59) represent the stratification curve, plotted 
according to the results of aerologic soundings. Further, let the curve ABCD re~ 
present the curve of change of state of the individual air parcel A. It can be seen 
from the diagram that the parcel remains colder than the surrounding atmosphere, 
until it has reached the level C, and it will therefore tend to regain its initial equili- 
brium position. The equilibrium will thus be stable with respect to not very great 
impulses. But the air parcel will be hotter than the surrounding atmosphere, if 
the applied impulse is so strong that the parcel ascends higher than the level C. 
The parcel will therefore acquire an upward acceleration, which will not diminish 
to zero until the parcel has reached the level D, where it will have the same tem- 
perature as the surrounding atmosphere. Thus, the equilibrium will be unstable 
with respect to impulses which are sufficiently great to cause the parcel to ascend 
to the level C; ata higher level, the air parcel acquires upwards acceleration 
due only to the specific stratification. This level is called the level of free convec— 
tion. The level of free convection is different for various points of the stratification 
curve. The resistance to ascent, which must be overcome at the expense of the 
external energy (area ABC) in order to lift the parcel up to the level of free convec- 
tion, is also different for the various points of the stratification curve; the quantity 
of energy liberated during free convection will also be different (area CED). It 
should be noted that the stratification of the layer ED is stable. The air parcel E 
will therefore encounter a resistance to its motion when it begins to move upwards. 
But the parcel A will continue to ascend when, having been raised to the level 
of free convection, it penetrates into this layer. 


This example shows that latent instability can be realized by an upward 
impulse strong enough to raise the air parcel higher than a certain level. It is 
easy to see that this instability, in the case under consideration, cannot be realized 
by means of downward impulses, great as these may be. 


Three essentially different cases of stratification may be distinguised, by 
comparing the slope of the stratification curve with the slope of the dry and moist 
adiabates: 1) absolute stability, 2) absolute instability, 3) conditional instability. 
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Figure 59. The stratification of the atmos— 
phere is stable with respect to 
weak impulses, and unstable with 
respect to strong impulses 


These cases will be examined separately. 


1) Absolute stability is characterized by a lapse rate smaller than the moist- 
adiabatic one (Y< Ya) It can be seen from the curve Oa (Figure 60) that the 
stratification will in this case remain stable, regardless of the impulses applied to 
the air parcel and of the extent of the motions, caused by these impulses, 


2) Absolute instability is characterized by a lapse rate greater than the dry— 
adiabatic one (y>y,) . It can be seen from the curve Ob that the stratification 


will be unstable in this case, however small the applied impulses are, and where— 
ever they may be directed. 


Lp, 


Figure 60, Different types of atmos~— 
pheric stratification: 


a) absolute stability (y < ,); 
b) absolute instability (7 > y,); 
c) conditional instability (1, <9 < Ya): 


3) Conditional instability (the curve Oc) is charactemzed by the lapse rate of 
moist air, which is smaller than the dry~adiabatic, but greater than the moist- 
adiabatic lapse rate (Yar Y<). 


The realization of this conditional instability depends on the distribution of 


moisture. The following two types of conditional instability may be distinguished: 
the permanent and the latent instability. 


Permanent instability. LetABCD and A'B'C'D' (Figure 61) represent 


respectively the stratification curve and the distribution curve of the wet bulb tem-— 
perature, Let the air parcel A ascend dry— adiabatically up to the condensation 
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level, and proceed moist~adiabatically after passing this level. Ataa! represents 
the moist adiabate or the curve of the pseudopotential wet bulb temperature of the 
parcel A. Another air parcel B will be now examined, and a curve B'!b! of the 
pseudopotential wet bulb temperature plotted for it. It can be seen from Figure 61 
that not a Single curve of pseudopotential wet bulb temperature intersects the strati~ 
fication curve. This means that any parcel ascending adiabatically from the layer 
under consideration will remain colder than the surrounding atmosphere. Sucha 
stratification is permanent. 


(9p 


Figure 61. The permanent type of conditional 
instability 


Latent instability. The stratification curve ABCDE and the distribution 
curve of the wet bulb temperature A'B'D' (Figure 62) will now be examined. Let us 
assume that the air parcel starts adiabatically on its ascent. 


lop 


Figure 62. The latent instability. The curves 
of pseudopotential wet bulb tempera— 
ture intersect the stratification curve 


The parcel's temperature will vary dry—adiabatically up to level of condensa- 
tion, and above this level according to the moist adiabatic curve, which passes 
through the point At. Below the level C the parcel will remain colder than the sur- 
rounding atmosphere, and will therefore be stable with respect to small impulses. 
But if an impulse is applied, strong enough to send the air parcel ascending up to 
its level of free convection, then it will be found hotter tnan the surrounding 
atmosphere. An upward acceleration will therefore be imparted to it, which will 
not revert to zero until the parcel is raised to the level E, where its temperature 
will be found equal to the temperature of the surrounding atmosphere. The energy 
of instability, which has been latent in the stratification structure, is thus realized 
during the ascent of the air parcel. It can be seen from Figure 62 that latent in— 
stability exists below the level B. The stratification is permanent above this level, 
since thereno curve of the pseudopotential wet bulb temperature can any longer 


intersect the stratification curve. 
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Figure 63. The pseudo-latent instability 


The surface AaBC represents the amount of energy which is required to raise 
a unit of mass from A up to the level C of free convection. The area CDE repre- 
sents the amountof the actually apparent ''sensible'! energy, referred to a unit of 
mass brought up from A. Two cases of latent instability must be discerned. 


1) The area CDE is greater than the area AaBC (Figure 62). The amount of 
energy realized in this case is greater than the energy previously lost. An excess 
of energy is thus obtained, which is used up to overcome friction and also converted 
into kinetic energy. This may be called latent instability proper. 


2) The area CDE is smaller than the area AaCB (Figure 63). In this case 
energy is lacking, and therefore must be taken from without to overcome the 
friction and for conversion into kinetic energy. This case may be called pseudo 
latent instability. 


The relation between the positive and the negative areas is an important fac— 
tor in the forecasting of storms and other convective phenomena. However, it 
should be kept in mind that a positive area can Only be obtained in the case when 
the negative area is so small that the applied impulse is sufficient to raise an air 
parcel up to the level of free convection. 


Table 24 contains a summary of the various definitions and of the criteria of 
stability and instability, on the condition that the isolated individual air parcel 
ascends in a quiescent atmosphere. 


Table 24 


The criteria of stability, based on the assumption that the surrounding 
air is immobile 


i, Unsaturated moist air; the moving parcel does not attain saturation: 


a) absolute stability......... jie YONG. OF 7 > 0, 
paca Bae Loe d§ 

b) indifferent equilibrium...... voy, “OF rE ==); 
; dat a9 

c) absolute instability ......... >a Or <0. 


2, Saturated moist air: the moving parcel retains its original saturation: 


d§.. 


as e 
a) absolute Stability, <5 i< Sete 5 ee or de > 0, 
b) indifferent equilibrium..... — 7 or AD se == 0) 
Y a dz , 


{nt 
“J 
ney 


Table 24 (cont'd) 


c) absolute instability ........ 1>% or 


3. Unsaturated moist air: the moving parcel attains a state of equilibrium: 


a) absolute stability ......... <Y, oF ase > 0, 
z 
b) conditi li ili : 
) conditional instability ..... tr <1< ae 
b*’) the permanent type....... . The curves of the pseudopotential 


wet bulb temperature do not inter— 
sect the stratification curves 
(Figure 61). 


bi!) the latent type ............ Any curve of the pseudopotential 
wet bulb temperature intersects 
the stratification curve. 


by) pseudo-—latentinstability.... The positive area on the emagram 
is smaller than the negative one (Figure 62). 


bi) proper latent instability. ... Tne positive area on the emagram 
is greater than the negative one 
(Figure 63). 
oe a§ 
c) absolute instability ........ 1>Y. or aa 0. 


$12. The Layer Method 


In the course of our foregoing examination of the stability of atmospheric 
stratification we made the assumption that the individual air parcels move ina 
resting atmosphere. The real situation is different. Since atmospheric ir is, 
broadly speaking, an incompressible and homogeneous fluid, the motion of air 
parcels will cause immediate compensatory flow in the surrounding atmosphere, 
and consequently also a change of state. Thus, the ascending air parcelis envel- 
oped in a descending air current, whose state is in transition. The growth of 
cumuli is a typical and most important example of such a process, when a growing 
cloud rises moist--adiabatically in adry-adiabatically downward-bound current 
of air. In the present section we shall explain how the previously obtained cri- 
teria are modified by making allowance for the presence of ascending or descend- 
ing currents. In addition, not a single isolated air parcel wiil be examined, 
but an entire air layer; the method is therefore called the iayer method (in 
contrast to the preceding air parcel method). 


Thus, let us imagine any isobaric layer of the atmosphere, sufficiently 
extended in its level to include both ascending and descending currents within 
its limits. The following assumptions will be made: 


1) No horizontal motions exist within the layer, and if they do they are ofa 
kind that do not give rise to influx or redistribution of air masses within 


the confines of the 1ayer under consideration. 
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2) The air is initially quiescent, and the density field is barotropic. 
3) The change of state takes place adiabatically. 


The first assumption indicates the fact that equal amounts of air are transport— 
ed upwards and downwards through any isobaric surface, or through any isobaric 
unit layer, l.e., 


) o’w'ds’ = J ow ds, (1) 


where S! is the area occupied by the ascending currents; S — the area occupied by 
the descending currents; g’ and p— the densities of the ascending and descending 
air; w' and w — the upwards and downwards vertical velocities. 


Denoting by M! the mass of the ascending air contained in a unit layer, and by 
M — the mass of the descending air contained in the same layer, we can rewrite 
equation (1) in the form 


Mw' =——M-w, (2) 


where wt, w are now the mean velocities of the ascending and descending air currents. 
The second assumption admits the coincidence of the isobaric and the isosteric 
surfaces, and consequently the absence of the isobaric—isosteric solenoids at the 
initial moment. 


The third assumption means; that the local temperature variations inside the 
layer are caused only by the convection of differently heated air masses, in which 
an adiabatic change of state takes place. The local rate of temperature variation 
is therefore given by the following equations: 


oT" : : 
a= Ww (Y—vY,) in ascending unsaturated air 
ey ' . 
y= (Y—Ya) in ascending saturated air 
(3) 
ae ind di pone ee 
ap == (Y—Y,) in descending unsaturated air 
Tw (Y— Ya) in descending saturated air. 


Tne entire air layer will be set in motion, part of it moving upwards and the other 
part downwards, if an upward directed impulse is imparted to any mass of air in 

the layer. The isobaric surfaces remain horizontal as before, whereas the isosteric 
surfaces are usually deformed, and are thus brought to intersect the isobaric 
surfaces. In consequence of the local changes of temperature, heat is accumulated 
inside the layer; the rate of this accumulation equals 


a0 or, ,, or or /(or ar 
20, (m4 om a) =e (MtM) Tt M (a): (4) 


This accumulated heat as expressed in the right-hand side of equation (4) is 
divided into the part taken up for a "uniform" heating (or cooling) of the whole layer 


or ee : 
at the rate or.’ Which is the heating (or cooling) due to the downward motion, and 
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rae used for “additional heating (or cooling) of the ascending air at a rate of 
ol’ oF 
( a or) 


It is obvious that the second term, which can be called the solenoid-producing 
term, represents the amount of heat converted into kinetic energy. The equilibrium 
will be unstable if the ascending air is hotter than the surrounding descending air, 
and vice versa. 


All the possible cases of air ascending in a descending current will now be 
examined: 


1) Unsaturated air. The upward motion in this case, as can be seen from 
equation (3), causes a local heating, whereas the downward motion causes a local 
cooling, if y >y,.A reverse process takes place if ¥<y,. 


By substituting equations (2) and (3) in equation (4) we obtain: 
d M' Vana? M\ ays 
T= — (| + 9p) Mw (yt) +e, (1-57) Mw'(y—y.)=0. (5) 


The vertical motions, as can be seen from equation (5), cannot cause either gain or 
loss of heat in the layer under consideration. They only cause a horizontal redistri- 
bution of heat, namely: an additional heating of the ascending air takes place at the 
expense of the uniform cooling of the layer, if ¥> Yq, and vice versa; the iso- 


therms will be deformed, and the solenoid—producing term will have the form of 
MY aa 
c,(1 Tin)! w' (¥ — Yq): 


Thus, if an upward impulse is imparted to an air mass M* whose lapse rate is 
y and which has initially been in a state of rest, the mass will gain an additional 
acceleration in the direction of the impulse, if 1 > 7,3 acceleration will be absent 


if Y=y,, finally, the air mass will be retarded in the direction of the impulse if 


¥< Ya 


Consequently, the criteria of stability previously deduced by the air—parcel 
method remain valid also for unsaturated moist air, when compensation currents are 
present in the surrounding atmosphere. However, this method gives a nonconstant 
value of the energy of instability. 


Attention must be drawn to the fact that the sign of the solenoid-producing 
term does not depend on M and M!, This means that the unsaturated moist air 


responds equally to impulses of arbitrary magnitude. 


2) Saturated air. By repeating the same reasoning for the case when the 
ascending and descending air masses are saturated, we shall arrive at the same 
conclusion, namely: the criteria of stability, as deduced for saturated air according 
to the air—parcel method, remain accurate even in the case, when the saturated air 
ascends adiabatically in a current of adiabatically descending saturated air. 


3) The moist—adiabatic ascent of air through a dry-adiabatically subsiding 
a a ee a a ease aaacacasaaacamad, 
current, 


This case is of the greatest interest. It corresponds to the formation of 
cumuli (Figure 64). The symmetry which was characteristic for the first two 
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cases is not retained inthis case, and equation (4) acquire the form 


- =c,w'M’ (Y¥,— Ya) = 
M' | (6) 


= oo (1 Af) (yn) teem" [1 — Ta — to — 1) 


The left-hand side of equation (6) represents the heat liberated per unit time 
by the condensation of water vapor in the ascending air mass M', if the velocity of 
ascent is w'. This heating is directly proportional to the rate of ascent of the rising 
mass. It is also proportional to the difference Yo sey or to the angle between 


the dry and moist—adiabatic curves. This angle diminishes with decreasing 
temperature, since the two adiabatic curves converge when the temperature de— 


creases. 


Figure 64. The moist—adiabatic ascent of air, 
accompanied by a compensating 
dry—adiabatic subsidence 


| 
The first term on the right side oe + —) (Y,—Y), which represents 


the uniform heating (cooling) of the whole layer, is directly proportional to the up— 
ward velocity of the saturated air and to its mass; itis also directly proportional 
to the difference Y;—Y,.i.e., to the angle between the stratification curve and 


the dry—adiabatic curve. The layer is uniformly heated, if This term is 


usually positive, an important part of the heat of condensation transferred to the 
layer being used for its uniform heating. 


Finally the last term on the right-hand side of equation (6) 


cw’ [1 — Yo —(ta— 1) | oe 


represents that part of the liberated heat, which can be converted into kinetic energy. 
The kinetic energy increases if this term is positive, which corresponds to unstable 
equilibrium; it decreases and the stratification is stabilized, if this term is negative. 
The stratification is therefore 


, 1 M (ta. 

unstable, if Y> yep Se =y, 

indifferent, if ya=y' | Mt’ (ta—1) 8) 

y Ya + M ’ ( 
stable, if : M (a=) 
1 as eee em 
Thus, the nature of the stratification is not cleariy defined by the lapse rate, 

but depends on a number of subsidiary conditions. All the possible cases of 


atmospheric stratification, beginning with most extreme, will now be examined. 


1) It follows from equation (8) that the stratification is unstable, if es oe 
This is correct for any relation between M and M', Thus, the air layer in this 
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case responds similarly to disturbances of different magnitude, and the criterion 
of stability agrees with the criterion which was determined by the air parcel rnethod. 


2) It follows from equation (8) that the equilibrium is stable if Y< Ys, 


This is also correct for any relation between M and M!, i.e., the behavior of the 
air does not depend on the horizontal extent of the disturbance. Thus, the criterion 
of stability agrees in ths case too with that determined by the air parcel method. 


3) It follows from equation (8) that for any relation between M and M', for 
= Ya, the equilibrium is stable and not indifferent, as was determined by the 


air parcel method. 


4) Ya < ¥< Yo: nts is the most frequent, and therefore the most import- 


ant case from the practical point of view. It can be seen from equation (8) that the 
equilibrium can be of any kind, depending on the relation between M and M'. The 
condition (&) proves that the air will react differently to disturbances of a different 
horizontal extent. The air will be in an unstable equilibrium if the impulse imparted 
to it is strong enough, and in a stable equilibrium if the impulse is small. 

Thus, the air responds unequally to different impulses imparted to it from below. 
Such a stratification is called conditionally unstable 
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Chapter VI 


RADIATION 


S 1, The Fundamental Laws of Radiation 


Radiative transfer is a frequently observed form of energy exchange. Since 
only electromagnetic radiation will be treated in this book, the term "radiation" 
will only be used to describe the emission of electromagnetic waves by bodies and 
the transfer of radiant energy from one body to another. 


Radiation and (internal) heat energy are quite different from each other. 
Radiation energy is transformed into heat energy only when material particles are 
present. The transfer of heat energy takes place only ina physical medium. Ra- 
diation energy can also be transferred in the absence of a physical medium - ina 
vacuum, meaning that none of the known material particles are present. In mete 
orology, however, we only deal with propagation of radiation energy ina physical 
medium — the atmosphere. 


All electromagnetic waves propagate in the same medium with an equal ve- 
locity c. They only differ from each other in their wave length 4 or in the cor- 
rosponding frequency of vibration v . The following relation exists between A 
and v 


The velocity of propagation of electromagnetic waves in the atmosphere is close to 
the velocity of light in vacuum, Co = 2.9977°1010 cm sec “1, 


Electromagnetic waves can be differentiated according to wave length. At 
present, the entire spectrum of electromagnetic waves is known, almost without 
exception, from 100,000 km to 10° cm. In meteorology we restrict ourselves 
to the examination of a comparatively small range, from 0.1yto 100 ht (4 = micron 


= 10 : cm). The waves corresponding to this region are also called light waves, 
although only wave lengths of 0.4 to 0.7 # directly stimulate our visual nerves. 
However, shorter waves can cause perception of light,though indirectly, when 
falling on certain substances. Such short Nght waves are called ultra-violet waves. 
Waves with 4}>0.7 are called infra-red waves. 


According to the law of conservation of energy, radiation can only take 
place at the expense of other kinds of energy (heat, electrical energy, chemical 
energy). Light can therfore be emitted only by physical bodies, and not by geo- 
metric forms or surfaces. Radiant energy most frequently originates as a result 
of the transformation of the internal energy of solid, liquid or gaseous substances. 
Such radiation is called thermal radiation. 


Two classes of light waves will be considered: "short-wave radiation", 
which belongs to the solar spectrum and extends approximately from 0.3 to 3.0 u 
and "long-wave radiation ", which is emitted both by the terrestrial surface and 
the atmosphere, and lies between the limits of 3 | and 30 1. Actually these limits 
are approximate and not exact, since the region of the spectrum corresponding to 
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Solar emission of light and heat extends farther on both sides of this interval. 
The energy lying beyond the limits just mentioned (which should be well remem- 
bered), comprises however, only 1% of the total energy. The upper limit of 30 u 
may be regarded as too low for a long wave radiation. The small amounts of 
water vapor present in the air completely absorb this radiation. 


Radiant energy emanating from the body is irradiated in all the directions. 
The radiating body could lose all its store of internal energy if it did not receive 
energy from without. This does not happen in nature because energy emitted 
by other bodies flows in uninterruptedly and is absorbed by any body on which it 
is incident. 


Every body emits energy under all conditions, and at any temperature, even 
the lowest. At the same time it continuously absorbs the flux of energy emitted 
by other neighboring bodies. Constancy of temperature, and therefore of internal 
energy, cannot persist in a state of static equilibrium since an uninterrupted flux 
of energy from the body takes place even at a constant temperature. But this loss 
is compensated by the absorption of radiant energy falling on the body, and its 
conversion into internal energy. We have thus a case of dynamic equilib- 
rium. The decrease in internal energy during the cooling of a body by radiation 
can be used as a Measure not of the total flow of energy out of the body, but of 
the difference between the outgoing and the absorbed fluxes. 


Radiant energy propagates rectilinearly in a homogeneous medium with velo- 
cities which can be accurately computed from measurements, although they much 
exceed these to which we are generally used. 


In thermal radiation the body emits or absorbs radiations of different wave 
length to a varying extent. 


The emission of an absolutely black body, i.e., a body which completely 
absorbs incident radiation of any wave length, is of great importance from the theo- 
retical point of view. Let the ratio of radiant energy absorbed by a body to the 
energy incident on it be called the absorption coefficient a of the body; then it can 
be said that an absolutely black body is a body whose absorption coefficient is 
equal to unity for all wave lengths and under all conditions. The absorption co- 
efficients of other bodies depends on the temperature and on the wave length,i.e., 
their a =a(A,T). The body is called gray if a is equal for all wave lengths, 
though smaller than unity. The absorption of a body is selective if a depends on A 
It stands to reason that there are no absolutely black or gray bodies in nature. 


Of all existing bodies, carbon black and platinum black have the highest ab- 
sorption coefficients, amounting to about 0.98. Absolutely black and gray bodies 
are, however, useful auxiliary concepts, facilitating the study of various radiation 
problems. 


Absorption and emission of energy are both characteristic of physical objects. 
An adopted measure of the emission capacity is the quantity of energy emitted by the 
body per unit time, through a unit surface element and within a unit solid angle 
(for an isotropic body). This emission coefficient depends only on the properties 
and on the state of the emitting body, and not on the properties and the state of 
the surrounding medium. For thermal emission, the state of a body is determined 
by the absolute temperature T. The emission coefficient is, besides, a function 
of A and T, i.e.,e = e(A, T), since it is different for different wave lengths. The 
emission coefficient of a black body is greater than that of any other body at the 


same temperature. 


Kirchhoff's law (1882) is the fundamental law of thermal radiation; the 
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ratio of the emission coefficient of a body e (A, T) to its absorption coefficient 
a( A, T) according to this law does not depend on the properties of the body, but 
only on the wave lengthd, and on the temperature IT; 


e(A,T) 
aC) E(A,T) (1) 


a = 1 for an absolutely black body; therefore, E(}, T) is the emission co- 
efficient of an absolutely black body. Kirchhoff's law is correct only for mono- 
chromatic radiation, i.e.,for radiation having a constant wave length. The equality 
e(i, T) =a(.,T) = 0 may hold for an exceptional case. In sucha case the body 
is transparent to radiation of a wave length kh. Many bodies, particularly gases and 
vapors, have selective absorption properties. Therefore they emit radiation of 
only definite wave lengths. 


According to Kirchhoff's law, bodies which absorb well emit well, and vice- 
versa. Thus, for example, rough surfaces emit heat well but smooth, polished 
surfaces emit badly . 


Dry air is nearly transparent for all the wave lengths, and its emission co- 
efficient is practically zero. Water vapor is almost transparent to solar short- 
wave radiations but absorbs long waves, which are emitted at terrestrial and 
atmospheric temperatures. 


The energy distribution in the emission spectrum of an absolutely black body 
is given by Planck's law, deduced by him in 1900 on the basis of the assumption 
of quantum emission*: 
2c7hi— 5a} 
E(), T)aA=———, 


er 2 
et __y (2) 


where E ( i, T) di is the radiant energy of wave length in a spectral interval dh 
emitted in vacuum by a square centimeter of the surface of an absolutely black body 
at a temperature T, into a unit solid angle, and where 


10 
c =3 X 10 cm/sec - the velocity of light 


k = 1.38 10 a erg/deg - Boltzmann's constant, which is the gas constant per 
927 molecule. 

h = 6.61 X10 erg:-sec ~ Planck's constant (''the elementary quantum of action"). 

Expressing the radiation in cal/min- cm? , the wave length in microns, and putting 


C, = 2c?h = 1.7 & 10-" cal cm’min ! 


C= = 1.43 cm deg, 


we obtain Planck's law in the form: 
—5 
E(), T) dja BOS | 
eT 


(3) 


The function E(4, T) vanishes at} =0Oandk=o0O andhas atsome i a 
maximum for any constant value of the product }.T. The energy emitted by a 
black body at a fixed temperature attains its maximum at a clearly defined wave 
length. We thus obtain Wien's law of displacement: 


b 
Amax = Fs (4) 


where b= 0.2884 cm deg = 2884 u deg. 


=_ we eww eee = = ee ee ee eS ee 


* [ Actually Planck advanced the quantum hypothesis as an explanation of his pre- 
viously obtained semiempirical law. — Translator's note. | 
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The radiati t 
ation intensity at ) max Will be 


15 y) 


E =5.98x10- x T° cal/mincm 


max 
Thus, the higher the temperature of the black body, the smaller the wave 
length corresponding to the maximum intensity of radiation, and the greater the 
maximum intensity itself. For the visible part of the spectrum this law corres- 
ponds to the well known phenomenon of a hot body whose luminosity increases with 
temperature. 


It was shown by Stefan's experiments (1879) that the total emission of a black 
body is proportional to the fourth power of the absolute temperature. Stefan's as- 
sumption that his law was accurate for all bodies has proved to be wrong. 
Boltzmann (1884) derived this law theroretically and proved that it is accurate only 
for absolutely black bodies. Stefan-Boltzmann's law can be obtained as a result 
Planck's law, by integrating Planck's equation for all the wave lengths from 

to ©: 
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where ¢ is the Stefan-Boltzmann constant. 
$0.75 X 19-2 <°8 _— 0,825 x 107% cal ; 
cm sec deg cm mindeg 


(see Appendix 15). 


Stefan- Boltzmann's law is a precise physical law for an absolutely black body. 
This law can be applied to real physical bodies only with certain restrictions. Since 
all physical bodies absorb radiation to a lesser extent than the perfect black body, 
they also emit less than the latter at the same temperatures. The spectra of gases 
are not continuous but are line spectra, because of the selectivity of absorption and 
emission of radiant energy. Strictly speaking, Stefan- Boltzmann's law, derived 
theoretically for an absolutely black body, cannot be applied to gases. This law will 
nevertheless be applied subsequently to atmospheric radiation, by introducing the 
factor f , which takes this atmospheric selectivity into account and which depends 
on the temperature of the atmosphere. Thus, Stefan-Boltzmann's law will be 
written for the atmosphere in the following form: 


ES=f-o:T", (6) 
Furthermore, the radiation of the earth's surface must be taken into account in 
some of the problems. If we consider this to be a gray-body radiation, we can 
express Stefan-Boltzmann's law for gray bodies by the following equation: 
where q designates the ''factor of grayness of the body’. 


It is obvious that 
0<f<l, 


O0CMg<l. (8) 
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Figure 65 gives the distribution of energy in the spectrum of an absolutely 
black body at a temperature range which corresponds to conditions on the earth's 
gurface and in the atmosphere. All radiation intensities are computed for wave 
lengths lying in intervals 1 micron wide. It igs easy to see that the wave length of 
the radiation having a maximum energy is displaced toward the short-wave region 
when the temperature increases, and that the total radiation increases with the 
increase of the temperature (see Appendix 16). 
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Figure 65. Energy distribution in the emission 
spectrum of an absolutely black body 
at different temperatures 


S2. Solar Radiation 


The Sun is the sole source of radiation which maintains the temperature both 
of the earth's surface and ofthe atmosphere, and which primarily causes atmospheric 
motions. The energy received from the stars and from the moon is negligible. 

The sun isa yellow fixed star, situated atanaverage distance of 1.4910 X 107 : m 
from the earth's center. The sun's radius is 695,300 km. The earth's orbit is an 
ellipse. The minimum distance from the earth to the sun, observed on 2January, 
ig 1.4701 X 1011 m, whereas the maximum distance, observed on 4 January, is 
1.5200 1011 m. 


The quantity of solar radiation energy, normally incident on a unit area of the 
upper boundary of the atmosphere, is equal to 1.88 cal/min.cm? (at the mean dis- 
tance of the earth from the sun). This value of solar radiation is called the "solar 
constant''. The word "constant" is not meant in the sense that the solar radiation is 
really constant; it only indicates the fact that great variations of solar radiation, 
caused by the changes in atmospheric transmittance, as well as by the variation of 
the distance between earth and sun, are excluded from the calculation of this 
quantity. The problem whether the small changes of the solar constant are caused 
by effective changes in the solar radiation, or are related to the partial elimination 
of the atmospheric influence, has not been elucidated until now. The variation in the 
value of the solar constant due to the change of the distance between Earth and sun 
amounts to 7% at the utmost. 


The effective temperature of the sun i.e., the temperature which an ab- 
solutely black body of the same size as the sun, situated at the same distance 
from the earth, should have in order to emit the same quantity of radiation, can 


be determined from equation (5) $1. The effective temperature of the sun equals 
5 ,700° K. 


On the other hand, the so-called ''chromatic" temperature of the sun can also 
be determined. The maximum energy in the solar spectrum outside the limits of 
earth's atmosphere corresponds to a wave length of 0.475 microns. It follows 
from Wien's law that the temperature of the sun is 6,090°. The difference between 
the effective and the chromatic temperature is explained by the fact that the con- 
tinuous spectrum, emitted by the incandescent mags of the sun—the photosphere, 
is interrupted by a great number of dark lines, the so-called Fraunhofer's lines, 
which are a result of the absorption of radiation of the corresponding wave lengths 


184 


in the cooler sun envelope, the chromosphere. The total emission therefore de- 
creases and the effective temperature is smaller than the chromatic temperature 
of the sun. 
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Figure 66. Theoretical emission curve of an 
absolutely black body. Scale A: T= 
= 6,000°K (the solar temperature); 
scale B: T = 300°K (~temperature 
of the earth's surface); scale C: T= 
= 200°K (~temperature of the strato- 
sphere) 


In the study of the absorption of solar radiation in the atmosphere and the 
emission from the earth and the atmosphere, it must be kept in mind that the solar 
radiation is effectively emitted by a body of surface temperature of about 6,000°K, 
while the earth and the atmosphere emit at temperatures of about 200°-300°K, 
Ninety-nine percentof the energy emitted by a black body at the solar temperature 
belongs to wave lengths between the limits 0.17 },2.-4., with a maximum in the 
green-blue part of the spectrum at \ = 0.52; 56% of the energy corresponds to the 
visible part of the spectrum (0.42-0.84); 36% —to the infra-red (0.84-4.04)and 
8 %—to the ultra-violet (\<0.4 ) (see Appendix 17). Ninety-nine per cent of the 
energy emitted by a black body at temperatures observed at the earth's surface 
(T= 300°K) belongs to wave lengths within the limits from 3 to 80#. The maxi- 
mum energy corresponds to } = 10,2. Ninety-nine per cent of the radiation emitted 
by a black body at temperatures of the stratosphere T = 200°K, belong to wave 
lengths within the limits from 4Bto 120), with a maximum at} = 15,(Figure 66). 
Thus, the radiation of the earth surface and of the earth's atmosphere falls mainly 
in the infra-red part of the spectrum. Solar radiation is therefore usually called 
short-wave radiation, and that of the earth and theatmosphere long-wave radia- 


tion. 


Solar radiation is attenuated in passing through the earth's atmosphere, 
because part of the radiation is scattered by the gas molecules of the atmosphere, 
and by the solid and liquid particles suspended in it, while another part is absorbed 
by the atmospheric gases and converted into their internal energy. Only the 
remnant reaches the earth's surface in the form of direct solar radiation. Asa 
result of these phenomena 2f scattering and absorption, each of the molecules be- 
comes a source of two sorts of radiation, namely: a short-wave scattered radiation, 


and a long-wave thermal emission of the atmosphere. 


The two kinds of radiation are emitted in all directions. These fluxes of energy 
ultimately reach the earth's surface, or return into outer space or else are Scattered 
and absorbed in the same way as the direct solar radiation. 


Thus, three different fluxes of radiant energy are incident on the earth's 
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surface: direct solar radiation, scattered radiation, and atmospheric radiation. 
A part of the incident radiation is reflected by the earth's surface and is absorbed or 
scattered again by the atmosphere, or returns into outer space. The remaining 
energy is used up in heating the dry soil or the water surface, or in vaporization. 
The earth's surface in its turn radiates energy which is absorbed and scattered on 
its way in the atmosphere, and finally gets lost in outer space. 


The clouds which are present in the atmosphere partly reflect the incident 
radiation and partly absorb it, and consequently they, too, become thermal 
emitters. 


Short- wave solar radiation is absorbed in the atmosphere mostly by water 
vapor, and to a lesser extent by oxygen and by ozone in the upper layers of the 
atmosphere. The absorption lines and bands in the solar spectrum which are of 
terrestrial origin can be discerned from the other lines and bands due to absorption 
in the chromosphere. When a spectroscope is directed at the disc of the sun, the 
lines of solar origin evince the Doppler effect, caused by the rotation of the sun 
(about its axis) and which manifests itself by a displacement of these lines towards 
one or the other side of the spectrum, the lines of terrestrial origin showing no 
such displacement. 


In addition, the intensity of the lines of terrestrial origin increases with the 
increase of the zenith distance of the sun, whereas the intensity of the lines of solar 
origin remains unchanged. 


The most intense absorption of solar radiation is observed in the red and in 
the infra-red part of the spectrum. An intense absorption of ultra-violet radiation 
by ozone may also be noted. The short-wave end of the spectrum terminates 
suddenly at } = 0.311. This happens even in the case when the spectrograms are 
taken at great heights. It has been established that the absorption of ultra-violet 
radiation takes place at very great heights and is caused by the atmospheric ozone 
which is mainly concentrated inthe layer from 20 to 30 km, although the maximum 
ratio of the density of ozone to the air density is observed ata height of 40 km. 

It may also be noted that numerous measurements of the ozone content and of the 
correlation between it and the meteorological elements revealed a strikingly close 
relationship between the amount of ozone present at these heights on one hand and 
the pressure distribution at the earth's surface, and also the potential temperature 
of the stratosphere, on the other. 


The main water vapor absorption lines, located near the infra-red part of the 
spectrum, have wave lengths of 0.724; 0.81n; 0.93; 1.13; 1.42n; 1.89 u 
(Figure 67). In addition, two broad bands belonging to water vapor are centered at 
about 2.01-2.054. Two narrow absorption lines in the spectrum belong to oxygen 
(0.69"-0.76). The other gases (even carbon dioxide) do not absorb radiation at all. 
Any heating of the atmosphere, due to the absorption of direct solar radiation, is 
therefore negligible. The attenuation of solar radiation due to its absorption by the 
atmosphere is about 6-8 percentofthe total radiation, initially incident 
on a clear day when the sun is at the zenith. The major part of solar radiation 
hence passes right through the atmosphere on a clear day, and reaches the earth's 
surface where it is absorbed or reflected. 


The solar radiant energy is also weakened as a result of scattering. The 
energy of radiation is decreased by its scattering in all directions if the rays pass 
through a transparent medium containing suspended fine particles with a different 
index of refraction from that of the medium. It has been shown by Rayleigh that 
the loss of energy caused by the scattering of light on molecules of air is 
inversely proportional to the fourth power of the wave length. Thus the 
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short-wave radiation is more intensely scattered than the long-wave radiation. 
Short waves therefore preponderate in diffuse scattered light, and this causes the 
blue coloration of the sky. On the other hand, the short-wave component of direct 
sunlight becomes less intense as the sun approaches the horizon. The wave length 
of maximum intensity is thus shifted towards the red part of the spectrum. Tobacco 
smoke, which is composed of particles whose dimensions do not exceed the molecular 
dimensions [sic] (0.2) scatters light of all wave lengths in the same way, the blue 
light being scattered more than the red. For this reason, smoke appears blue in 
diffuse light. The sun appears red when seen through tobacco smoke or through a 
fog composed of drops which are of the same size as smoke particles, because solar 
radiation loses its blue component as a result of scattering, and the maximum 
intensity is shifted towards the red part of the spectrum. 


The coefficient of scattering is inversely proportional not to the fourth but to 
a lesser power of the wave length, if the diameter of the particles is greater than 
the wave length. The energy loss becomes independent of 4 , and the radiation 
scattering becomes diffuse reflection,if the particles are large enough. This is 
confirmed by the fact that the light reflected from a cloud appears quite white when 
the sun is behind the observer, if the cloud igs composed of drops with a diameter 
d=10u. Exactly in the same way the sun appears to be white when observed 
through a cloud or fog composed of drops with a diameter of about 101. Since diffuse 
reflection is the same for all wave lengths, the azure coloring of the sky becomes 
less pure the more abundant are large particles in the atmosphere. These large 
particles consist mainly of dust, drops of water, andicecrystals; the hue of the 
sky thus makes it possible to estimate the amounts of these impurities. They are 
usually found in a greater quantity in the lower layers of the atmosphere. In order 
to obviate their effect, Measurements of solar radiation are carried out in high 
mountain stations, far from the sources of pollution of the atmosphere, and situated 
above the lower cloud layer. Only the scattering of light by air molecules and, toa 
lesser extent, absorption in the higher layers of the atmosphere, affect the intensity 
of the solar radiations as measured in such mountain stations. 
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Figure 67, Energy distribution in the solar 
Spectrum 


The radiation scattered by gas molecules and diffusely reflected by the par- 
ticles in suspension, is partly reflected back into outer space (possible after a second 
reflection which takes place in the atmosphere). Some amount of radiation is in 
addition reflected both from the earth's surface and from the clouds. The ratio of 
the radiant energy returned to space to the total incident radiant energy is called 
the albedo of the earth (including the atmosphere). 


The value of the albedo depends on the physical properties of the reflecting 
gurfaces. So, for example, the albedo is equal to 0.78 for a continuous covering 
of clouds; 0.81-0.85 for a fresh fall of snow. The albedo increases for a water 
surface with the zenith distance of the sun, being 0.29 at r= 78 degrees and 0.62 at 
{= 86deprees. For grass it equals 0.10 to0.33; for a rocky surface 0.12to 0.15; for 
dry soil—0.14; for moist soil—0.08 to 0.09. 
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It follows from the cited values that the differences in the albedo are not 
significant if the earth's surface is not covered with snow. Cloudiness is of great- 
est importance for the earth's albedo. Thus, the albedo is about 0.10 when the sky 
ig not covered with clouds, but equals 0.78 for a continuous overcast. The average 
value of the albedo for the whole surface of the earth can be accepted as equal to 
0.42, assuming the mean cloudiness to be 52%. The earth's albedo is greater for 
short-wave than for long-wave radiation. 


§ 3. Absorption of Long-Wave Radiation in the Atmosphere 


We have seen above that the absorption of the short-wave solar radiation in 
the atmosphere is not great, and that it is restricted only to some narrow bands 
belonging mainly to water vapor, and partly also to ozone and oxygen. The emission 
of radiant energy by bodies having the temperature of the earth and the atmosphere, 
gives rise to an entirely different extension of the spectral range, form 3 to 100 
Within these limits there is no appreciable absorption of radiant energy by the gases 
of which dry and pure air is composed. Only ozone has an intense absorption band 
at 9-10. 


Carbon dioxide in this spectral range has one broad absorption band from 
L2pto 16.3), 


Long-wave radiation is absorbed mainly by water vapor which gives a series 
of broad absorption bands for these wave lengths. Numerous attempts to consider 
water vapor as a ''gray body" which would absorb all the wave lengths, although to 
a lesser extent than an absolutely black body (in the same proportion for all the 
wave lengths), were only the first step in the study of the part played by water vapor 
in atmospheric radiation processes. Water vapor is actually not a gray body since 
its spectrum has strongly prominent broad absorption bands, together with bands 
of nearly complete transmission. The assumption of the ''grayness" of absorption 
leads to the conclusion that the radiation from the earth and the atmosphere into 
outer space does not depend on the emission temperature, which contradicts the 
real situation, 


It is therefore necessary to take into account the variation of the vapor's 
absorption coefficient with the wave length. The absorption coefficients obtained 
by Gettner (Hettner) for water vapor at T = 400°K and for a pressure considerably 
exceeding the actual pressure of atmospheric water vapor were used in meteorology 
until recently. 


Gettner's experiments indicated an intense absorption band, whose center is 
situated at about 6.264, and a broad band, which begins at about 10u, the absorption 
increasing towards the long-wave region up to 34u, after which point Gettner carried 
out no further measurements. Subsequent research carried out for wave lengths 
greater than 10% with moist air at room temperature, led to the same qualitative 
results as those obtained by Gettner, though the numerical values of the absorption 
coefficient were lower than Gettner's. 


Simpson schematically divided the atmosphere into layers containing water 
vapor in an amount equivalent to 0.3 mm of precipitation, i.e., 0.03 gin an air 
column having a height h and a baseof1 cm2, inorder to simplify the inve stiga- 
tions of absorption of long-wave radiations. If h is the height of an air column 
with a cross section equal to 1 cm“, containing a quantity of water vapor equiva- 
lent to a mm of precipitation, i.e., to 0.1 ag of water vapor, then 
01 ae=h ay? where » " ig the water vapor's density. Applying equation (1) 
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§2 Chapter IV, we obtain h = 4.62 are, where h is expressed in meters, and 


e in mb. 


such a quantity of vapor (0.03 g), when encountered in the tropical zones 
characterized by their great humidity, can be contained in an air column 10 meters 
high; in the driest regions of the globe it is contained in an air column 1 ,000 m 
high, whereas in the upper layers of the atmosphere—in the whole stratosphere. 
Simpson also assumes that this layer contains 0.06 g of carbon dioxide. These data 
were chosen by Simpson on the assumption that they represent the quantities of 
water vapor and of carbon dioxide contained in the stratosphere. 


Simpson, by using Gettner's data, with the exception of the region from 9 to 
12", divided the whole spectrum into three regions with respect to the absorption 
of radiation in each layer: 


1. totaltransmissionfrom 8.5 uto 11» and not less than 41; 
2. total absorption from 5.3 to Ty and not more than 14; 


3. partial absorption from 4 to 5.5n, from 7p to 8.54 and from 
liu tol4n. 


The absorption by carbon dioxide takes place in the spectral region around 
15u, 


Simpson assumes that in the region of absorption, water vapor emits 
as an absolutely black body would at the same temperature. Let us examine Figure 68, 
borrowed from Simpson. The earth's surface emits practically as a black body 
at the same temperature. Let us assume T = 280°K. Thus, the energy distribution 
in the emission spectrum of the black body will be represented according to Planck's 
radiation law, by the curve ABCDEF, whereas the total energy emitted in unit 
time through a unit surface area will be expressed by an area bounded by this curve, 
and by the)’ axis. The area NCDP will then give the amount of energy which is 
not absorbed by the atmosphere. This energy leaves the atmosphere, and is com- 
pletely lost from the earth; it departs into outer space if there are no clouds in 
the atmosphere, or other suspended admixtures which are able to reflect this 
energy back to the earth, or to absorb it. This fact is of considerable importance, 
since the maximum intensity of the earth's radiation falls exactly within this 


spectral region. 


The areas ABM and QEF represent the quantity of energy absorbed by a con- 
centration of water vapor equivalent to 0.3 mm of precipitation. Partial absorption 
will take place in the spectral regions which correspond to the energy represented 
by the areas MBCN and DEPQ. It can be seen from the comparison of these areas 
that the greater part of the long-wave radiation is intercepted by the atmosphere, 
the smaller part leaving the atmosphere and departing Into outer space, never to 


return. 


The radiant energy absorbed by water vapor will of course be used up to 
heat not only this vapor, but also the dry air with which itis mixed; although dry 
air in itself does not absorb radiant energy (apart from the small amounts absorbed 
by carbon dioxide), it nevertheless effectively increases the heat capacity of the 
water vapor by being subjected in common with the vapor to influx and loss of heat. 


The curve GHIJKF in Figure §8 also represents the distribution of energy in 
the emission spectrum of an absolutely black body at a stratospheric temperature 


T = 218° K. 


189 


> 


S 
cannaE 


SSR 


RSS OWS 


cad 


HAUUEURDOAORRODADDOSSUNGULUDDOOUIODRRALSYARN ON. 


Ss 


SER 
Wht nrririn: 


QAM AAA wes 


Wh 


igo 


ee 


S 
S 
Lilli 


HS 
Ya? 


— 
Sa Oe 


Radiant energy in cal/em*? min 


iit 
mil 7X wR:_, =< F 
GHN P @ 

0 S§7ofon is w 8: 3 Bb WwW WW Sop 


Figure 68. The balance of long-wave radiant energy in the 
atmosphere 


The maximum intensity at this temperature corresponds to a wave length of 
12.54. The stratosphere will emit the energy corresponding to the areas GHM and 
QKF, and to the partial areas MHIN and PIKQ, The total energy loss by emission 
into outer space will therefore be given by the area GHCDKF., 


Accepting an approximate evaluation, we find that the air layer which contains 
a quantity of water vapor equivalent to 0.3 mm of precipitation absorbs the total 
radiation in the 5.5-7! region, and even wave lengths exceeding 14, if the partial 
absorption in the regions (3) is not taken into account, More exact computations 
show that water vapor absorbs 80% of the long-wave radiation in this region of the 
spectrum. This percentage is greater if the absorption by carbon dioxide, whose 
maximum absorption corresponds to 15} , is taken into consideration, Since the 
lower layers of the atmosphere contain about 0.4 % of carbon dioxide, a unit air 
column containing 0,06 g of carbon dioxide absorbs 88 % of the long-wave radiation. 
This amount of carbon dioxide is contained in the lowest 1 km layer of the atmos- 
phere. In Appendix 18 mean absorption coefficients are given for narrow spectral 
intervals from 5 to 35-; these results were obtained in recent measurements, 


The absorption coefficient of liquid water is so great that drops comparable 
in size to those found in clouds and fog absorb and emit radiation practically like 
an absolutely black body. 


§4, The Heat Balance of the Earth 


The mean annual average temperature both of the earth's surface and of the 
atmosphere can be regarded as constant (if we pay no attention to the variations over 
a long period), This can only occur providing that a radiative equilibrium is reached 
at the atmosphere's boundary which manifests itself by the fact that the total amount 
of energy transferred to the upper limit of the atmosphere equals the amount of 
energy emitted into outer space, We shall first deal with balance of radiant energy 
averaged over the whole globe. The geographic distribution of radiant energy will 
be examined afterwards. 


The sun is practically the only supply of energy to the atmosphere and the 
earth. The other sources of energy (the radiations of the moon and stars, as well as 
the internal heat of the earth) have no importance for the energy balance of the 
atmosphere, 


The total amount of energy transmitted from the sun to the earth is equal, as 
at the upper boundary of the atmosphere, to the solar constant Ly multiplied by the 


area of the earth's great circlel 24, oe ee [aR This value must be divided by 
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the area of the globe 4x R2 and multiplied by 1,440 mins in order to obtain the mean 
value I,, of solar radiation, falling on lcm2 per 24 hours: 


0. cal 
Im = 4% 14402700 ———_- 


2 
24 hr.cm 


Only 27 % of this energy reaches the earth's surface directly; 16% reaches 
the earth in the form of radiation scattered by the atmosphere and clouds, while 15% 
is absorbed both by the atmosphere and the clouds, The remaining 42% is reflected 
back into outer space, 33% of it by a direct reflection from the earth's surface and 
from clouds, and 9% asa result of Scattering by the air molecules, 


In order to maintain a radiative equilibrium at the upper limits of the atmos- 
phere it is necessary that, apart from the 42 % of short-wave radiation, 58% of the 
long-wave radiation should be emitted into outer space, 50% by the atmosphere and 
8% by the earth's surface, The earth's surface at a mean temperature of 179°C 
emits on the average 0,58 cal/cm2 min, or 840 cal per 24h. This is 120% of the 
total incident solar radiation. However, the atmosphere, in its turn, transmits 
to the earth's surface 670 calories, i.e. , 96% of the total solar radiant energy. 
This is called counter-radiation, Asa result, the radiation of the earth effectively 
amounts to 24% only; 8% is lost, as said, in outer space, and 16% is absorbed by 
the atmosphere, The existence of the counter-radiation very substantially increases 
the temperature of earth's surface, The earth would have to emit 43% of the energy 
(about 300 calories per 24h), in order to maintain the radiative equilibrium, if the 
counter-radiation of the atmosphere did not exist. 


Short- wave radiation Long-wave radiation 


Figure 69. The heat balance of the atmosphere of the northern 
hemisphere 


The mean temperature of the earth would then be t = ~199C, The mean temperature 
of the earth's surface actually equals 179C, thanks to the counter-radiation. Thus, 
the counter-radiation of the atmosphere increases the earth's temperature by more 
than 30°. This is the so-called greenhouse effect of the atmosphere. 


Other kinds of heat exchange, apart from radiative transfer, are of importance 
for the earth's heat balance: 23% of the heat energy is transferred during conden- 
sation of water vapor in the upper layers of the atmosphere which has evaporated 
into the atmosphere from terrestrial sources,while 4% of the energy is transferred 
from the atmosphere to the earth's surface by turbulent exchange. | The given data 
are mean annual averages for the northern hemisphere; the conditions for the 
southern hemisphere have not been sufficiently studied. 


191 


A schematic distribution of the absorbed and emitted radiations is given in 
Figure 69. The left part of the figure represents the values of absorbed and emitted 
short-wave radiation, the radiation transferred both to the atmosphere and the earth 
being considered as positive, and the radiation lost by the atmosphere and the earth 
ag negative. The right part of Figure 69 gives the values of heat transfer in the 
atmosphere by other modes, namely: long-wave radiation, latent heat, and the eddy 
transfer of heat, 


Thus, a heat balance can be set up for the radiative equilibrium at the atmos- 
phere's limit, and a separate one for the earth's surface and for the atmosphere, 


whereby both latent heat and eddy-transferred heat will be taken into account in the 
two last cases. 


The earth-atmosphere system (at the upper boundary of the atmosphere) 
Receives: Loses: 


By short-wave solar radiation. .100% By reflection from the clouds 
and the earth's surface......, 33% 


By scattering on air molecules 9% 


By long-wave emission from 
thie Car iliy.s. 4-50 see Soe eee ead 8% 


By long-wave emission from 
the atmosphere,......cccceees 50% 


100 % 100 % 


The earth's surface 


Receives: Loses: 
By direct solar radiation....... 27% By EMmisSion....csessereeeee 120% 
By scattered radiation......... 16% By Cvaporation js2.i<¢4se08004- (23% 


By counter-radiation .......... 96% 


By eddy transfer.....ccccccece 4% 


143% 143 % 


The atmosphere 


Receives: Loses: 
By absorption of solar radiation 15% By emission 146 % 
By absorption of terrestrial By eddy transfer 4% 


radiation[ intercepted radiation] 112% 


By condensation of water 
vapor 23 % 


150 % 150% 
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Chapter VIII 


THE EQUATIONS OF HYDROMECHANICS, THERMODYNAMICS AND 
THE THEORY OF RADIATION 


§ 1. The Methods of Lagrange and Euler 


The motion of the atmosphere, as that of any fluid, can be studied by two funda- 
mental methods. Both methods were developed by Euler. However, one of them 
is usually called Euler's method, and the other Lagrange's method. The object 
of study in Lagrange's method is the moving fluid, more precisely,the material 
particles which uniformly fill any moving volume element of the fluid. The varia- 
tions of vector or scalar quantities which characterize the motion of any particle 
can be studied by following the motion of each particle separately. Variations 
which are spatially constant can be considered for the entire atmosphere at once, 
by passing from one moving air particle to another. The dynamic variables in 
Lagrange's method are regarded as functions of the time and of three other para- 
meters, which serve as distinctive labels for the individual fluid particle. As such, 
parameters can serve, for example, the Cartesian coordinates a, b, c, which 
determine the position of the particle with respect to the fixed axes at an initial 
moment t= t,. Thus, according to Lagrange, the variables a,b,c,t determine the 


values of vectors and scalars, characterizing the motion of the atmosphere. They 
are called the Lagrangean variables. 


American research workers who have recently studied large-scale motions of 
the order of magnitude of the general circulation of the atmosphere,dealing with air 
volumes of the order of magnitude of tropospheric air masses,adopt the three 
mutually independent most conservative characteristics of air masses as Lagrangean 
variables, namely: the potential temperature §, the specific humidity s anda 
third, new kinematic variable,the so-called potential vorticity C. 


In Lagrangean variables the coordinates of the moving particle are determined 
by the equations 


xX==xX(a,6,c,t); yay(a,b,c,t); z=z(a,b,c,t); (1) 


and its radius vector by the equation 


r—ri(a,d,c,?t). (2) 


The law of motion of a particular particle can be worked out from equations (1), 
when a,b,c, are fixed and t variable. From the same equations the spatial distribu- 
tion of all particles at any fixed instant can be deduced, when a,b,c, are variable 


and t invariable. 


The second method, developed by Euler, concerns, strictly speaking not the 
fluid itself but a fixed space which is filled by the moving fluid. In this method of 
Euler attention is concentrated both on the secular changes of different dynamic 
variables at a fixed point in space, and on the changes of these variables at a fixed 
instant, when passing to adjacent points. Differently put, in Euler's method the 
different vector and scalar dynamic variables are regarded as functions of 
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the coordinates x, y,zandof the time t, i.e., as functions of four parameters, 
called the Eulerian variables. For example, 


v—=v(x,y,2z,); J=J(x,y,2,4); p=px,y,z, 2). (3) 


Thus, the different vector and scalar fields which characterize the motion of the 
fluid (the velocity field, the acceleration field, the field of pressure, etc), constitute 
the objects studied by Euler's method. The details of the fluid particle's motion 
prior to its arrival at some fixed point in space and of its subsequent motion 
are of secondary importance only in Euler's method. 


Comparing the two methods, Langrange's method seems to have certain advan- 
tages from the physical point of view considering the motion as a whole. The 
mathematical difficulties arising in the application of Lagrange's method are great- 
er than those encountered in Euler's method. Therefore we use Euler's method 
exclusively. 


Let us consider any scalar function, given in Eulerian variables: 
A=F(x, y, z, t). 
By passing to the Lagrangean variables, we obtain 


A=F[x(a, 6, ¢, t), y(a, b,c, t),z(a, , ¢, t), J= (a, b,c, t). (5) 


(4) 


It is obvious that the derivatives with respect to the Eulerian variables will be 


OF OF OF OF 
Ox’ dy’ dz’ at" 
: : OF OF OF 
The first three derivatives ox? Oy’ OZ determine the point-to-point variation 


of the magnitude A in a given spatial domain, and the last one as the secular 


variation of this magnitude at a fixed spatial point. 


The derivatives of this function with respect to the Lagrangean variables will 


be: oP __ The first three derivatives express the variation of the function 
da’ ob’ dc’ ot 


A from one particle of air to another particle in its infinitesimal neighborhood, 
while the last derivative expresses the variation of this function with time for 


an individual air particle. 


The following relations between the Lagrangean and the Eulerian derivatives 
are evident, according to the rules of compound partial differentiation: 


OD OF ox , OF O OF Oz. 
+¥. 94% 


Oa ox’ da! dy da! Oz’ da’ 

OD OF ox , OF Oy , OF az. 

0b Ox ab ON abe Oe Bb (6) 
a® se Ox , OF Oy , OF az. 

Oc a on a oe? Oc? 

oP a . 


= Oy , OF oz , OF 
on eae et ae ET 
8 2. The Individual, Local and Convectional Derivatives 


The last of equations (6) 8 1 gives the so-called individual derivative = of the 
function F in Eulerian variables. : 
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OD dF 
Considering that Ot a’ We obtain: 


dF OF OF OF OF (1) 
dt. GT Ux ag T Py a ts Gee 


‘ _ OF 
The partial derivative oven which gives the temporal variation of the function F 


at a fixed spatial point, is called the local derivative. The variation 
OF OF OF 
Vs Fut lv gy 1 Ye Gg = grad F), (2) 


of the function F as a result of spatial displacement of the individual particle is 
known in physics and hydromechanics as the coavectionai derivative. The last 
term of equation (1) . OF is often known as the convectional derivative in meteorology, 
2 az’ 
whereas the sumof the first two terms U, pa + Y¥y > is called the advectional 
derivative. The partial derivatives OP OF OF are also called spatial 
Ox’ Oy’ Oz 
derivatives. 


Equation (1) is of importance in weather forecasting. By solving it with respect 


dF ; 
to at’ we obtain 
OF dF, OF jp Oy OF 
dt dt *Ox Y oy z dz" (3) 


This expression shows that it is necessary to know the secular variations of the 
individual air particle, which are characterized by the derivative 4F and by the 
dt 


Spatial distribution of the values of the function F and of the velocity v, in order to 
predict the variation of the function F at a given point. 


The expression 
da F) @ @ 
Tt HE xan Tv gy 1 Yeas 


is called the Eulerian operator*. 


(4) 


It should be noted that in practice one deals not with derivatives, but with finite 
difference quotients. But not all the quantities which appear in Euler's equation 
can be found with the same ease by observations. 


The value of 9 can be obtained at meteorological stations from the data of 
of Ge and of U,, VU, can be obtained 


Ox ’ oy ’ y 
from the observations of a network of stations, recorded on synoptic charts. Aero- 


recording instruments. The values of 


“x 


logical observations are necessary in order to determine qs? Uz 3 these observa- 


tions are also necessary in order to determine the values of the other variables 

which define the state of a free atmosphere. The determination of v, and dF is the 
dt 

most difficult. No regular measurements of their values are carried out anywhere. 

Such methods for velocity measurements as have been tried until now (gliders, 


stabilized sounding balloons, etc) do not give reliable results. The approximate 
value of v, can be obtained from the equation of continuity. The value of dF can 
dt 


be determined by observation on a stabilized free balloon. 


* {Also known as the mobile operator. Translator's note]. 
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In spherical coordinates r, ?, AEuler's operator has the following form: 


d 8,:8,:0,:380 @ a 3 a 
Ga ae ae a a ror Fe roy cored (5) 


and in cylindrical coordinatesr, §, z—the form: 
Die Oi A OO nd 9 d (6) 
aaatlat sat a=Hat re thm ta: 
$3. The Deformation of an Air Body 


It ig known from theoretical mechanics that the instantaneous velocity 9 of 
any point of an absolutely rigid body, satisfies the equation 


v=4,-+ [, r], (1) 


where % is the velocity of translation, common to all the points of the body, and 


[o, r] is the linear velocity the point has in virtue of the rotation of the rigid 
body around its instantaneous axis; w of equation (1) designates the body's 
angular velocity, and f-the radius vector of the considered point of the body, 
which emanates from a point (pole) on the axis of rotation. 


Each material particle of a moving air parcel participates in a more composite 
movement. Helmholtz, in his researches on fluid dynamics, developed a theory 
which is a generalization of the preceding description of rigid body motion, 
Helmholtz's theory can be formulated in the following way. 


q; 


MIL T3) 


d, 
Figure 70. The motion of any point of a fluid 
body is composed of translation, 
rotation and deformation 


The velocity @ of any point M' of an infinitely small fluid particle can be re- 
garded at any moment as a vector sum of the velocities of three components of the 
motion: 1) the translation of the particle as a whole, having the same velocity for 
every point M of the latter; 2) the rotational motion, with angular velocity equal 
to half the curl of the velocity 2 at the point M, around an instantaneous axis passing 
through the point M, and 3) the motion caused by the state of deformation at the 
point M, which is composed of dilatation and shear, 


Let us consider a very small atmospheric air particle (Figure 70), and consider 
two adjacent points M and M', situated inside this particle. The coordinates of 
the point M will be denoted by (x, , Xo » Xa) and those of the point M' by 


(x, 8), x24 Ex, X53 > Ox). 


Let the velocity at the point M equal (x, » Xop XQ); then the velocity at the 
‘ ' 
point M. equals o' —y ee -L pare x + dx, X, +. x3). 


The velocities are assumed to be continuous functions of position. 
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| Let each component of the velocity at the point M' be developed in a Taylor 
series around the point M; we will restrict these series to the terms, containing 


coordinate increments of the first order: 
; OU, « Ov ov. 


re OU, ov ou 
v Oe oe Oe oe 8x2 a, ote 


re OV, OU; OVs 
a nad a Bet Fee OX: 


(2) 


The three equalities (2) can be written in a shorter vectorial form: 


ov 

a yy 
ede (x) oa 

do;\ . 
where ar. is the velocity tensor of the motion, i.e., a physical quantity, which 
k 
characterizes the velocity field of the fluid's motion at the point under considera- 
tion, and which is determined by nine components: 


(3) 


ic A 

oe Ue oes 
dv; OU, OU, OU, (4) 
(x) =| Ox,’ Oxy’ Ixy 

OUs OU3 dvs 


Ot,’ Ox,’ Oxy 
et us decompose the tensor Ta into two components--a symmetric and an 
antisymmetric tensor. 


A tensor is called symmetric, if its components satisfy the condition 


(5) 


a ip Ap, 


i.e., those componerts symmetrically placed with respect to the main diagonal are 


equal. It is easy to see that the symmetric tensor is determined not by nine differ- 


ent values, but only by six. 
The tensor whose components satisfy the condition 
(6) 


| mae 9 


ig called antisymmetric. Its components which are symmetrically placed with 
respect to the main diagonal are equal in absolute value, but of opposite sign. 
tequation (6) leads to the equality: 

a), =0, (7) 


i.e., all the main diagonal components of an antisymmetric tensor are equal to 
zero. The antisymmetric tensor is thus determined by three different components. 


Each tensor can be resolved into the sum of two others: a symmetric tensor 


and an antisymmetric one. In order to show this we introduce the notion of a sum 


of two tensors. 


The sum of twotensors (ai) and (b,) ig the tensor whose components equal 


the sum of the corresponding components of the summands. 
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(2 y) + (0y4) = (2 yy tH Oye) (8) 
An arbitrary tensor (a, ) can therefore be written in the form of a sum of two 
tensors: 
(a,)=> (a, +a,) +5 ( — 4, ;). (9) 
aete Gyys 5 (ay, +45), ma 
(2;,.) = x (ay, +44), 2, (Aas +45,) | + 


1 l 
> (451 + 25) » 7 (42+ 43), (10) 


] 
a | 


0, 

0 

+. > (2; — %p); , 
1 
2 


] 
(dg, — 24,), 9 (Aq — 5), 0 


Bo — Qo), (a3 — as;) 


(223 — Qo) 


Thus: 
= 
— (S74) +5 (A;,), 


where 
9 1 Oy, » 90g =O OU 
2 ak, OX, anor x1 * OX, ai Ox, 


Oey 0% Oy v2 1 Is 
Ox, | Oxy’ “Ox? Oxy | dx, |” (11) 


Ov; OUs OU, OU; OU, 
ae, age a ane 2 oes 
0 — (so aot ($2 
, Ox, OX, » 
= Ov, | OU, Os (12 
(4 =[ (Gt-ge)» % = —(Gt— Fe) , 


oS) OU) 0s 
OX, OX. Ax}? 


Thus equation (3) may now be written in the following form: 
Pacha l n I 
v =U (Asg) OX + 5 (Sip) Ox. (13) 


It is proved in tensor analysis that a new vector is obtained as a result of the 
[ inner] multiplication of a given vector by an antisymmetric tensor, In fact,the 
antisymmetric tensor is determined by three components: 


0x, Ox,/’ 
A _ (52-3) 

23 OX, OX » (14) 
) (Si — oe 

= OX, 5s) 
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But the right-hand terms of equalities (14) are components of the vorticity; 


Ay —curl, v, 


(15) 
A,,= -—curl, v. 
Therefore 
1 l 
3 (Aj,) 84 = > [curl v Ox], (16) 


and the velocity of the infinitesimally removed point M!' will be given in terms of the 
velocity of M by the equation 


o' =o [curl e, 2x] + 4 (S,)-d4. (17) 


Comparing equations (17) and (1) we see that the first terms in both equations 
represent the linear velocity of the body; the second terms are equal too and 
correct in their sign; they give the velocity which the point acquires through the 
rotation of the particle on any axis which passes in its interior, the angular velocity 
being determined by the vector curl @, and equals half of it. It should however be 
kept in mind that equation (1) can be applied to any point of an absolutely rigid body, 
however far it may be removed from the pole, whereas equation (17) is correct 
only for an infinitesimal neighbourhood. The velocities of fluid particles which are 
far between are kinematically unrelated. Equation (1) does not contain a third 
term; this is clear, since the last term of equation (17) represents the velocity 
of deformation of the air body, and of course no rigid body undergoes such a deforma- 


tion. The tensor 
i (Sater) 2 Satan). 
r=(2@248). 34m). | oe 
rlantan)) z(t). 2 
ig correspondingly called the deformation velocity tensor. 


It is easy to demonstrate that the diagonal components of the deformation 
velocity tensor give the relative velocities of dilatation or compression of the body 
in the directions of the corresponding coordinate axes. The off-diagonal terms 
give the shear velocities or, in other words, the velocities of change of the initially 
right angles. 


§ 4. The Equation of Continuity 


The effect of atmospheric molecular processes, like the diffusion of water 
vapor etc, is not taken into consideration in the kinematics of the atmosphere. In 
the same way the transition of water vapor from one state to another, the pre- 
cipitations etc, are disregarded. These phenomena are of great importance for 
the thermodynamics of the atmosphere, but they are not essential from the point 
of view of kinematics, because the associated transport of mass is negligibly small 
in comparison with the mass transport brought about by atmospheric motion. Thus, 
a condition of mass conservation is imposed on each element of the atmosphere, 
i.e., we take each moving air particle to have a constant mass. An additional con- 
dition stipulates that the atmosphere should fill space continuously, i.e., there must 
be no vacuous regions in the atmosphere. 


Two vector fields,the velocity field and the momentum density field can be 
used to describe the instantaneous state of motion. The atmosphere being a con- 
tinuous material medium, these fields bear a fundamental relationship to the 


199 


density field, the nature of their correspondence remaining unspecified. Since the 
invariant mass elements filling space continuously are displaced among themselves, 
the knowledge of the instantaneous field of motion entails the knowledge of any 

future state of the density field. The preceding propositions thus lead to a prognostic 
relationship. The mathematical expression of this relationship is known as the 
equation of continuity. In some cases the time is eliminated from this equation; 

the ejuation then has only a diagnostic significance, becauSe the motion appears to 
obey a certain restrictive ccndition. 


Let us consider a separate elementary volume element in the moving fluid, having 
the form of a rectangular parallelepiped whose sides are parallel to the coordinate 


planes, and examine the mass balance in this volume during the time dt. 


The following table can be drawn up without special explanations, denoting the 
components of the velocity by u, v, w. 


The total mass gain in the volume under consideration will thus be equal to 


= (e r+ P+) dx dy dz dt. 


This aed in the mass content will cause a change in the density from 9 to 
+o dt, and the mass increment can also be put in the form: 


ct dt dx dy dz, 


Sees having the the following mass enters 
the side coordinate 


pu dy dzadt 
Opu 
— (cu + ae ax | dy dz dt 


gu dz dx dt 
_— (eu -+- dy ) dz dx dt 
pw dx dy dt 


= (ow +22 dz ) dx dy dt 


Equating these expressions and dividing them by the volume dxdydz and by the 
time dt, we obtain the equation of continuity 


dp , a Q dow 

Hte+Z +e = (1) 
od dp ou , cv , Ow\ _ 

ae t0(ge tay tor) =O (2) 


It can be seen from the equation of continuity that the velocity U of the air par- 
ticle and its density p satisfy a definite relationship, and cannot be assigned 
independently of each other. 


The equation of continuity is important for forecasts, since it enables us to 
compute the local change of the density, i.e., the redistribution of mass, on the 


basis of the velocity field or of the momentum density field. 


In two exceptional cases the equation of continuity has merely a diagnostic 
value: 
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1) when the motion is Stationary; then of and 
t 


Cpu Opv | dpw 
di = —— + —- —f- 
wenn. Oe Ox oy Oz 0; (3) 


2) in case the fluid is incompressible: then 


Ou ov ow 
divo=0Q or ger ot oe oO (4) 


. A vector field whose divergence identically vanishes is called a source-free 
field. Theatmospheric momentum field is source-free in case the motion is sta- 
tionary. 


We write down the equation of continuity in curvilinear coordinates, but without 
explicit derivation: 
In the spherical coordinates 7, 9, }: 


Op 1 1 O(gup-rt) | 1 ae 0 (et) 
i ar i Sep Eh a0, oe 


Inthe cylindrical coordinates r, 6, z 


dp, 1 A(pu,-r) ; 1 A(pus) 1 O(pe,)__ 
i eer le a a Nae e 


$5. Viscosity (Internal Friction) 


The motion of a fluid particle depends in a definite way on the forces exerted 
on it, and which are due to the presence of another substance, in particular of 
other fluid particles. 


The forces acting on the fluid particle can be either volume forces or surface 
forces. Thevolume forces act on any point of the fluid particle, both on points 
situated inside the particle and those lying on its boundary. The volume force 
exerted on the fluid particle is proportional to its volume. 


The surface forces are a result of interaction between the Separate elements of 
the fluid particle. From the physical point of view these are short-range forces, 
depending only on the molecular structure of the fluid. The surface forces exerted 
on the fluid particle therefore act only on its boundary elements; the total surface 
force acting on the fluid particle is proportional to its surface area. 


Gravity is the most important volume force. The forces of pressure and of 
viscosity are the most important surface forces. 


Let us consider a given volume element of a fluid (Figure 71), making an 
imaginary partition dividingit into two sections, Say an upper and a lower one. If 
the lower section is removed, then the remaining upper Section must be considered 
to be not only under the action of the applied external forces, but also of these 
forces which have been exerted on it by the removed section. This force, called 
stress, is exerted only on those points of the remaining section of the fluid particle 
which are situated on the partition surface. Alternatively, the removal of the 
upper section of the particle gives rise to corresponding shear forces equal in 
magnitude to the former but of the opposite direction, acting on the remaining 
lower section of the partition surface. The sole internal force for a perfect fluid 
is the pressure~—a well-defined scalar function p(x,y,z,t). 


This is true also for a viscous fluid in a State of rest. 
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Figure 71. The internal force in a moving 
viscous fluid is not directed 
along the normal to a surface 
element, but at a certain 
angle to it 


However, the moving viscous fluid differs from a perfect fluid in the tangen-~ 
tial stresses developing in it, caused by the viscosity (internal friction). 


When two adjacent fluid layers move with different velocities, tangential 
forces ofinternalfriction, or viscosity forces, develop between these layers. It 
should be pointed out that viscosity is a fundamental property of fluids, both liquid 
and gaseous. This property is exhibitedonly during motion andresults in the motion 
of the viscous fluid (gas) being transmitted from one layer to another, evolving a 
resistance to relative motion of the fluid particles. This phenomenon is outwardly 
similar to the traction resistance of two solid bodies in sliding contact, but 
the laws governing the action of internal friction have a quite different character. 


In fluid flow, the irregular motion of the molecules causes a momentum ex- 
change between adjacent layers moving with different velocities. The molecules 
in their ceaseless passage from one layer to another give rise to a mixing of the 
layers, and to the forces of cohesion. 


The molecules which pass from a swift layer to a slower one cause an accel- 
eration of the slowly flowing layer, and vice versa, the molecules entering from a 
slow into a more rapid layer retard the motion of the latter. The force Prhiexerted 
by one layer of a viscous fluid on another is therefore not normal but inclined at a 
specific angle to the interface between these layers, i.e., P, has both a normal 
and a tangential component. The tangential and normal stresses acting on differently 
inclined planes drawn through the same point of viscous fluid are generally different. 
An unlimited number of planes of different spatial orientation can be drawn through 
any point, and a correspondingly unlimited variety of normal and tangential stresses 
is thereby obtained. These stresses may, however, be expressed by just 9 [independent] 
magnitudes: 3 normal and 6 tangential stresses, which can be obtained in the follow- 
ingway. Let us draw planes through an arbitrary internal point of the fluid, per- 
pendicular tothe coordinate axes x, y, z (Figure 72), and denote by P,, P,, Dp, 


the respective stresses acting on these planes. The stress P, acting on an arbitrary 


plane determined by its normal n, will be expressed by the equation 


P, == P,,cos (n, x) + py cos (2, y) + p,-cos(n, z) (1) 


or, by projecting on the axes x, y, Zz: 


Pax = Px, C08 (n, x)-+ py, cos (”, y) + p,, cos (1, 2); 
Pay = Py COS (, x) + py, cos (#, Y) + p,y cos (1, 2); (2) 
Paz = Pxz 608 (", X) +- py, cos (n, y) + p,, cos (”, 2). 
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If Mis the unit vector normal to the plane in question, and noting that the projec- 
tions of this unit vector onthe coordinate axes are respectively equal to cos(n, x); 


cos{n, y); cos(n, z), we can write equation (2) in a shorter form through the use 
of the tensor (P,,.): 


Pn =(P jy) (3) 


It can be seen from equation (3) that the stress at any point of the moving vis- 
cous fluid is not determined by a scalar function, as would be the case for a per- 
fect fluid, but by the tensor (Pi. ). The tensor 


Pex Pyx Pzx 
(Pyx =| Pay Pyy Pry (4) 
Pre Pyz Pez 
is called the stress tensor; each of its components represents an absolute value 
of the force-component referred to a unit surface element, the first subscript 


indicating the direction of the normal to the surface on which the force acts, 
and the second the direction of the force-component itself (Figure 73). 


é 


2 


Figure 72. The stress acting on a plane with the 
normal #,can be expressed by stresses 
acting on the planes whose normals are 
parallel to the coordinate axes 


It can be proved that the stress tensor is symmetric, i.e., 


Pyz=Prx» Pxy=Pyxr Pyz= Pry: (5) 


The equalities (5) can be explained in the following way (Figure 74). Let us 
consider a Separate unit volume of the fluid in the form of a cube whose sides are 
orthogonal tothe coordinate axes. The equalities (5) show that the moments of 
rotation exerted on this cube cancel out in pairs, and the stresses acting on the 
cube sides donot, therefore, cause it to rotate, but lead only to its deformation. 


Viscosity plays a double role during the motion of every real fluid, including 
air. 


It has been shown by observations that the velocity field in a rea] fluid is con- 
tinuous. The formation of such a continuous field of velocities is warranted by 
the influence of the viscosity, causing a continuous transfer of momentum from 
one layer to another, 


Newton related the stresses which develop in a viscous fluid to the velocity 
field. He laid down a simple hypothesis that a linear relation exists between the 
force of internal friction and the normal derivative of the velocity: 


tps, [u] = [ML-!7-1], (6) 


203 


where t™ is the force of internal friction referred to a unit surface; pis the coeffi- 
cient of viscosity, or coefficient of internal friction; it is independent of the 
velocity field and determined inthe case of a gas by its nature and temperature, 
whereas in the case of a drop-forming fluid, it also depends on the pressure. 
Equation (6) is an expression of the so-called Newton's law of viscosity. 


Pyz 


Figure 73. The state of stress in a viscous Figure 74. The moments of rota- 
fluid is determined by nine mag- tion in a viscous fluid 
nitudes, constituting the stress are pairwise cancelled 
tensor 


The transfer of momentum from one layer to another results, apart from the 
levelling of the velocity field, in a dissipation of mechanical energy and its con- 
version into heat. In practice, any transformation of mechanical energy is consid- 
ered aloss. A part of the mechanical energy is lost in this way, i.e. , transformed 
into heat, during the motion of air. In such a case we deal with a process of dis- 
persion or dissipation of mechanical energy, due to viscosity effects. The damp- 
ing influence of viscosity forces on the motion may often be neglected, but its 
influence on the preservation of a continuous velocity field can never be ignored. 


Nonviscous, i.e., 'perfect'', fluids do not exist in nature. One of the fun- 
damental properties of viscous fluids—the continuity of the velocity field and the 
finiteness of normal derivatives of the velocity, are assumed to exist evenina 
‘perfect'' fluid, such as is studied in theoretical hydrodynamics. This property 
would be unnatural and incomprehensible if internal friction did not exist, since 
viscosity is the sole cause of the equalization of velocities. The velocity field 
can be discontinuous in a completely nonviscous fluid, because a mutual slipping 
of adjacent layers can take place at any point of the flowing fluid. 


$6. The Equations of Motion of a Viscous Fluid 
Considering the atmosphere as a viscous fluid it is natural to apply the 


equations of Navier to the study of its motion. Disregarding the mass forces 
for the time being, we can write these equations in the following form: 


tag teg tes i= 9 (ae toy er), 


re] 0 4] 
ue 4 9 fy = (Bex Bie) (1) 
Ow Ow ow Cw 0 0 6] 
G14 bIG tes = + (oe | a | pet), 


where u, v, W are the components of the velocity in an orthogonal coordinate 


systemx,y,Z;, 9 —the fluid density, and Pry? Py = Prag! Pie = P, x! pe. 
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Pye = Poy? Poe are the components of the stress tensor, i.e., surface forces caused 


by viscosity, the first subscript indicating the direction of the normal to the surface 
on which this force acts, and the second indicating the direction of the force itself. 


The system of these equations is incomplete, since the three ees of 


Navier contain ten unknown functions, u, v, w, ’ , ; ‘ 
It is necessary to add seven more equations, containing only the same unknown 


functions appearing in equation (1), in order to complete this system. 
Six of the seven lacking functions can be given on the basis of the hypothesis 


formulated by Stokes in 1845, according to which a linear relationaship exists between 
the stress components and the components of the velocity of deformation 


2 ale 
Pes ae 64 j tae) +245 
2 4 98) oy, (2) 
Ow 
S154) 


el a 
rT 


; (3) 
Di. =n (= = 


The introduced function pis the hydrodynamic pressure that would nave been 
the fluid's had it been perfect. The minus sign indicates that the pressure is 
directed inwards, into the volume of the fluid under consideration. 


1 —the coefficient of dynamic viscosity, is a parameter depending on the 
physical properties of the fluid. This quantity cannot be obtained from the pre- 
ceding relationships and is experimentally determined; it depends on the molecular 
structure of the fluid. 


Eliminating the stresses from equations (1) by means of equations (2) and 
(3), we obtain the equations of motion of a viscous fluid, called the Navier-Stokes 
equations 


Ou Ou Ou Ou 
of Fas te 


(4) 
ro i +243) +7 (Gat 34+S), 
ae 
1 op 


—sEt+5 v5 (Se 4943 =) +? (Sa+sr+5e) 


where ¥==}/0 — coefficient of kinematic viscosity 
Vile 


The Navier-Stokes equations contain five unknown functions: u, v, w, P,p. 
This system of equations is therefore incomplete. 
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As a fourth equation we shall use the equation of continuity 
OP 50 508 Tita OF 1, OP Le a ee 
ett ae bebe ate ae Way be Us (5) 
expressing the principle of mass conservation. 


$ 7. The System of Equations for an Incompressible 
Viscous Fluid 


If the fluid is incompressible 9 = const., and the equation of continuity takes the 
form 
Ou , Ov , Ow 
Ox oF oy ol oe anu (1) 
Joining equation (1) to the Navier-Stokes equations, which for @ = const. 
assume the form 


ou Ou Ou Ou 1 op Ou , Ou =H) 

ot a4 Ge ir Teles ey —~ 240 (S4+5 T on : 

ou du dv Ov __ 1 dp av , dy x) 
Paseo tw ea (tot oe ; (2) 
ow ow Ow Ow 1 dp dw , Ow sr) 
tes te ag tes = — sat arta dz? }’ 


we obtain a complete system of four equations, containing four unknown functions; 
u, V, W, p, which do not include the temperature. 


This means that the motion of the incompressible fluid does not depend on the 
thermodynamic processes occurring in it. However, the reverse conclusion should 
not be drawn, that the thermodynamic processes in incompressible fluids are in- 
dependent of the motion of the fluid, 

By introducing the mass forces Fo ae FO into the Navier-Stokes equations 


we arrive at the fundamental problem of classical hydromechanics, namely, the 
determination of the motion of the fluid and of its pressure from the given constant 
mass forces. From a mathematical point of view the solution of this problem re- 
duces to the simultaneous solution of the following system of equations (3) and 
equation (1) 


Ou Ou Ou Ou i) @2 2 2 
TM aT ay Te 9 =F, 7+ Al ats tSy), 


p ox Ox? Oz2 
du dv Ou Ov lo 2 2 2 
yy “> ( ee — Eee i Le eta 0?u “U 
= rae i oy ee i pay te (ae tae toe), (3) 
ow ow dw i) 92 : : 
re u~ — —_— — oc SAR ee ol w Ore O° 
ar oer ay ws ap 9 Oz (Ge te + oe). 


It is necessary to determine u, v, w, pas functions of the coordinates of the 
point x, y, z and of the time t, from these equations, 


. We have succeeded in completing the system of equations of motion for an 
incompressible fluid, Air, however, is a compressible fluid, and a special exam- 
ination is required of the conditions under which it is possible to disregard its 
compressibility. 


During the adiabatic change of pressure by Ap the fluid density changes 
by Ap, where 


= (8). 
Piad (4) 
: ) 
It is known that (ZF) equals the square of the sound velocityc; therefore 
ad I 
Ap = 5 - Ap. (5) 
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However it follows from Bernoulli's equation that 


Ap ~ pv?; 
therefore 
; v (6) 
P~ Pa: 
se tarts Ap 
The compressibility of the fluid can be disregarded if re 1; the 


fluid velocity should be small compared with the velocity of sound in order to 
regard it as incompressible: 


v<e, (7) 


This condition is not only necessary but also sufficient, if the fluid motion 
is steady. A supplementary condition must be satisfied in the case of an unsteady 
motion. 


Let the velocities undergo an appreciable change inthe time 7 , overa 
distance 1 between the points under consideration. The separate terms of Euler's 
equation will then be of the following orders of magnitude 


ov U | Ap 
af ae por aeP 15" 
Therefore 
2% 
T Ip ? 
whence 
Ap ~ = p U. 
and lpv 
Ap ~~ tc2 ° 


Let us now determine the orders of magnitude of the terms of the equation 


of continuity do Ap lov 
dt ~ — “Ne t2ce? 
vee? 
pdivo~--. 


The compressibility of the fluid can be disregarded, if 
d 
oF <a divy, 


i.e., if 


f 
~~ 
t27° (8) 


Thus, it is sufficient that conditions (7) and (8) be fulfilled for the fluid to 
be considered incompressible. 


The accuracy of this result rests, however, only ona kinematic and dynamic 
basis, ignoring the energetic considerations. Notwithstanding, the compressibility 
of air cannot be disregarded if energetic considerations are algo taken into account. 
Indeed, transformation of the internal energy of a gas into mechanical work and 
the reverse transformation of mechanical work into internal energy are related 


to the compressibility of air. 
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The system of four equations (4) and (5) $6, containing five unknown functions 
u, v, W, pp, is therefore incomplete in the case of a compressible fluid. 


In searching for new equations for the laws which govern atmospheric processes 
we first turn our attention to the equation of state. Let us first assume that the 
air is dry. The fifth equation will then be Clapeyron's equation: 

p= fF. (9) 
However, supplementing the system (4) and (5) $ 6 by Clapeyron's equation does 
not complete this system, since Clapeyron's equation introduces a new variable T 
instead of the variable @; the advantage of the new variable over the former con- 
sists, however, inthe fact that T can be directly measured in meteorology while 
the density can not. 


Our system of equations is complete, if the temperature distribution is consid- 
ered as given (for example through observations). However, only isolated, parti- 
cular problems can be solved in this way. We are dealing here with a general 
problem, and will make use of such a method in order to complete the system of 
equations. 


$ 8. Equation of Heat Balance 


We can, in principle, obtain a new equation by using the equation of heat 
balance. Let us denote by q the influx of heat from the surroundings per unit time 
and unit mass; we write the equation of heat balance in the form 


dT d ( | 
I= Co ae TP a 5 
The equation of heat balance is taken from thermodynamics. The time is not 


taken into account in thermodynamics, but in dynamic meteorology it plays a very 
significant part. Therefore it is necessary to check if the equation of heat balance 
in the form (1) satisfies the requirements of dynamic meteorology. We note, first 
of all, that this equation cannot be applied to a viscous fluid, since it contains the 
gas pressure p, while in the case of a viscous fluid the shearing stress must also 
be taken into account. 


We shall derive the equation of heat balance in a more general form, by pro- 
ceeding from the law of the conservation of energy, which states that the change of 
the sum of the fluid's kinetic and internal energies is equal to the work done by the 
volume and surface forces on the fluid, plus the heat influx. 


Let us consider some finite fluid volume T. Referring all the changes to a 
unit of time, we can express the law of conservation of energy through the 
equation 


a tar =O + (el, ode +t ( (Pp v) da, (2) 
t E 


where Q is the influx of heat, U—the internal energy and& —the total kinetic 
energy of the volume 17; 


{ o(F, v)dt —the work done by all the volume forces per unit time; 
Tv 


( (Pp 0) do —the work done by all the surface forces per unit time. 
2 
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Let us consider now the equations of motion of a viscous fluid in terms of 


the stresses Op Op ap 
=F,-+— ~ (Bee a er aed si), 


du 1 /op, Op 0 (3 
ten 4 4 Pay eee oe), ) 
a= F att > (FE j “hu 4 Ban) 


Multiplying the equations (3) respectively by u, v, w, adding them together 
and integrating over the entire volume t, we arrive at the theorem of kinetic 


energy a= ler o) art ({ ( { (% Pas 4 hee 4 ee) 


ee (“eer + “pe ee be) 9 ot (oe = oer pee 4 Bw }ar, 


Noting that 
Ox (Pret +P yet UF P,°@) = 


re ie 0 OP yy On ov ow 
io ie ers ey oa ae ai Wr Dex 521 Pye ae tr Page: 


and forming the seeece sins Sees, ic the y and z axes, the equation of 
kinetic energy can be written in the form 


ai = |e (F v)dr+ | { = (Pest + PyxtF Pz.) + 


Oo 6] \ 
+ 5 (Pay FP yy? 1 Pry) 1 5y (Pratt 1 Pye? + P22) S dt — 
Ou du ow dv , ow Ow , Ou 
— | { Pex get Poy ay t Persp t+ Poel se tay) + Pex (se +5) + 
: Ou , Ov 
+ Pry (+5e) } dt. (4) 


The second integral on the right-hand side may be transformed into a surface 
integral, according to Gauss's theorem, stating that the flux of a vector A through 
a closed surface equals the volume integral of the divergence of this vector: 


{ A, do= { div 4 dt. 


Let us denote by D' the integrand of the last integral of equation (4); the 
equation then assumes the form 


a= | 0 (F, v) drt | (Pp 0) ds — { Dar, (5) 


It should be noted that, in the case of viscous flow, not all the work done by 
forces exerted on the fluid goes to change the kinetic energy of the system; a 
part of the mechanical energy is evidently lost by conversion into heat. 


The equation of heat balance will be obtained in the following form: 
Gra OT | iar, 5 
: 
by subtracting equation (5) from equation (2). 


It can be seen from this equation that the change of the internal energy of 
the fluid is composed firstly of the heat influx from the surroundings and secondly 
of a part of the mechanical energy converted into heat. 
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Let us now pass from the integral form of the equation of heat balance to its 
differential form. Denoting by u the internal energy, per unit mass, and by q the 
quantity of heat, transferred from without to a mass unit in a unit of time 


= \ pudr; Q= J eq dt, 


we obtain equation (6) in the form 


d le 'dt. 
& (wear pgar+|D : (7) 


t 
If we reverse the order of the operations on the left-hand side (which is quite 
permissible, since the mass @@t remains unchanged), collecting all the terms 
of the equation in the left side under a common integral sign, we obtain 


( { oS—eq—D' } dr=0. 


t 
Since the volume 7? is arbitrary, we have 


p= eg+ D' (8) 
or, fully 
= 0a — { Pres et Py 5p oy st Paz 52 + Poel ae +5) V7 
+ Par +H) + Pay (SESE) cay 
This is the most general form of the equation of heat balance. 
The velocities of deformation, according to the equations (2) and (3) 3 6, can 


be used in the equation of heat balance, instead of the stresses. After simple 
transformations we obtain 


1g = tt pave + 2 y(aive)?—n (2| (S2)'+-(52)°+(53) "| + 
+ (+3) + (E+B) + (F+H) J 


This is the definitive form of the equation of heat balance. 


(10) 


The physical meaning of the terms of equation (10) will not be explained. 


Taking the fluid to be perfect, #=0 and the equation of the heat balance assumes 
the form 


d : 
og =e 4 + pdivo. 


(11) 
However, according to the equation of continuity 
: 1 dp . 
divv=—= — ° dt Ts 
therefore 
ee ee ls 
OI = 8 at PS at * 
Or, taking into consideration that for an ideal gas u = eT 
df d{\ 
I= “oo ACaE (12) 


The second term of the equation of heat balance is not equal to zero in the 
case of an ideal compressible fluid. Thus the term p div ¥ expresses the quantity 
of heat used up in the work of expansion or liberated as a result of 
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compression. The remaining terms of equation (10) are related to the viscosity. 
These terms indicate the quantity of heat liberated per unit time in a unit volume 
of the fluid, as a result of the conversion of mechanical energy into heat, caused 
by the viscosity. 


The sum of these terms expresses the dissipationor dispersion of the mechan- 
ical energy: 


D=— Zu(divoy+ w{ 2] (SE) +(5) +(e) |+(3 +52)’ + 
+(H+5) + ($+H)’)- 


(13) 


The dissipated mechanical energy consists of two parts. The first is related 
to the compressibility of the viscous fluid, and the second to its deformation. The 
compressibility of air is usually ignored, and the dissipation of the mechanical energy 
is determined by the equation 


b=u{ 21 (5) (5) Hae) J+Get+s) +(Ge+3e) + 
+($+5x) }- 


(14) 


Equation (14) shows that the dissipation of the mechanical energy is essentially 
a positive quantity. This means that what occurs as a result of dissipation cannot 
be a loss but is always a gain in heat, i.e., a conversion of the mechanical energy 
into heat. 


By adding the equation of heat balance 
aT d /i 
gt D= cop +P P-aH(5) a 


to the system of equations (4) and (5) § 6, six equations are obtained containing seven 
unknown functions: u, v, W, P,p,T, q, i.e., our system of equations still remains 
incomplete. Sometimes q is considered as a fixed function of the coordinates and the 
time, in order to complete the system. However, by proceeding in this manner 

we would be sidetracked from the problem in its general form, and consequently 
from its general solution. 


It is necessary to take into account the following forms of energy transfer in 
fluids, in searching for a general solution of our problem: 


1) dissipation of the mechanical into thermal energy, caused by the viscosity 
of the fluid; 


2) heat transfer by advection (horizontal), and by convection (vertical); 
3) thermal conduction; 

4) absorption and emission of radiant energy; 

5) transformation of energy related to phase changes. 


The dissipation of the mechanical energy has been examined. It figures in 
the equation of heat balance as a separate explicit term, and is in no way related 


to the unknown function q. 


211 


Since equation (15) refers to a moving particle, we have 
aT oT oT OT OT 
ia oe oy os 


Since the advection of heat is related to the passive trasfer of masses having 
different temperatures, it is natural to study heat advection by means of the ad- 
vective derivatives of the temperature. The advection of heat, like the dissipation 
of mechanical energy, forms a part of the equation of heat balance, and is independ- 
ent of the function q. 


The form of the dependence of the functionqonthe other forms of energy 
transfer will be determined below. 


In turning to the study of the function q, let us first of all draw attention to 
the two following cases, which are very important for practical work. 


1) Let us assume that the process is adiabatic; then q = 0. 


Neglecting the dissipation of the mechanical energy in the equation of heat 
balance, the adiabatic equation 


“pdt p at (16) 


is obtained, which completes our system of equations. Thus, the system of six 
equations (the three Navier-Stokes equations, the equation of continuity, the equa- 
tion of state and the adiabatic equation) is now complete.It does not matter whether 
in the equations of motion we retain or reject the viscosity terms. 


2) q can be considered as a fixed function of the position coordinates, the 
time, and the velocity components. This method of completing the system of 
equations has already been mentioned. 


Heat transfer is realized not only by advection and dissipation, but also by 
means of thermal conduction, if the temperature of the fluid changes from point to 
point. 


By thermal conduction a direct transfer of energy by moving molecules is 
meant. This transfer is by no means related to the macroscopic motion of the fluid. 
Thermal conduction therefore occurs also in an immobile fluid. 

The heat flux S caused by the thermal conduction is determined by Newton's 
equation. It is directly proportional to the decrease of temperature — an 


S=—k ea POL 17 
grad 7 k ; (17) 
where k is the coefficient of thermal conductivity: 
[*] = he Ol 


Let us isolate an elementary parallepiped in a fluid, with sides parallel to 
the coordinate planes. By considering the balance of heat which flows in and out, 


it is easy to find that the quantity of heat q which is conducted to a unit mass per 
unit time, is equal to 


= HECE +H) +262) 00 
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The coefficient of thermal conductivity k generally changes little with tem- 
perature and pressure. It can therefore be considered as a constant, a physical 
property characteristic of the fluid. 

The equation of heat balance now assumes the form 

OT aT 
k (53 tga ton) +O =e, 092 + paive. (19) 
8 
This is the so-called Kirchhoff's equation. 


Let us consider some particular cases. 


a) If the fluid is perfect D = 0 and consequently 


t (Sate 7 x) —c,p 5 dt lp div v. (20) 


b) If, in addition, the fluid is incompressible, then div 2 = 0 and consequently 


aT k eT (21) 
 eyp “ea (bet oe 
or ar 
or e 


c) Finally, if the fluid is immobile we have 
oT k (@T , &T 
Ot Cop (Sat gat cB) : i) 


In this case the equation of heat balance is transformed into the equation of 
heat conduction, generally called Fourier's equation. 


d) For a compressible perfect fluid the equation of heat balance can be 
written ina precise form as follows: 


OT OT oT OT  k (@T =) I dp 
ype tor wae (et Ret oa) bie at (24) 
If the fluctuations of pressure are very small, 2 = (Q, and the equation of 


heat conduction assumes the form (23), with the sole difference that the coefficient 
of thermometric conductivity( diffusivity)contains c, instead of Cy: 


OT k (0T 
ot = (ie + het ar iy 


The quantity {= = is the coefficient of thermometric conductivity [AJ= [£27-5]. 
P 


Equation (25) is often called Kirchhoff's equation. It should be kept in mind 
that this equation is only approximate, and that it is not always possible to neglect 
dp 


l 
the term C, dt’ 
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s 9, The Heat Influx due to the Conversion of Radiant Energy 


“ 


Radiant and heat energy are of two completely different kinds, and they 
should by no means be confused. Heat energy, for example, may be transferred 
from point to point by the process of thermal conduction, but only in presence of 
a material medium. The process of thermal conduction is impossible in a vacuum. 


v ; : 
In contrast, radiant energy is emitted freely in vacuum, the material medium 
only obstructing it. The emission and absorption of radiant energy are related to 
the disturbance of the heat balance of the radiating medium. 


One of the essential peculiarities of atmospheric processes is the extraordin- 
ary complexity of the radiant heat exchange in the atmosphere. This complexity 
is so great that until recently no exact equations of the radiant energy transfer in 
the atmosphere could be worked out. Only in 1941 was a complete system of equa- 
tions for hydromechanics, incorporating radiative exchange, formulated by the 
Soviet scientist E.S. Kuznetsov. 


Kuznetsov did not study the atomic mechanism of emission and absorp- 
tion. In deriving the equations, he took the phenomenological approach, generally 
used in the study of the motion of a fluid as a continuous medium. 


Kuznetsov introduces new functions to characterize the radiation, in 
order to compute the heat influx q caused by it. 


The intensity of radiation I is, according to E.S. Kuznetsov, the fundamental 
function of the radiation field; the intensity is defined as that quantity of radiant 
energy per unit time belonging to a unit spectral interval and propagating within 
a unit solid angle, which is normally incident per unit time ona unit surface. 


The intensity of radiation depends upon its frequency Y,upon the time ¢, upon 
the position coordinates x, y, z, and on the direction of the ray r, which is well 
defined by two angles, such as the two angular spherical coordinates § and @ 
(Figure 75). 


Thus, the intensity of radiation is a function of seven variables 


vy, tf, x, y, 2, 9, @: (1) 
J, =/,(t, x, y, z, 9, a) 
or 


1 =1,(t, P, r), (2) 


where P designates the point having the coordinates x, y, Zz, While ris the direc- 
tion of the ray. 


Such form of expression of the intensity of radiation creates great mathema- 
tical difficulties, aggravated by the fact that atmospheric radiation cannot be 
generally considered as isotropic. 


Kuznetsov afterwards introduced a second function of radiation, namely 
the flux of radiant energy, defined by the equation 
(3) 
F, = \ I(t, P, r) cos (a, r) do, 
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in which the integration extends over all the directions of Fr. 


Figure 75. The angular spherical co-ordinates 6 and a, 
which define the direction of the ray 


Thus, the flux of radiant energy is defined as the quantity of radiant energy 
with a frequency ¥ , which passes through a surface unit from every possible 
direction per unit time; the orientation of the surface is determined by the 
direction of the normal n. The flux of radiant energy therefore depends on the 
frequency and on the orientation of the surface. 


The following identity is well known 
cos (#, Fr) = cos (n, x) cos(x, r)-+- cos (n,yv) cos (y, r)-+- cos (, z)-cos (z, r). 
Substituting the expression in equation (3) we obtain 
Fy n= 608 (n, x) \4, (P, r) cos (r, x) dw +- cos (11, y)\ (Par) cos (7, y) dw +- 
-+- cos (n, z) \ I, (P, r)cos(r, z) dw 


or 


F, n= F,, 60s (a,x) --F, cos (a, y)-++ F, cos (a, 2), (4) 
where F,,, F,,, Fy, are the fluxes of radiant energy through unit surfaces 


whose normals parallel the coordinate axes x, y, Z. 


Thus, equation (4) shows that F,, is the projection of the vector F,, on 


the vector %, ifthe values F,,, F, ,, F,, are regarded as components of 
some vector F, . Therefore Kuznetsov called the vector fF, also a flux of radiant 
energy. 


Kuznetsov formed the total quantities of the radiation field by integrating the 
intensity of radiation and the flux of radiant energy over all the frequencies 


from 0 to ©: 
[o 6) 


“« 
| \ Idy, ae F dy, (5) 
0 


The characteristic quantities introduced above, namely the intensity of ra- 
diation and the flux of radiant energy, are typical of the radiating medium, 


Kuznetsov introduced a series of new characteristic quantities, apart 
from those previously mentioned, which express the interaction between the radiation 
field and the material medium, 


The mass coefficient %, of theradiation is defined as the quantity of radiant 


energy which belongs to the spectral interval from ¥ toy-+- land appears ina 
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unit of mass per unit time, emitted into a unit solid angle. Kuznetsov assumed 
that 4, is a function of position, but does not depend on direction, i.e., that 


(6) 
n, = 7, (4, P). 


This means that a fluid particle emits the same quantity of radiant energy in 
all directions. The total coefficient of radiation for all frequencies is determined 


by the formula 
i=) Hy dy, (7) 


The concept of a mass coefficient of radiation ig related to the existence ofthe 
radiant energy ina material medium. The disappearance of radiant energy is due 
to its absorption. 


The coefficient of absorption of radiant energy A, is defined in meteorology 
as the ratio of the radiant energy absorbed by the medium per unit length of the 
ray path to the total intensity of radiant energy. The coefficient of absorption 4@, 
ig defined in astrophysics as the ratio of the radiant energy absorbed by the medium, 
when a ray travels through it a distance numerically equal to the specific volume 
1/p of the medium, to the total radiant energy. 


The first coefficient may be called the volume coefficient of absorption, 
whereas the second one, the mass coefficient of absorption. lt is obvious that the 
following relationship holds between them. 


A, = a,. (8) 


E,S. Kuznetsov used the mass coefficient of absorption @,, assuming it to be 
independent of direction, i.e., 


a,—a,(t, P). (9) 


lt is obvious that the coefficient of absorption is equal to zero for a vacuum. 


In order to characterize the attenuation of radiant energy as a result of 
scattering, Kuznetsov introduced the mass coefficient of scattering o@, defining it 
as the ratio of the energy scattered by the medium when a ray travels through it a 
distance numerically equal to the specific volume of the medium, to the total energy. 


Kuznetsov assumed that the coefficient of scattering does not depend on the 
direction of the incident ray r, i.e., 


6,3, (t, P). (10) 


While the absorbed radiant energy is converted into other forms of energy, 
primarily thermal, the scattered energy remains radiant. Scattering only redis- 
tributes this energy among the different directions of r, issuing from the point P. 


In order to characterize the distribution of the scattered radiant energy, 
Kuznetsov introduced the law of scattering determined by the function Yv' 


| | 
an WH Pre’). 
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This scattering function gives the part of the energy scattered in the direction 
fr per unit solid angle. It is obvious that the scattering function must satisfy the 
condition: 


J WGP nr yao' at. (11) 


The scattering is uniform in all directions, if ¥,=1, The intensity of the 


scattered radiation depends on the direction of the ray if }¥,=>41. 


Kuznetsov thus introduced six characteristic quantities to describe the 
radiation field 


I(t, P,r), F,(t, P), n, (f, P), a(t, P), 3, (f, P), y, (4, P, 7, r’). 


However fr, is not independent, but is related to de by equation (3), Consequently, 


there are only five independent functions 
I, UR ayy Gy Ys 


Kuznetsov assumed that the last three functions can be considered as 
constai.ts, and there remain only two unknown functions: /, and 4. 

Let us now derive the expressions for the heat influx caused by radiant 
energy. Since the scattering of radiant energy does not cause its conversion into 
thermal energy, it is natural that scattered energy will not enter into the ex- 
pression for the heat influx. Consequently, the heat influx q will be determined 
by only two processes: the absorption of radiant energy, and its emission. 


Let us imagine a fluid particle exposed to radiation from the direction [7 
(Figure 76). Within this particle let us consider a separate cylinder, whose axis 
is parallel to r, of height ds and cross section dj. 


The quantity of energy absorbed per unit time by this elementary cylinder 
is equal to: 


oa,/ dsdo=pa,l, dt=a,/ dm, 


wheredt =ds-dgis the cylinder’s volume, and dm—the mass of the fluid contained 
in it. It is obvious that the quantity of energy absorbed by the whole mass con- 
tained in a volume having an arbitrary form, is determined by the same expression, 
where dm stands for the elementary fluid mass contained in this volume. 


Figure 76. Regarding the derivation of the 
equation of radiative heat influx 


The total energy, absorbed by a unit mass over all frequencies and from 
all directions, is given by the integral 
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co 
\ a,dy | 1, (t, P, r)da. 


This is the "income'' of energy per unit time, referred to unit mass. 


However, along with the absorption of energy the fluid mass also emits 
energy in all directions simultaneously. The total energy, emitted per unit time 
by a unit mass, is given by the integral 


vs 
( dw) \ nay == 40 \ nay = 407, 
> 30 
This is the "expenditure of energy, referred to a unit Mass, 


Consequently, the quantity of energy q, transferred per unit time to a mass 
unit of the fluid, as a result of radiation processes, equals 


oo 
g=\ adv | 1, (t, P,r)do —4ny, (12) 
0 


Finally, let us introduce the heat transferred by radiation to a mass unit of 
the fluid into the equation of heat balance($ 8): 


oO 00 
q= | adv ( I(t, P, r)\dw—4n y 1,2. 
0 0 


Taking into consideration the processes of dissipation, heat conduction 
and radiation, the equation of heat balance takes the form 


rel adv { Ido — = y (div 0)? +p {2 (52) +2 (Ss) + 
+9 (5)+(G4 84 ea) + G48)) 


oo 
=e, a + paive-tanp | nav, 
0 


oe? 0? 0 
where d=sa tat is the Laplacian operator. Thus, we obtain 


a system of six equations, containing 8 unknown functions: u, v, w, p, p, T, 


I,, %,. This system still remains incomplete. 


$ 10, The Equation of Radiative Transfer 


In his search for new equations, E. 5S, Kuznetsov drew on the results obtained 
by astrophysicists, and derived the equations for transfer of radiant energy in the 
following way. 


Let us consider a fluid volume element of mass dm=pdt, which ab- 
sorbs, emits and scatters radiant energy. Let us keep track of the radiant energy, 
which propagates in a given direction inside this fluid particle, having the form of 
a cylinder ofunitcross section (Figure 76). For simplicity we assume that the 
radiation field is stationary. 


The following variation in the radiant energy will take place, if it is trans- 
ferred from point P to aninfinitesimally neighboring point P?: 


1) The intensity will vary as a result of absorption along the path ds by the 
magnitude 


—p(P)a,(P) 1, (P, r) ds. 
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2) The intensity will vary as a result of scattering by the magnitude 
— p(P)9,(P)f,(P,r)ds. 
3) The intensity will vary as a result of emission by the magnitude 
P%, ds, 


if this emission is referred to a unit golid angle, and to a unit spectral interval. 


4) Finally, radiation scattered in the direction fis added to the radiation 
emitted by the cylinder. 


The total attenuation of energy radiated along / equals 


e(P)a,(P) 1, (P, r') ds’ do’. 


Use can be made of the law of scattering in order to separate the part of the energy 
scattered in the direction r.i.e., it is sufficient to multiply the preceding 


l 
expression by rae (P,r,r’). 
Consequently the following quantity of energy is scattered in the direction Fr 
1 
5% (PY (P, PY, (P, 1, dm. 


Thus expression must be integrated over all possible directions, in order to 
account for all the rays scattered in the direction ’. We then obtain 


am) { 1, (P,r)-,(P, 7, ) do" 


or, by referring this quantity to a cylinder of the cross section 
pds oi) ) I (Pi r')y(P, 7, nde’. 


The intensities of the ray at the points P and P' differ infinitesimally; 
therefore 


L(P',r)—L(P, r= ds, 
Consequently, the variation of the radiation intensity is expressed by the equa- 
tion 
of a, 
Ie (A) en te LP, yy, (P, 7, 1) do’ (1) 


or 


Lee tS FRPP Fide (bale oa 


Thus, we obtain a new relation between the unknown functions, i.e. , between 
the characteristic quantities /, and %, of the radiation field. Consequently, only 
one of these functions can be arbitrarily assigned. 


Kuznetsov gives another, more concise form to the equation of the radiative 
heat influx, Since 


ol, ol, dl, dl, 
So = 7g COS (x) H gy 008(1, y) + 57608 (7, 2) 
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the equation of radiative transfer can be written in the following form: 


el 
- Ee cos (Fr, x) +5 cos(r, y) + 5p COs (r, 2)| = 


=n te) LEMP nae’ —(a+9) 1, 


This equation is derived for a definite direction fof the ray. Let us multiply 
it by a corresponding element of solid angle d® and integrate it over all possible 
directions, assuming that 


01, 0 :| 
(%do= Ze J 1, .cos(r, 2) do+ 5 I, ycos(r, y) dw +- 


+ £ { I,,cos(r,z)dm. = (4) (4) 


But the integrals of equation (4) are, according to the relations (3) S$ 9, components 
of the energy flux vector ‘vv: 


Therefore 
ol, OF, x OF, y Ler ae 
do =~ a ar Tra ela 2=— div F,. 


os. ~ OX z 


(5) 
The following integral can be transformed in this way: 


FL PLP. do!) doa \ ao'l (P,r') Vy (P, 7, do 
= 4n \ I (P,r') do’ =4n \ I, (P,r) do. 


Thus, the equation of radiative transfer will assume the form 
- div F, = 417, —a, { I (P, r) do. (7) 
By integrating over all frequencies, we obtain 
oo 


= div F= 4nqj— far | 4, (P, r) do. (8) 


It has, however, been shown above that 
oS 


g= (aay, | I dw — 417. 
5 
Consequently, the heat influx can be expressed by the equation 


[a 
me aa (9) 


Thus, the heat influx at a given point is determined without ambiguity by the 
divergence of the radiant energy flux. The particle obtains more energy than it 
absorbs, if divF >0. The particle absorbs more that it emits if divF<0. 
Finally, radiative equilibrium prevails for divF = 0, i.e., the particle emits the 
same quantity of heat as it absorbs. 


By integrating the equation of heat influx over the volume, we obtain 


— | qpat= | div Far, (10) 


or, by transforming the volume integral on the right-hand side into a surface 
integral by an application of Gauss' theorem, we obtain 


—Japar—| Fae, (11) 


% 
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* 11. A Complete System of Equations for Hydromechanics, 
Thermodynamics, and Radiation Theory. Considerations 
of Humidity 


Let us now collect the equations for hydromechanics, thermodynamics and 
radation theory: 


ee (1) 
agate PHOT Se . 
 delma sa 2 kde Toes ' 
@ 4 pdivo=0, (4) 

5 ==RT, (9) 


maT +p adv [1,do—3 n(divor +n {2 (Se) +2(%)°+ 
0 
so) CB) + (48)+ G48) 
= peg 42 + paivy-+ np ( 1,4, (6) 


0 
San tel L(, r’)- y(t, P; r',r) dw’ —(a,+a,)/,, (7) 


Af 
Ny = a, E.,, (8) 
ys 
E=4-—>—. (9) 
etl 


Thus nine equations, determining nine unknown functions: ua, v, w, p, p, T, Hy, 
E,,/,, are obtained; the first six unknown functions depend on the coordinates 
and on the time; the seventh and the eighth depend in addition on the frequency 
of the radiation, and the last on the ray direction 7. Consequently there are seven 
independentvariables:x,v, 2, #, v, 6, a. 


In addition, the equations (1) - (9) also contain, together with the constants 
w, k, c, Cy Co, the functions 


a,(P,t), 3,(P, t), VAP tr), 


which can be regarded as given. Instead of assigning the functions @,, 0,, ¥, 
we may specify their connection with some of the unknown functions, for example, 
with the temperature T and the pressure p. 


The system of equations for hydromechanics, thermodynamics and radiation 
theory was worked out on the assumption that the moving fluid is at the same time 
the material medium which absorbs, emits and scatters radiant energy. 


These equations cannot, however, be directly applied to the atmosphere. 
This can be explained first of all by the fact that dry air plays an insignificant role 
in the processes of absorption and radiation. The role of the gas molecules con- 
stituting dry and pure air is important only for the processes of scattering. 
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Water vapor plays a decisive role in atmospheric radiation processes. 
A much slighter role, though quite important, is played by carbon dioxide (in the 
lower layers of the atmosphere), and by ozone (in the stratosphere). Finally, 
during these processes a very important role is played by water in the form of 
liquid drops, by ice suspended in the atmosphere in the form of clouds, and also 
by solid impurities. 


It is as yet impossible, from the theoretical point of view, to take into account 
all the essentially significant factors, which govern the processes of radiation in the 
atmosphere. We will be content here with a demonstration of the way in which the 
influence of water vapor can be taken into account, on the basis of the equations 
obtained above, and shall do so by following E.S, Kuznetsov's reasoning. 


The values of R, Cy ae for moist air differ slightly from the corresponding 


constants for dry air. This difference may therefore be disregarded and should not 
be taken into account in the equations. 


The coefficient of absorption is the only magnitude entering in our equations 
which essentially depends on the content of water vapor. Disregarding the absorption 
by dry air and assuming that water vapor is the only substance which is of im- 
portance for atmospheric radiation processes, we can substitute the product ?°@of 
the preceding equations by the product ?,,2’, where p,, is the water vapor density , 
and @’— the coefficient of absorption of water vapor. These products are only a 
part of the equations of heat balance and of the equations of radiative transfer. 


The equations (6) and (7) will then be written as follows: 


co 


RAT + Py (adv [ 1do—z (div v7)? +p {2 (Se) +2(5) + 


0 


+9()'+ G+) + ray G48) 


aT 
= (ly a +pdivo + 4np,,\ a,’E, dv, (6') 
of , : , ; 
<== pg QE, + og \ 1,(P, 7’) 7, (t,P, ', 1) do’ —(p,,0° +6,) I. 1") 
By assuming 


— gq’ Pw — a 
a am (10) 


where s is the specific humidity,it can be seen that for moist air one can use the 
same system of equations (6), (7), assuming that its absorption coefficient is 
determined by equation (10). 


However, such a determination of the absorption coefficient greatly complicates 
the problem. The absorption coefficient is still not a physical constant in this case, 
but depends on a new function — the specific humidity s. 


The systems of equations (1) - (9) will thus still be incomplete, since the 
nine equations have ten unknown functions: 4, ¥, W, Pp, Pr T, hw Ey, 1s GS: 


In the problems of dynamic meteorology s is often considered as a given 
function of the coordinates and of the time. 


In general it is necessary, however, to work out an equation of the transport 
of water vapor in the atmosphere. 
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The equation of water vapor transport has the form of a diffusion equation, 
if neither aes ac a i eas * take place 


os G25 
aeer ss ty ste & =D (3 4+5a+5n): (11) 
[D] =[L°7-"], 
where D is the coefficient of diffusion. 


The system of equations (1) — (9) is closed by the equation of diffusion (11), 
if there is no evaporation or condensation, The problem of working out a complete 
system of equations becomes more complicated if evaporation or condensation do 
take place. In this case not only the equation of water vapor transport changes, 
but also the equation of heat balance. 


The equation of water vapor transport takes the form: 
Os Os Os Os O25 Os 
oe ay on D (Gath +53) +0, (12) 


where W is the rate of evaporation, i.e., the quantity of water evaporated in a unit 
mass of moist air per unit time. 


The term: 


pis (13) 


appears in the equation of heat balance, where L is the latent heat of evaporation, 
and e,- the quantity of heat used up per unit time for the vaporization of w g of 
water. 


In order to determine the value of w it is necessary to derive a supplementary 
equation, describing the processes of evaporation of water drops or ice crystals. 


As regards the equation of radiative transfer, it must be derived anew, and 
with it the expression which determines the heat influx caused by radiant energy, 
because it is obvious that the radiation processes taking place in a medium con- 
taining drops and crystals of different sizes must be determined by quite different 
equations. 


Thus, it can be seen that a complete system of equations simultaneously de— 
scribing the totality of atmospheric processes has not yet been obtained. Some sort 
of schematization of the process is inevitable, not only for the solution of these 
equations, but also in their derivation. 


$ 12. The Different Types of Fluid Motion 


A complete system of equations for hydromechanics, thermodynamics and 
radiation theory was worked out in the previous section. Some boundary and 
initial conditions must be furnished to these equations, in order to make the problem 
well defined. 


The obtained system of equations can be solved in principle, since it is com— 
plete. It is only necessary to overcome the mathematical difficulties encountered 
in the integration of this complicated system. We still do not know, however, 
whether the eventually obtained solution for given initial and boundary conditions 
will be unique. No uniqueness theorem for the solution of the equations of hydro = 
mechanics for certain given boundary and initial conditions has yet been proved. 
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The sought solution of the system of equations must satisfy one more con- 
dition,namely, the motion determined by this solution must be stable. This means 
that small disturbances of the motion must gradually die out. The motion becomes 
turbulent, if the small disturbances are not extinguished, but amplified. 


It has been shown by observations that the motion of fluids is turbulent as a 
rule. Only in exceptional cases, when special conditions are provided, can laminar 
motions be obtained. Natural flows are always turbulent. Any attempt to solve com-—- 
pletely the problem of the turbulent motion of a fluid is quite futile, if by this is 
understood a determination of the laws of motion for all fluid particles. The deter— 
mination of the trajectory of a separate fluid particle in turbulent flow is quite im- 
possible. The equations of motion for a viscous fluid have not a great practical value 
for the study of natural flows. 


It is natural to consider a field of turbulent motion as a random distribution of 
the field vector. A random field can be only studied by statistical methods. In 
such a case some “mean dynamical variables are used — the "mean! velocity, 
tmean" pressure.etc. Osborne Reynolds, the founder of the theory of turbulence, 
was the first to indicate such a possibility. 


Reynolds classifies all fluid motions into molecular (or thermal), and macro- 
scopic (or mechanical). 


The molecular or thermal motion, some idea of which is given by the Brownian 
movement, isdefinedasthe irregular incessant movement of molecules in apparently 
motionless fluids or gases. The molecular or thermal motion, of course, never 
ceases also in moving fluids (or gases). 


Molecular motion does not change the macroscopic state of the fluid, if it is 
in statistical equilibrium, since the processes proceeding in any direction are com— 
pletely compensated by processes in the opposite direction. A systematic prepon— 
derance of processes in one direction over the reverse processes is observed when 
the fluid is not in a statistical equilibrium, as a result of which the macroscopic 
state of the system changes, gradually tending toward a state of statistical equi- 


librium. 


Processes which bring a fluid nearer to a state of equilibrium are called re- 
laxation processes. This concerns: 1) internal friction or viscosity, which becomes 
apparent in a gradual stopping of the fluid motion; 2) thermal conduction, which 
becomes apparent in equalization of temperatures, 3) diffusion, i.e., a mutual 
penetration of two gases initially separated from each other. 


The periods of molecular motions are infinitely small as compared with the 
periods of macroscopic motions. Therefore, the molecular and macroscopic 
motions can always be differentiated. The molecular motion can be considered as 
relative, and the macroscopic as transport motion, considering the actual motion 
of a fluid particle to be absolute. In this case the macroscopic motion appears as 
a sort of average over a huge number of molecules. 


The macroscopic motion of an actual fluid can be either laminar or turbulent. 


Laminar motion is characterized by the fact that all the particles in a suffi- 
ciently thin layer of the fluid move with the same velocity, as a result of which the 
currents in the fluid would appear, if they were visible,as solid shafts. When pass~ 
ing from one layer to another in laminar motion the velocity changes gradually and 
continuously as a consequence of internal friction, and asa result of adhesion to 
the bounding walls, if such walls exist. 
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The laminar nature of the fluid flow lasts as long as the quantity called the 
Reynolds number (see Chapter IX § 4) does not reach a definite critical value. The 
motion ceases to be laminar and becomes turbulent when the Reynolds number ex— 
ceeds the critical value. 


Turbulent motion is characterized by the fact that, apart from the average 
flow velocity, every particle of the fluid has its own additional velocity. There—- 
fore during turbulence, while the particle moves with the mean flow velocity, its 
motion will appear to be very irregular, recalling by its chaotic character the 
thermal motion of molecules, with the only difference that in molecular motion the 
molecules themselves are the moving bodies, but the aggregates of molecules 
which participate in turbulent motion change both their form and their mass during 


the motion. 


Thus, macroscopic turbulent motion can be considered as an absolute motion 
of fluid particles, consisting of an average fundamental motion, common to the 
whole flow, and of relative additional motions which differ for different particles. 
The periods of the relative additional motions are considerably smaller than the 
period of the fundamental average motion. 


The first experiments carried out under laboratory conditions in order to 
compare laminar and turbulent flow have already shown that the difference between 
them is not only of an external kinematic kind, but a more profound dynamic dif- 
ference. It is established that the drag exerted by the streaming fluid during laminar 
flow is proportional to the first power of the velocity, but that of turbulent flow is 
proportional to the square of the velocity. 


This is bound up with the fact that during the laminar motion the kinetic energy 
of the flow is converted directly into heat, i.e., into kinetic energy of the mole- 
cules, but during turbulent motion the kinetic energy of the fundamental averaged 
flow is not converted directly into heat, but first into kinetic energy of a relative 
additional macroscopic motion, and only subsequently into thermal energy. 


Just as the molecular motion in the absence of equilibrium leads to processes 
of internal friction, of heat conduction and diffusion, so the additional macroscopic 
motion leads to turbulent friction, to turbulent thermal conduction and turbulent 
diffusion, 


Laminar motion is rarely observed in nature ~— more often in the so—called 
laminar boundary layers, adjoining the boundaries of a fluid. 


§ 13. The Equations of Average Motion of a Fluid 


The equations of motion of a viscous fluid appear to be completely inappli-— 
cable to the study of turbulent motion. 


The structure of turbulent flow is so complicated, and all the magnitudes 
which enter in the equations of motion (velocity, temperature, pressure) are sub— 
jected to such spatial and temporal variations during turbulent motion, that even 
if the equations of the instantaneous velocities could be applied to an isolated par- 
ticle, the integration of these equations would have proved to be quite hopeless. 


On the other hand, none of our instruments are suitable for the measurement 
of instantaneous hydrodynamic magnitudes: measurements yield only averages of 
these magnitudes over some range. Therefore, it is natural to derive average 
equations of motion for the average variables, refraining for the time being from 
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any attempt to reproduce an exact picture of the turbulent flow at an arbitrary point 
in space, and at any instant of time. 


We start the study of atmospheric turbulence with the elaboration of the 
operation of averaging. 


We will mostly average the values of the function over some period of time 
4 t, which must be of a long enough duration to yield representative average values 
which will change not too quickly. On the other hand this period should not be 
excessive in order to avoid undue suppression of the essentially important changes 
in the averaged function. 


The average value of the function will be represented by a horizontal bar 
over the symbol which designates this function. 


Thus, the time average of a function will be defined by the following equation 


1 “3 
97=R \ o-dt, (1) 

at 

as 


Since the order of the operations of averaging and spatial differentiation (in 
an arbitrary direction) may be inverted, the following relation holds; 


Ge, a ” 
ol ol’ al? ola° 
In addition we postulate the following equality: 
a oe (3) 
For two functions 9g and b we have 
ey (4) 
and in general 


(5) 


The average value of a vector (or tensor) will be obtained by averaging each 
of its components separately; thus 


———- = 


grad» = grad 9; div y= div 9; Ag= dy. (6) 


Let us consider now not the function ¢, but its deviation ’ from the mean 
value 


g =9—9. (7) 


The following identities are obvious 


o' = 9— y= 9 —y = 9 —9=—0. (8) 
Let us evaluate the average product of two functions $ and v 


SOSH GPO HP IEE YEO GHEY. 
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Since the second and the third terms vanish when averaged, we finally obtain: 
G P=P-PTy'y’, (9) 
We assume for the sake of simplicity that the fluid is incompressible. Let 
us average any of the Navier-Stokes equations such as the equation for the x axis 


(the two others are similarly treated), not taking as yet the external forces into 
consideration. Let us write the equation of motion in terms of the stresses: 


ae —. Px Ox OP xz 
oS pu se to + pw ge = oe + oe (10) 


and add to it the equation of continuity for an incompressible fluid after first 
multiplying it by 


0 
pu tou St pase (11) 


By adding equations (10) and (11) we obtain 


poe Oouu ee Opuw Op, ! oe | OPxz (12) 
ze vie a r rae ie — Es OV vx CEXY - 
or 
Ou fi) a Aes 
Pag = re (P.. — puss) + oy (Py — p4v) 4 jz (Pxe — puw). 


Let us integrate each term of equation (13) with respect to the time from 
t—(At/2) to ¢--(At/2) inorder to obtain the equation of the averaged motion, Tak— 
ing into consideration the equalities for the operation of averaging derived above, 
we obtain: 


Ot 520 eA aR ort 0 ee fee 
? of ay (Pax — pu — pu'u’) + (py — pu — pure") 4 


0 (> ae ae 
arr (P,, — pu w — pu w’). 
(14) 
By transferring the terms containing the mean velocities to the left-hand side 


of the equation, and taking into consideration that the equation of continuity for the 
average motion takes the form of 


ou, ov , dw 
det dy Taz = (15) 
we obtain the Reynolds equation for the average motion: 
Ou, ~du | -du , —du 
a ec pe en tee ae —— 
de (Pex Be u gr (P.y— pa'u Moras (P.,— pu Ww ), 
dv , —od0 — dv 
(Gtee poe we) a 
— 0 |= ‘70 ——— Oo on- — 
Ox ein U ) +5, (Pyy — pu U oP a (Py, — pv w'), 
ow , -dw , —dw , —dw 
(tage +o 4 oe) 
eee — uw’) + 2 D ryhony?) a a Rae 
dx \Pxx ay (Pye — PU'w") -- = (p,, — pw'w'), 
where ut, v, w are the components of the mean velocity; u’ = 4 —y, vu’ =v—-y, 
Ww" Sigh a as the components of the pulsation velocity [ eddy velocity]. It should be 


noted that the eddy velocities generally are not at all small in comparison with the 
mean velocities, but are quantities of the same order of magnitude. The additional 
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stresses which evolve in the fluid as a result of turbulence are, on the contrary, 
significantly greater than the stresses of viscosity. The terms of the Reynolds 
equations expressing the influence of the viscosity can therefore be omitted, and 
these _— for an ee fluid assume the form 


7 Ott — du 1 op ou'u' Ou'v! Ou'w" 
tee oe La 9 ae r +e ee) 
av — dv 1 dp ou'v' oe du'w' 
amar 458 7 t@! a THe (2 gy ees * :P (17) 
ow ~ ow _ i 1 op Ou'w" a dw'w" 
rye ane Ox oe —) 


Ou , dv 


The equations which we derived for the average motion of an incompressible 


fluid can be generalized to include the case of a compressible fluid, if the mo— 
mentum density m= 6v. is introduced instead ofthe velocity 9g. We will now write 


the averaged equation of motion for a compressible fluid in a definitive form, omit— 
ting its derivation: 
Om, ou ams oem: 
= x ¥ 


By 8 i a+ 2am +2 wm, 


dumy dum, la 


Eh oe Or Oe 


— 2 + 5, um a + 2m +Sw'm, 
Le of 20 | OO 
op 
=—24+ 50 wm, + 5 om +30, 


where m m_, m_ are the components of the momentum density M™, while m! 


Omy 


(18) 


m! , m' are their pulsations [fluctuations]. 


It is obvious that the system of the Reynolds equations is incomplete, since 
we have four equations, containing ten unknown functions U, V, w, Dp, and six 
Reynolds parameters of turbulence u'u', u'v!, ulw?, viv', viw!, wiw?, 


In the search for additional relationships between the velocity fluctuations, 
the theory of turbulence has developed two approaches,the semi-empirical and 
the statistical theory of turbulence. 


The fundamental considerations of the semi-empirical theory of turbulence 
are the following. After Stokes the stress components due to molecular viscosity 
are linearly expressed in terms of the components of the velocity of deformation. 


Is it impossible to use the relations 


—— Ou. — du. Se te Ow 
— pa’ == 2p 53 pu = ly gyi — Hew! = ety FF 


> du, dv aT, “a , ow\, 
— pd =u, (% 4%); Te ee bre (se 4.2); (19) 


— pw'w! ww = 4,(52 +34 i). 
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° ° ° 9 
for the average motion, in analogy with the expressions for the stresses: 


The system of equations for the average motion of an incompressible fluid 
will then be complete, and will assume the form 


os = i (20) 


ater ia : 
FTG Lae (Hebe) +85 (Hrd) +a: (Hr Ze) 


While this may be possible, it should not, however, be forgotten that the co- 
efficient of eddy viscosity Hen has nothing to do with the coefficient of ordinary vis - 


cosity u. The coefficient of viscosity u depends on the physical properties of the 
fluid. The coefficient of eddy viscosity an does not depend on them at all. It is 


entirely determined by the character of the flow, 


In contrast to the coefficient of viscosity, which is a scalar magnitude, the 
coefficient of eddy viscosity is generally a tensor. 


Thus, even though an analogy does exist between the irregular turbulent motion 
and the irregular molecular motion, this analogy is restricted. 


Similarly, though we can draw an analogy between the averaged equations of 
Stokes and the Navier-Stokes equations, this analogy is also restricted. It can, 
however, be helpful in some cases, 


We should note that the viscosity plays no role in the derivation of the aver- 
aged equation of Reynolds. This equation could be obtained in the same way by 
averaging the equations of motion for perfect fluids. 


Thus, the semi-empirical theory of turbulence makes it possible to express 
only very roughly the eddy stresses by the components of the mean velocity, 
u, v, W. In the equations of average motion, generally speaking, other different 
coefficients of turbulence appear together with the unknown functions u, v, w, Pp, 
Which must also be determined. 


A vertical coefficient of eddy viscosity u, and a horizontal coefficient u' are 


necessary for the atmosphere. The equations of average motion can be then 
written in the following form: 
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§ 14. Transformation of Kinetic Energy of the Average Motion into 
Kinetic Energy of Eddies 


Let us consider the transformation of the kinetic energy of average motion 
into kinetic energy of eddy pulsation. We will use the equations of motion of an 


incompressible fluid in the following form, neglecting the volume forces for the 
sake of simplicity: 


O5F = — {az (Peat 200) + 5, (Pye OHO) +5 (Peet pure) } 
Ou O 
? 5 = — {x (Pry you) + (Py + 000) + 5; (Pry + 602), (1) 


OSE = — {ae Pua tet) +E (Pye + 00) +3. (Peet prow, 


By assuming 


where uU, V, W are the components of the velocity, averaged over the volume and 
referred to the center of mass of this volume, we obtain for the x axis the equation 
of averaged motion in the form 


du 


pe eh Og Be th Pea 
pt — {2 G4 putt pe) + Z (By p+ pad) + 
+2 Diet eu-w-+ pw) | o 


and two analogous equations for the y andz axes. Since 


¢uu — (pu u + pu'u’) = p(ua' +-u'u) +p (u'u' — u's’), 
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we obtain by subtracting equation (2) term by term from equation (1) the following 
equation for the x axis: 


pa — (8 Ip pit fat) + pute’ — TENE SS Phe 
A p(ao' u's) + pu'o’ — FO] +S [pi tp (uw aw) + 3) 
+ p(u'w" —vw')|\ 


and two analogous equations for the y and z axes. 


By multiplying equation (2) for the average motion by U, Vv, W, respectively, 
adding the results, and setting 


oF =p(at +o 4 w), 


we obtain 


=(5+4 a2+og+ws\i= 
= HIF Pe FET ZU pt OL 
4-2 Dt ew AS (Pay + OHNE 
+200, ++ ZR, + ew) + 
+ £fo Batol ste (p,,+-¢w"0")| + il fo Bat? fare") + 
5 [Porte + Pi ey fae ft Bye + By 5 + Py Se cee 
+ Bg: e+ Pye 5 e415 ge) to | war ek ro Se tite’ ia 
LCL VTE LT Sa T + we | 0%} 


We thus obtained the energy equation for the average motion. 


By multiplying the equations (3) for pulsating eddy motion by ut, vt, wt 
respectively, and by adding the results of multiplication, we obtain the equation of 
energy for eddy motion at each point of the flow. In order to be able to compare 
this equation to equation (4), let us refer them to the same volume, which moves 


with the average velocity of the flow. Averaging the equation over this volume, and 
setting 


°F = p (a? vo? + wy, 
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where E' stands for the kinetic energy of eddy pulsation, we obtain the following 
equation of kinetic energy for pulsating eddy motion: 


dE’ @ 


a =a (* TZ +R) C= 

= {2 Ww (Pee + u's’) +5. [a (Py + pu’o')] 
+554! (pix + pa’) 4-2 fo" (phx + g0'a’)] 
+ [0 (yy + 00'0'] +2 [0 (ply + g0'w")] + 
+2 {w’ Pox pro'a')) +5 [w’ spall iad 2 
+2 fw’ (pss + pw'w')] + [i a bia a L i 
+ Pex oe py ae bP So + Py 5 pint =| 
+ Pye TPs =) - g | war 2 tees 2 
io 8 HL oe 7% 5 we 4 

+3837 54.703] 


From this equation are omitted the terms containing the products of the three 
fluctuating magnitudes, because these terms disappear after integration of equation 
(5) over most regions of the flow pattern. 


The rate of change of the total kinetic energy of the flow will be obtained by 
adding the rate of change of the kinetic energy of the average motion to the rate of 
change of the kinetic energy of the eddy pulsations, i,e., 


a= ae dF’ 
or 


It is easy to see that by adding equations (4) and (5) the same expression 


is obtained, as by direct derivation of the expression for dE ,» by means of a cor- 
dt 


responding multiplication of the equations (1) by u, v, w, and their summation. 


When adding the equations of energy (4) and (5), the terms in the last square 
brackets’ will not enter in the equation of the total energy. It is obvious that 
these terms, the only ones which do not influence the total kinetic energy of the 
flow, express the conversion of the kinetic energy of the average motion into 
kinetic energy of eddy pulsation. Attention should be drawn to the fact that the 
transformation of kinetic energy of the average flow into eddy kinetic energy 
does not depend on the physical properties of the fluid, but is determined 
only by the kinematic character of the flow, i.e., by the distribution of the average 
and eddy motions. If we denote by T the rate of conversion of kinetic energy of 
the average flow into kinetic energy of pulsation, referred to a unit volume, we 


obtain 


= “OU 


—; du, = OU | TT Ny a aor ov 
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If we express by mean velocities all the terms appearing in the equation describing 
the transformation of kinetic energy, and assume 


— 


— Ou She ca dv Ou 
—p au’ = 25, —p we =n,( 2+ 2), 


(7) 


e 


or ENS dv apy dw % ) 
—pvv = 2p Fo =U f=, (24% 
—p ww’ = 2p, = —) vw =p, (24%), 


Oz ’ 


we shall obtain 
raoeo(() + (SY HE) +E +8)" 
+ (24%) 4+-(2+2)' (8) 


Thus, the expression for the converted kinetic energy of the average motion is 
quite similar to the expression for the dissipation of mechanical energy into heat 
with the sole difference that the coefficient of eddy viscosity yp T enters in the ex- 


pression for the converted kinetic energy, while the coefficient of viscosity u 
enters in the expression for the dissipation. 


We have still to indicate the physical meaning of the other terms appearing on 
the right side of the energy equations (4) and (5). The first term of equation (4) 
expresses the rate of change of the kinetic energy of the average motion, as a re- 
sult of the work performed by the stresses, and of the transfer of the average mo— 
mentum by eddy pulsations, The first term of equation (5) expresses the rate of 
change of the kinetic energy of pulsation as a result of the work done by the stresses, 
and due to transfer of the momentum of the eddies. 


The second term of equation (4) expresses the dissipation of the kinetic 
energy of the average motion, which is completely independent of the pulsation. 
Finally, the second term of equation (5) expresses the dissipation of the kinetic 
energy of eddy pulsations, and clearly this dissipation is independent of the average 
velocities. 


Let us now integrate the equation of energy (5) over a volume moving with the 
mean velocity of the flow, The first term will then be expressed by two surface 
integrals, the first of which stands for the work done by the stresses on the bound- 
ary of the volume, while the second term is a measure of the rate of change of the 
kinetic energy of eddy pulsation, as a result of its transfer through the boundary 
surface, The volume under consideration can be chosen in such a way that the 
total energy transferred by pulsations through the boundary is equal to zero. The 
change of the kinetic energy of eddy pulsation will then be expressed by the dif- 
ference between the quantity of energy, which is obtained by conversion of the 
kinetic energy of the average motion, and the quantity of energy dissipated into 
heat by viscosity. 


Thus, we finally obtain the so-called resolving equation of Reynolds, in 


the form 
dE’ 


dt 


t 


dt==— | Dat+ | Tar. S 


Equation (9) shows that the eddy kinetic energy increases if the part of the 


kinetic energy of the average motion which is converted into it exceeds the dissipa~ 
tion of mechanical into thermal energy. Otherwise the eddy kinetic energy decreases. 
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The cardinal point of Reynolds? theory, the division of motions into three forms 
(the average macroscopic, the relative macroscopic, and the thermal) by means of 
equation (9), can be put in the form of the following scheme: (Energy of the average 
motion) T (Energy of the relative motion) D. (Energy of the thermal motion). 


If T>D, the newly developed kinetic energy of eddy pulsation has no time to be 
converted intothermalenergy. In this case the laminar motion is unstable, and tur=— 
bulence increases. If, on the contrary, T<D, the developed pulsations are damped 
by the forces of viscosity. The laminar motion is in this case stable, and turbulence 
is suppressed. 


315, The Fridman—Keller Equations 


The questions, whether the phenomena occurring in turbulent flow do or do not 
conform with some general law, and what is the inner structure of turbulent flow, 
remained quite untouched until lately. Only in the last years did a number of Soviet 
scientists — Fridman, Keller, Kolmogorov, Obukhov, Loistyanskii, Millionshchikov 
and others ~ make considerable advances in this problem and founded an entirely 
new statistical theory of turbulence. Fridman and Keller indicated in 1925 a 
system of parameters for the structure of the turbulent flow; they also worked out 
a mathematical method for an approximate solution of this problem. 


In this section we will give the derivation of:the Fridman—Keller equations, 
restricting ourselves to the examination of the incompressible case. 


Let us consider the equations of Navier-Stokes for a viscous incompressible 
fluid in the form ‘ 
1 op Ou, Ou; 


VA ae On 4) Gx, = % (== 1, 2, 3) (1) 
/=1 
and the equation of continuity 7 
Ous 
>. =0. 


With the help of these equations for a laminar flow, it is possible in principle, 
as we have already indicated, to determine the unknown functions er (M) and p(M) 


at any point M of the flow pattern [at any future time] from their initial values. 


However, this cannot be applied to the turbulent flow, since for it the initial 
values of the unknown functions are random, 


The statistical school of Academician Kolmogorov attributes some rather 
common properties to the distributions of the hydrodynamic variables uy Uy, Ug, p 


in the turbulent flow, which assume there a great number of random values. The 
problem of turbulent motion is approached from this standpoint, by Millionshchikov 
for instance, in the following way. 


The probability distribution of the initial conditions is given. The probability 
distribution of the "random functions" u.(M) and p(M) of the point M at any subsequent 
moment t>0 is to be determined. J 


Millionshchikov does not indicate the method for calculating the expectation 
values of the hydrodynamic variables. However, in order to pass from theory to. 
experiment, it is necessary to introduce the ergodic hypothesis, extensively applied 
in statistical mechanics. This hypothesis states that averages over a sufficiently long 
period ot time come arbitrarily close to the spatial expectation values. 
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The definition of averaging, used by Millionshchikov as an operation of ob— 
taining the expectation values, has essential advantages as compared with the | 
methods of averaging by means of various smoothing functions. This definition dis— 
penses with the necessity to stipulate relationships concerning repeated application 
of averaging since repeated formation of the mathematical expectation only yields 
again the value obtained on the first time. 


The deviations of the unknown functions Uy Un, Uy, p from their expectation 
values are denoted, following Millionshchikov, by the following symbols 
pa of aad (¢=1, 2, 3). (3) 
Ug SPs 
Let us also assume for the sake of brevity that: 


Pl TEE (4) 


We obtain the Reynolds equations for the average motion of the point M' by 
forming the expectation values for equations (1) and (2) 


3 
1 dp ou; — ou Ob; 
valu, ——- 2 ——— — > -/=0 (5) 
and the equation of continuity 
duj__ 
Deon (6) 


As mentioned above, this system of equations is incomplete, since the four 
equations include ten unknown functions 


Uy, Uo, Uy, Py O14, Byo, Oyg, Ban, Bog, Ogg. 

Fridman and Keller proposed to work out a complete system of equations, by 
correlating the fluctuations of velocity and pressure at two points in the flow pattern, 
and at two different instants. They proposed to take into consideration the so-called 
moments of correlation, i.e., the expectation values of the generation of pulsations 
of the hydrodynamic variables at different points of the flow, and at different instants. 


We are interested in the moments of correlation since they complete the 
system of our equations and allow to solve them with respect to the unknown functions. 
The notion of ‘moment of correlation'' makes it possible to introduce a new impor- 
tant parameter of turbulence - the scale of turbulence - which is no less important 
than the previous parameters, namely, the frequency and the amplitude of eddy 
pulsations. In addition, the moments of correlation can be experimentally measured. 
This opens the possibility of comparing theory with experiment. 


Thus, the Fridman—Keller theory makes it possible to elucidate the physical 
structure of turbulence, and furnishes the basis for investigating the flows artificially 
created in wind tunnels, 


For the second and third moments of correlation we use the notation 


B,; =v, (M') VU, (M"), 


Byyy == Uy (M1) -0, (M1) 0, (MY (7) 
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where M', M!'!, M!!! designate generally different points of four-dimensional 
Space ? ’ ’ es 

M! = (41, «oe, 43, #); 
M" = (x1, X2, xa, 2"); 


Wee. 37 gt “ 
M = (1), XQ, ae a ). 


By multiplying the systems of equations (1) and (2) respectively by the fluctu- 
ations V; and Vo? and averaging the resulting products, we obtain 16 additional 


equations, interrelating the same unknown functions and some new functions as well, 
including the 10 momentsof correlation of the se dorder: 

g rela condorder: Bar Bio By 3: Boo: Bog: 
Ba) Bor Boo: Bo 3 Boo: In addition, moments of correlation of the third order, 
which were rejected by Fridman and Keller because they considered them negligible 
in comparison with the second order moments, will enter in the equations. We thus 


obtain twelve additional equations of the type 


3 
j 1 0By, (M’, M”) OB;,(M’, M”) — 0B; (M’, M% 
UAB UM Ma 
ik | ’ ) ? ax’ ot 2 j Ox; 


ou hip 
7 X ax, Bie (M’, M")=d e) 


and four equations of the type 


x 0B jy (M', M") _ 
ras Ox; (9) 


forming together with equations (5) and (6), a complete system of twenty equations 
in twenty unknown functions. A similar system of equations can also be worked out 
for the point M!!, 


We should note that more recent studies by Soviet scientists have shown that 
the moments of correlation of the third order can not always be neglected. How- 
ever,many methods of completing the system of the equations of motion by means 
of new hypotheses, making it possible to express the third and the fourth moments 
by lower-—order moments, have been indicated in these studies, Therefore these 
latest studies not only do not belittle the importance of the remarkable work of 
Fridman and Keller, but put an even greater emphasis on its immense import- 
ance for the study of the structure of turbulent flow. 


Let us note, however, that the Fridman—Keller equations are so complicated 
that their integration in the general case has not yet been accomplished. 


The system of Fridman-Keller's equations is usually treated in exceptional 
cases of turbulence in a quiescent or in a uniformly moving fluid when for the 
whole space u, =Q(i= 1, 2, 3) canbe assumed, In this case the Fridman— 


Keller equations assume the form 
i 1 0B. (M’, M’ 0B;,(M’, M") 
vA’ B,, (M', M")— — ae = oy =O, 


p Ox; 
3 
0B ;,(M’, M”) =. 
J/=1 Ox; (10) 
” mn” 1 0B (M", ’) OB (M", M’) 
% M)—- — : 7 ag 0, 
vA'B,, (M ) 9 ax ot ; 


3 
yu (M", M") — 0, 
jar 9%; 


a=, 
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Chapter IX 


THE EQUATIONS OF MOTION OF THE ATMOSPHERE AND 
THEIR SIMPLIFICATION 


$1, The Equations of Motion of the Atmosphere Regarded as a 
Perfect Fluid 


In the present section we shall study the equations of motion of the atmos- 
phere for the simplest case, when the air is considered to be a perfect fluid, 


Placing the origin of coordinates somewhere on the earth's surface, let 
us consider the equation of the relative motion of a perfect fluid in the form given 


by Euler: 


dy 1 © 
or du W\giewi weadp es dd — 2 [w, va] 
pr ened Ue eee pea £ 1M) Ms (2) 


where--2 [w, v| is the Coriolis force, caused by the earth's rotation, and @ is the 
potential of gravity. 


The vectorial equation (2) is equivalent to the three component equations: 


Ou or ou 1 op 
3 
ets tl Te a Tinea 
1 op 
wu ton +w = — 5 927 — 2 (0,9 — 0,0). 


If we add the equation of continuity 
et +E4+8= (4) 


to the system of equations (3) we do not obtain a complete system of equations, be~ 
cause the four equations (3) and (4) contain five unknown functions u, v, w, P, (. 


In the study of the motion of a perfect fluid, we completely exclude from our 
considerations both the process of energy dissipation occuring in a real fluid, 
and the heat exchange between its different parts. This means that the motion of a 
perfect fluid must be regarded as adiabatic. Consequently the adiabatic equation 
in the form 


T dt pdt” ~° (5) 


can be taken as the fifth equation, 


The new unknown function—the temperature T-~is related to p and 9? by the 
equation of state; 


p= RT. (6) 
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Thus, the system of six equations (3), (4), (5), (6) contains six unknown func- 
tions u, v, Ww, —, T, and is complete. 


Let us now consider the conditions which must be fulfilled at the boundary 
surfaces of the fluid. 


The boundary condition, in the case of a perfect fluid, must express the fact 
that the fluid cannot penetrate through the solid surface, or break away from it; 
consequently, the normal component of the velocity at the solid surface must be 
zero 


UV, = 0. (7) 


The normal components of the velocities of any two contiguous particles be- 
longing to two different immiscible fluids must be equal at the interface. 


Uny =U nos 


(8) 
The pressures in the two fluids must also equal 
P, = Pe: (3) 


Finally, the adiabatic condition must hold on the boundary as well as in the 
interior of the perfect fluid under consideration. 


It is sometimes more convenient to use another form of the equation of mo- 
tion for perfect fluids, Ifthe entropy in a perfect fluid is initially equal every- 
where, then it will not change as a result of the fluid motion; consequently, the 
adiabatic condition is simplified and becomes: 

sates: GF dp 
dy=C,7—R aaa (10) 

Let usnowintroduce the enthalpy* into the equations of motion. According 

to equation (10) we obtain 


__ ese eo 
d3=c, dT = r dp= P dp (11) 
or 1] 
Pi el deme (12) 


The equation of motion can therefore be written as follows 


oy = — grad (P 4-9) — 2[a, 2}. (13) 


We ghall now indicate some forms of the equation of motion for the atmos- 
phere, regarded as a perfect fluid. 


It is known from vector analysis that: 
v2 
(v, grad) v= grad (5) a [vcurlv}. (14) 
By combining equations (2) and (14) we obtain the equation of motion of the 
atmosphere in the following form 
2 
2 == — grad 5 — 7 gtad p — grad ® — 2 [w, vo] —[curly, v}. (15) 


Let us apply the curl operator to both sides of equation (2). Writing 
Q = curl ¥, we obtain the equation of atmospheric motion in the form given 


x [Translator's note: The enthalpy is denoted everywhere by the Russian letter 9 ]. 
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by A. A. Fridman: 


— (9, grad)o +Qdive = — 2curl[w, %] — 5plerad T, gtad pj]. = (16) 


Fridman! s equation determines the temporal variation of the vorticity vector in the 
air parcel under consideration. 


Let us now consider the momentum density of the flow 
m=p0, mM, pl; m,=pfV,; M,= Pw. 


We will transform the left side of one of the equations (3), by the equation of 
continuity o ease in the following form: 


0 
057 + Pu Ge +90 5 t+ pw = 
_ 4. oe poe a a (2 P+ oe +3 + 262) a 
Om, | Oumy \ OumMy | Cwm 
=a Ox =I oy a3 Oz 


The equations of motion for the atmosphere as a perfect fluid will then assume 
the following form: 


om 0 0 Ow 

oe ae aye Ger WM, =~ 38 (ww —w,v), 
ay a ty ny — 2 (wu — 0 ,w), (17) 
dn. ate Bn 4 Samy —F — g— 29 (w, U— 2). 


We now write down the equations of motion inspherical coordinates r,¢, } 
without deriving them explicitly. 


The components of the velocity in spherical coordinates are given by the equa- 
tions ° 
UV, =F COs Hh, 


as aml 
Ul; 


and the equations of motion for the atmosphere as a perfect fluid assume the form: 


7) — Qu sin p+ v,-f- 2w cos y-¥, + = (+0, — 1g 9-0, +04) = 


__ 1 9 _ 1 op 
rcosp Oh  prcosgdar’ 
du ; ] 
40s 42 sin ga, +2 (0,-0, +t 9-09) = 
— oP lop (18) 
roy er Op’ 
dv 1,2 2 
ors — 2w cos pv, — — (Uf U_) = 
_ __9@ 1 op 
— Or e Or’ 


On the left-hand sides of the equations we have: 
1) the components of the Euler acceleration J: 


— ay. 
at 
, dU, . (19) 
Jy Hi » 
-__ ar 
Jr Fi e 


2) the components of the Coriolis acceleration C: 


C, = — 2 sin g-v, + 2 cos $-4,; 


C= + 20 sin g-v,; (20) 
C,== — 2wcos9-v,. 


3) the components of the metric acceleration M: 


M, = + (%%, — tg 9-040), 
M,=-7 (u,v, + tg 9-05), (21) 
M,= — > (vi+4}). 


The metric acceleration is not a result of the earth's rotation, since 
it does not depend on the angular velocity w of the earth, It is caused by the fact 
that the metric of the system lh, 9, r does not conform with the principle of iner- 
tial motion. 


The centrifugal acceleration, due to the curvature of the trajectory, which 
differs from the curvature in the system }, Y, r, is contained in the Euler acce- 
leration. The metric acceleration and the Coriolis acceleration are orthogonal to 
the velocity vector, since 


M,-v, + M,:0, + M,-v, = 0 (22) 


C4 C,-0, +C,-v,=0. (23) 


and 


§ 2. The Equations of Motion for a Turbulent Atmosphere 


An irregular turbulent air motion is usual in the atmosphere. We can convince 
ourselves of that literally at every step. The clouds of smoke issuing from chimneys 
consist of puffs of soot particles whose visible trajectories are completely inter- 
mingled. The same can be observed in cloudy air masses. 


The gustiness of the earth's surface wind, both directly perceptible and as re- 
corded by anemographs in meteorological stations, airplanes going over air-bumps, 
irregularities in the vertical speeds of pilot balloons — are all different manifesta- 
tions of atmospheric turbulence. 


The vertical transport of water vapor and of other material impurities (dust, 
condensation nuclei, bacteria, etc) is also related to the turbulent character of 
atmospheric motion. The turbulence of the atmosphere plays a decisive role in 
processes of heat exchange between different layers. Even such processes as the 
variation of wind with height, the periodical variations of atmospheric temperature, 
the periodical changes of humidity, and others — are closely related to the turbu- 
lent character of atmospheric motions. 


The causes of atmospheric turbulence have not yet been completely elucidat- 
ed just as there is no clear notion of the nature of the elements of turbulence. 


On account of the irregular character of turbulent motion, it is not possible 
to use instantaneous values of the actual air velocities. Averaged equations of mo- 
tion are therefore used in the investigation of turbulent motions in the atmosphere. 


In order to work out equations of motion for the turbulent atmosphere, it is 
sufficient to add to the right side of equations (3) s 1,terms expressing the forces 
caused by the turbulence: 
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du | op -_ a [., du 2 (ve 
ao pen oe +5 (Y ae Vag) 


dv 1 op a [., du zie) 
Gp gay 0,0) +5 ( a) oe 
Of ov 
+5 3) (1) 
d 10 
7 ieee tae Said ial N+5.(Y az) +5 ("5 +r 


oy Sot 4 962 + 2 


where v and v’ are respectively the vertical and horizontal coefficients of kinematic 
viscosity. 


Turbulence is not a physical property of air; it is only a special, prevalent 
form of the air motion. One can imagine the atmosphere without turbulence, un— 
der the same external conditions. In order to point out the special importance of 
turbulence in meteorology, let us examine some examples of the conditions which 
would obtain in a hypothetical atmosphere in which all motion is laminar. 


In a laminar atmosphere we would first notice, even with the naked eye, that 
only layer clouds exist. Cumuli would completely disappear. We would further 
find by means of temperature soundings that the lapse rate in this hypothetic atmos— 
phere reaches exceedingly high values. In fact, turbulence moderates the altitude 
variation of the temperature. 


The chemical analysis of the composition of air at different altitudes would 
indicate that each gaseous constituent of the atmospheric air forms an independent 
atmosphere, obeying its own barometric formula. The amount of heavier gases in 
the atmosphere would therefore decrease with altitude more rapidly than that of 
lighter gases, and the percentual composition of air at different altitudes would 
be different. This would lead to the result that the total pressure at a given altitude 
of a free atmosphere would be greater than it really is; nevertheless, this differ— 
ence would reach significant value only in very high layers. Turbulence ensures 
that there be no altitude-dependent diffusive equilibrium of separate atmospheric 
gases, and equalizes the composition of the air at all altitudes. 


Life in big towns would have been impossible in a laminar atmosphere, because 
the quantity of oxygen supplied by molecular diffusion would evidently be insufficient. 
We might add that the contamination of air by combustion products would have led 
to an intolerable situation near mills and factories. 


The absence of turbulence would have had a pernicious effect not only on 
human beings, but also on the entire organic world, 


§ 3. Helmholtz's Principle of Similarity 


The integration of system (1) $ 2 is impossible, as we have already mentioned. 
We will, therefore, restrict ourselves to the consideration of simplified equations 
of atmospheric motions, which occur in particular problems. However, before 
passing on to these particular problems, we must find the criteria, showing exactly 
what kind of simplifications of the problems are admissible in principle. 
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Much headway in this direction was made by Helmholtz's principle of geomet— 
ric similarity, by the principle of dynamic similitude, and finally by the very im- 
portant assumptions of Hesselberg and Fridman, concerning the order of magnitude of 
meteorological elements and their derivatives. 


Let us first consider Helmholtz's principle of geometric similarity. 


The motions of two viscous fluids, determined each by the Navier- Stokes 
equations, can be compared. Let us explain under what conditions will these 
motions be geometrically similar. We will denote the quantities which refer to the 
first fluid by the subscript 1, while these referring to the second fluid will be left 
without a subscript. We will assume that also the gravity and the angular velocity 
of rotation might generally have different values for the fluids under consideration. 


Helmoholtz used the equation of state in the form 


p+c=ap (1) 


(c is some constant anda depends on the temperature) = in order to take into con- 
sideration the compressibility of the fluid. The density remains finite in this form 
of the equation, even when the pressure vanishes, because c is, generally spea~ 
king, different from zero. c = 0 only in the case of an ideal gas, The coefficient 
a, which accounts for the influence of the temperature, is essentially positive. 

Let the quantities, referring respectively to the first and second fluids, bear the 
following mutual relationships 


u,== Un; v, = Uv; = w,= Uw; py= Pp; 9p, = Re; x, = Lx; 
¥, = Ly; 2, = L2; 
Po ie i, = My; &, = Cig; o@, = Ro; €:==Cec; a, = Aa, (2) 


where U, P, R, L, T, M, G, Q, C, A are evidently constant dimensionless quan- 
tities. Since the two fluids satisfy both the Navier-Stokes equations and equation 
(1), quite definite relationships exist between these quantities. By inserting the 
values characterizing the first flow in the first of the Navier-Stokes equations, we 
obtain; 


U du P ia MU 
5 = a + OU (2wo0, — 200,) + Bre - VU. (3) 
Since the quantities referring to the second flow satisfy the first of the Navier-Stokes 


equations, all the dimensionless coefficients of equation (3) must fulfil 


Nothing new is given by the second of the Navier-Stokes equations. From the 
third equation we obtain an additional relation containing G ina Similar way. Thus 


UP oy MU 


In addition we obtain from the equation of continuity: 


RU 


SS 
oer 


L 9 


“yo 


and from the equation of state: 


P—=C=AR. 


Thus, 10 dimensionless quantities, characterizing the scale of motion, are 
linked together other by seven independent relations. Consequently, seven quantities 
can be expressed by the three remaining ones, for which we will use the ratios of 
lengths L, velocities U, and densities R; 
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G=o; Q=- ; C=U2R: A=U?, (5) 
We are considering two flow patterns of the same fluid (air); therefore R= 1 


L ates Sap __ 
T=7; P=U% M=LU, G=z; 


and 


C=U?2; AU, (6) 


? 


U 
[= E. 
These relations allow to obtain an answer to a number of important questions. 


Let us first explain the possibility of existence of geometrically similar mo-— 
tions in the atmosphere, if their velocity fields are equal, i.e., if U=1. These 
geometrically similar motions differ only in the length—scale L of the phenomenon. 
Thus 


1 1 
The analysis of relations (7) shows that motions geometrically similar to 
those actually occuring in the atmosphere are impossible, because in that case some 
magnitudes, certainly constant, would have to be varied. Thus, for example, the 
gravity appears to be inversely proportional to the length—scale of the flow, whereas 
the viscosity would be directly proportional to this magnitude. 


It further follows from relations (7) that the greater the length-scale of the 
air flow under consideration, the greater must be the scale of time for the same 
velocity of the flow. Time, therefore, plays a greater role in small-scale than in 
large-scale motions. 


The larger the flow extent, the greater must be the force of viscosity in 
order to produce the same effect. Since the viscosity of air has a fixed, nearly con- 
stant value, it plays an essential role only in small-scale motions, The greater 
the scale of the motion, the smaller is the role played by viscosity. Hence we may 
completely disregard the viscosity during large scale motions. 


In the same way we can convince ourselves of the fact that with the increase 
of the scale of motion gravity and the Coriolis force play an increasingly impor— 
tant role. Let us put a second question, concerning the possibility of occurrence 
in the atmosphere of kinematically similar motions having the same linear extent. 


L = 1 inthis case, and relations (6) give: 
1 
T= i P=U?; M=U; G=U?; Q9=U; C= U?; A= U?, (8) 


It appears that motions having the same extent and similar from the kinematic 
point of view are impossible in the atmosphere, because in that case some evident- 
ly constant magnitudes would have to be variable (gravity, viscosity). 


Relations (8) enable to draw a number of very important qualitative conclu— 
sions, 


The forcesof viscosity must attain a high value at great velocities in order to 
make the motion kinematically similar to that at small velocities. The viscosity, 
however, remains constant at any velocity. Consequently, the influence of the 
viscosity is smaller, the greater the velocity of the motion. 


The same can also be said of the gravity and the pressure: the greater the 
velocity, the slighter the effect of both these factors. 
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Finally, we should explain the role of the compressibility, which is expressed 
by the coefficient C = U2, 


In order to warrant a similarity of motions, it is necessary that the air should 


be less compressible (C = U2 > 1) at high velocities than at low ones The com- 
pressibility therefore plays a lesser role at low air speeds than at high ones. 


Thus, the following propositions can be formulated on the strength of Helm— 
holtz's principle of similarity. 


1) The following motions can not occur in the atmosphere: a) having different 
linear extension from the actual motion but the same velocity; b) having the same 
extension, but different velocity. 


2) The role of the viscosity is essential in a slow small-scale motion, and 
inessential in large-scale rapid motions. 


3) The role of the compressibility is essential only at very great velocities, 
the fluid being considered as incompressible at small velocities. 


4) The influence of gravity and of the Coriolis force increases with the scale 
of the motion. 


9) The influence of pressure decreases with increasing velocity. 


These propositions make it possible to simplify the equations of motion, and 
hence to obtain an approximate solution of some problems concerning the motion 
of the atmosphere. 


§ 4. Dynamic Similitude. The Reynolds Number 


We have seen above that no currents can occur in the atmosphere which are 
geometrically similar to these actually existing there, because the mass forces 
must be different for them, whereas, for example, gravity is a fixed quantity which 
is not at our disposal to be altered. 


We will put the problem of similarity in another form Let us assume that 
two fluids are examined: the atmosphere, whose motion is uncontrollable, anda 
laboratory fluid, on whose motion we can impose the required conditions, In other 
words, we may wish to reproduce atmospheric motions in the laboratory, and we 
should take care that the laboratory—created motion is similar to the atmospheric 
one. We will determine whether such simulation.is feasible. 


In the attempt to simulate the motion of material particles by a motion,similar 
not only geometrically and kinematically but also from the dynamic point of view, 
it is necessary and sufficient that the force-scale f should bear the following 
relationship to the length-scale 1, mass-scale m, and time-scale T: 


l 
f=mz- 


This condition, called Newton's principle of dynamic similitude,is the only 
one necessary, and is sufficient for the motion of two systems of material particles 
to be similar geometrically (the geometrical proportions of the systems are similar), 
kinematically (the velocities of the corresponding points are similar), and dynamical- 
ly (the forces acting at corresponding points are similar), 
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In the attempt to recreate atmospheric motions we encounter enormous diffi- 
culties which are inherent in the system and hence insurmountable. Some of these 
difficulties are common problems of reproducing a flow bounded by solid surfaces 
and by free boundaries, but to these difficulties new ones are added, by the 
compressibility of the atmosphere, to its thermal stratification, its unboundedness, 
and finally by the rotation of the earth. These difficulties are so great that not one 
successful attempt to reproduce atmospheric processes can be named, 


Nevertheless, the principle of dynamic similitude facilitates (though to a li- 
mited extent) the simplification of the general equations of motion; however, in 
applications to atmospheric motion the principle of dynamic similitude is less 
fruitful than in aerodynamics. 


We will restrict ourselves to the examination of horizontal motions, and 
assume that there are no external forces, and that the motion therefore takes 
place only under the action of internal forces. If, in addition, the compressibi-— 
lity of the atmosphere is ignored, the Navier-Stokes equation assumes the form 


d 0 
psp — St de, (1) 


Accepting these assumptions, what is the condition for the dynamic similitude of 
flows, if geometric and kinematic similarity is to be maintained? This condition 
can be determined with the help of the preceding section. Of the seven relations 
(5) $ 3, only three are retained in the case under consideration: 


T=F; P=UR; M=RLU. (2) 


We are now interested only in the last of these relations, which connects the 
scales of the viscosity forces and of the inertial forces. Passing from the scales 
to the functions themselves, and taking into consideration that 


p’ e’ x eee i’ gg et 
we obtain the relation 
Pi Pi i 
Bp bg 


or, introducing the coefficient of kinematic viscosity 


2 on 
"heak == const, (3) 


This is the condition of dynamic similitude for flows moving only under the 
action of inertial forces and of the internal forces of viscosity. 


The dimensionless quantity 
(4) 
is called the Reynolds number 

Thus the constancy of the Reynolds number is, providing geometric and kine— 
matic similarity exists, the necessary and sufficient condition for the dynamic 
similitude of two flows of an incompressible viscous fluid, on which external forces 
do not act (it is obvious that the values of the velocity v, of the length 1, and of the 


coefficient of kinematic viscosity can be altered thereby). 


It can be seen from the structure of equation (4) that small Reynolds numbers 
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correspond to small inertial forces and a high viscosity, while high Reynolds num- 
bers correspond to great inertial forces and to a small viscosity. 


Under atmospheric conditions we constantly encounter motions taking place 
at high Reynoldsnumbers. Let us evaluate this number for three cases of atmosphe- 
ric motion: 1) breeze blowing on the shore of a great lake (1, = 1,000 m, v= 1.5 


m/sec), 2) the motion of air in a monsoon (1, = 500,000 m,vg = 10 m/sec), 

and 3) the motion of the atmosphere in its general circulation (1, = 10,000,000m, 
vg = 10 m/sec). Let us assume, in addition, that the coefficient” of kinematic 
viscosity is ¥ = 0.13-107* m2/sec under normalconditions (t = 0°C, p = 760 mm). 
The Reynolds number for these motions will have the following values respectively: 


Re, = 1- 108; Re, = 4- 101!; Re, = 8. 10'2, 


It can be seen from the cited examples that the Reynolds numbers of atmosphe- 
ric motions are enormous. This fact shows that the influence of the viscosity can 
always be neglected in the study of atmospheric motions, and that air can be regarded 
as a perfect fluid. 


Numerous measurements carried out in laboratories have shown that the 
Reynolds number is also a criterion for the transition from laminar to turbulent 
motion; the flow is laminar for small Reynolds numbers; it is turbulent for high 
ones, The flow in cylindrical tubes becomes turbulent already at values of Re_ = 
1,160, if no special precautions are taken, The flow can maintain its laminar 
character even at Re = 20,000 and more if special precautionary measures are 


applied. Noturbulence can occur at Re < 1160. 
cr 


It follows from the cited values of Re that atmospheric currents are always 
completely turbulent. The equations for viscous fluids are therefore not needed for 
the study of atmospheric motions; it is, however, always necessary to proceed from 
Reynolds' averaged equations of motion, in which the forces of viscosity can be 
ignored but the additional stresses must generally be retained. The possibility of 
rejecting the additional stresses of turbulence must be carefully checked. 


§ 5, The Laminar Boundary Layer 


We have already mentioned several times that the influence of viscosity 
on atmospheric motions can be disregarded; we have at the same time pointed out 
the necessity of carefully allowing for the influence of turbulence. But before 
entirely dispensing with considerations of viscosity, we shall in the present section 
examine a motion for which the effects of viscosity are decisive, and cannot be dis- 
regarded, The problem concerns the laminar boundary layer in the field of flow, 
and also in the fields of temperature and humidity. 


The results obtained in the present section will be compared afterwards 
with the corresponding results for the turbulent boundary layer. However, we must 
keep in mind that the results of the study of the laminar boundary layer also have 
an independent significance in the theory of some meteorological instruments. 


In the previous section we pointed out that, due to the huge value of Re for 
the atmosphere, the influence of viscosity on atmospheric motions can be dis- 
regarded everywhere, except for the layer directly adjacent to the solid boundary 
to which the viscous fluid adheres without slipping. This layer is called the boundary 


layer. 
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Figure 77. The formation of a laminar boundary layer in 
flow past a plate 


Let us imagine an undisturbed flow of air moving with velocity u (Figure 77). 
Let us introduce into this flow a polished flat plate, and orient it so that its sur— 
face is parallel to the direction of the undisturbed flow. It stands to reason that 
the flow will be disturbed in the immediate proximity of the plate. 


The layer in which the disturbing influence of the surface on the flow will be 
observed, will be the boundary layer. It has been ascertained by observations that 
the thickness of the boundary layer 6 increases the farther we move from the leading 
edge of the plate, where 8 = 0, 


Within this layer the flow velocity rises sharply from zero at the surface of the 
plate, to some finite value on the outer surface of the layer, equal to the velocity u 
of the undistrubed flow. The stress tensor therefore appears to be of essential 
importance for this layer, in spite of the small value of yu. 


The integration of the equation of motion for the laminar flow of a viscous 
fluid is in principle always possible, just as the integration of equations of motion 
for the potential flow outside the boundary layer is possible, 


We shall restrict ourselves to the examination of the plane—parallel motion 
of a fluid. 


It is expedient to use the Reynolds number in the study of the boundary layer, 
because the unknown function will then be dimensionless. We write 


“= Ue; v,=U0; w,=—Uw, x,=—Lx; y,Lly, 24,=— Lz; a) 
f= Tt, p,=Pp, 


where the actual physical variables are denoted by the subscript 1, capitals stand 
for the ®characteristic® variables of the flow, T = L/U being used as characteristic 
time, and P = 9 U2 as characteristic pressure (according to Bernoullits equation), 
small letters without subscripts stand for dimensionless magnitudes, which are the 
ratios of the physical variables to the characteristic ones (these dimensionless 
variables may assume every value from 0 to 1). 


After substitution of (1) in the equations of motion (2) $ 7 Chapter VIII and 
some elementary transformations, we obtain the following dimensionless equations 


Ou Ou Op 1 /ou eu 
at gett =— ete (am tae) 
Ov _ += Op | ey 
2 4 po% a BL (Ga +5): 


As characteristic velocity we shall use the velocity of the undisturbed flow i, 
and as characteristic length — the length 1 of the plate, 


(2) 


Let us assume in addition that 6’ = 6//—the dimensionless thickness of the 
boundary layer, is a small magnitude of the first order. We shall estimate the order 
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of magnitude of each term which enters in the equation (2) designating the order 
of magnitude by the symbol II. 


ct= natal OH 1. 


Since Ilu=IIlx—1, wehave If 
Ou 
Thus Ilu= Il fe dy=1;the derivative of the horizontal velocity in the di- 


rection of the Aeemel to the plate, is therefore very large: IS=F- In the same 


O2u l 


From the equation of continuity ou ot j it follows that 
y 


Ox 
WS = 1S =, 


hence [lu=0’ and consequently 
Ov &y ; 
Ne a=? 
and ; au __ 
Ot 
Let us write down the equations of motion and the corresponding evaluations of the 
orders of magnitude of their terms. 


Ou Op 1 /O2u 
pte tore — e+e (Seta) 
: a ‘ 
a a ee 1 74 (3) 


=’, 


6! 
Ov Ov dus Op , 1 = [ev 
Hae + = — ay t Re (Ta tap) 
re Oo r e| 6° : 


e 


my aoe 
In the first equation <a , and in the second 94 33:The se- 


cond derivatives with respect to x can therefore be left out, because they are negli- 
gible in comparison with the second derivatives with respect to y. 


Furthermore, the forces of viscosity and the forces of inertia are magnitudes 
of the same order within the limits of the boundary layer. But the first of the equa- 
tions (3) shows that the_order of the inertial forces is 1, while the order of the for- 
ces of viscosity equals = . Consequently, |] a= {whence 3r—y—L. 


e 
Returning to the physical thickness of the boundary layer $==8'l, we obtain: 


b= Il re (4) 


Thus, if the motion takes place at high Reynolds numbers, a boundary layer 
appears at the solid surface limiting the fluid, and its thickness is determined by 


equation (4). 


The order of magnitude of all the remaining terms of equation (3) is’, and 


') 
therefore ce is of the same order. Consequently, the pressure inside the boundary 
layer can be considered to be approximately equal to the external pressure, 


whence sp = 0 and p = p (x), i.e.,within the limits of the boundary layer the pres- 


sure varies only in the direction of the flow, and does not vary normally 
to the plate immersed in the air stream. Returning to the dimensional variables, 
we obtain the equation of motion for the viscous fluid in the boundary layer in the 


following form: 
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Ou Ou Ou\ Op O2y 
(Sugg) Hae tha 


These equations were derived by Prandtl. Instead of Prandtl's first equation 
it is more expedient to use the integral relationship of Karman, obtained by inte- 
grating this equation over the whole thickness é of the boundary layer between the 
limits 0 and 8, The upper surface of the layer is, of course, very conditional, 
but even with this restriction one of the powerful aspects of Kdrmadn's idea con- 
cerning the boundary layer can be demonstrated. After integration we obtain: 


) 8 5 
0 0 u3 Ou 
Z| eudyt+ $.(osayt | eos — 
0 0 0 


ey Ou ou oY 
=—(Pay+u (Fs). —#(5),- 
0 


Since p is independent of y within the limits of the boundary layer, we have 
8 


Op = ___op 
0 


The motion is still vortex-free, or potential, at the outer surface of the layer; 
therefore 


At the inner surface the same equation expresses the force of friction, re- 
ferred to unit area of the plate 


(2) 
B dyJs* 
Integrating by parts, we obtain 
.) 8 
Ou 3 Ov 
{os dy= {v-ulo — {a5 dy. 
0 0 
But : 
3 — (° dv 
(v-ulo = 0;U, =u \ 5-0 
0 
in addition, according to the equation of continuity —~2—& > Consequently 
ly x 
g 8 8 


By substituting all the obtained expressions in equation (6), we obtain the in- 
tegral relationship, expressing Karmdn's theorem: 


8 8 3 

0 Oo -O ‘e) 

5 | ewdy +5. (pu? dy —Us \pudy=—O3o —t. - 
0 0 0 


Let us explain the physical meaning of each term in equation (7). 
We will consider for this purpose a volume element of the fluid, enclosed 
within the boundary layer (which we assume to be of unit thickness) and bounded 


by the solid plate, by the exterior surface of the layer, and by the planes 
orthogonal to the axis OX, whose abscissas respectively equal x and x + 1. 
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The first term of equation (M5 | pu dy represents the Variaon of momen- 


0 
tum in a unit column of the boundary layer. The second term at dy ; is the 


rate of change of the momentum of the fluid enclosed in the volume under consi— 


deration, due to its flow through the lateral sides of the volume element. 


The third term,— 4 ax | pu dy gives the rate of change of momentum of the 


fluid which is due to its flow through the upper boundary of the volume element. 


Consequently, the left side of the equation gives the total rate of change of 
the momentum of the fluid contained in a unit column of the boundary layer . 


The term—é-2 gives the sum of the forces of pressure, acting on the lateral 
sides of the volume element under consideration. 


t is the force of friction, acting on the unit surface area which forms the 
basis of the unit column of the boundary layer. 


Thus Karman's theorem is nothing else but the law of conservation of 
momentum, applied to a unit column of the fluid in a boundary layer. 


For our case, namely the appearance of a boundary layer near a flat plate, 


7 4 O ° 
Karman assumes that + = 0 (the pressure must be constant, since the unper— 


turbed velocity far from the plate is constant). 
» 4 


Different values for $ and \ tax are obtained in a stationary boundary layer 


for different distributions of the velocity. Some results which can be obtained 
without difficulty from Karman's equations are given below: 


ee Thickness of the [Friction against 
Velocity distribution law boundary layer the platerdx 


ey eee? 1.155 V grata 
u=u for y>8 (Figure 78, a) 


uaa 9Y (Figure 78, b) 0.926 Y puut-x 


usu- alle a (Figure 78, c) 0.65 y ppus.x 


It should be pointed out that no sharp external termination of the boundary 
layer can be traced, because the perturbed velocity in the boudary layer asympto— 
tically approaches the unperturbed velocity. 


All the obtained relations are correct, of course, only for a laminar boundary 
layer. Turbulence is developed in the boundary layer, if Re > Re... 


In Table 25 we give thicknesses of boundary layers for a laminar flow of air 


over a polished flat surface; this thickness which depends on the covered distance 
x and on the value of the unperturbed velocity u, 
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8 = 3.46 = where v= 0.133 cm?/sec. 
u 


Table 29 


Thickness of the boundary layer for air flow past a flat plate 


The unfilled entries in the table correspond to high values of Re and conse- 
quently to development of turbulence in the boundary layer. 


a) 6) q 


a 


Figure 78, The velocity profile in the boundary layer 


The assumptions we made concerning the constancy of pressure within the 
boundary layer are correct only on the condition that the boundary layer is very 
thin and the solid surface past which the air flows is flat. Otherwise a pressure 
difference is developed within the boundary layer; this pressure difference gives 
rise to backward currents, causing the formation of vortexes, ''obstructing" the 
upperturbed potentialflow. Weshallonly consider the qualitative aspect of this process. 


Let us imagine that the unperturbed stream runs against some obstacle (Figure 
79) suchas a hill, If there were no viscosity (this may manifest itself by lack of 
adhesion to the boundary surface) the streamlines would have been free of stagna- 
tion points (i.e., points of zero velocity); in addition, the lines are concentrated where 
the velocity is greater, and Sparse in the regions of smaller velocities (Figure 78a). 
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Figure 79. Flow around an obstacle, formed by: a) a perfect 
fluid; b) a viscous fluid 
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Since air is viscous (though only slightly), a boundary layer is formed on 
the surface of a body surrounded by air streams. On account of the divergence 
of the streamlines over the lee side of the hill the velocities there will be smaller, 
and the pressure greater (according to Bernoulli's equation). The slow air particles 
will therefore meet \with increasing pressure on their way and will eventually 
lose all motion. 


If we follow the phenomenon which occurs to the right of the stagnation point, 
where the velocity vanishes (Figure 79, b), we will find that a backward current is 
developed in the boundary layer(in respect to the fundamental unperturbed stream), 
because the pressure increases to the right. The geometric locus of the stagnation 
points gives the surface of separation, where the stream becomes discontinuous. 
This surface of separation is unstable and generates vortexes. The vortexes en- 
gendered on the surface of separation will be borne-off into the region of the 
unperturbed potential flow, and this region will be gradually filled up with vortexes, 


However, taking into consideration the negligible thickness of the boundary 
layer, and consequently the very small size of the vortexes engendered in it, it will 
be clear that the role of the boundary layer in the obstruction of the atmosphere by 
vortexes is not very important, and that the majority of the vortexes congesting 
the atmosphere are of another type. 


$6 The Boundary Layer in the Temperature Field and in 
the Humidity Field 


Let us consider an unperturbed stream of air, having a temperature T, into 
which is introduced a plate of temperature To . The temperature field near the plate 


will then be disturbed. The layer in which the disturbance of the temperature is 
observed is called the boundary layer of the temperature field. 


The distribution of temperature also affects the motion of gas. This influence 
will be studied below; here we will restrict ourselves to the examination of the 
boundary layer in the temperature field, regarding the gas as incompressible. 


We will proceed from the analogy between heat transfer and momentum transfer, 
substituting the enthalpy pc, 7, for the momentum 4 in equation (5) § 5 
of the boundary layer,and the coefficient of thermal conductivity k for the coefficient 
of viscosity u; by analogy with Prandtl's equation (5) 8 5, the equation of 
heat conduction for the boundary layer can be written as 


OT OT oT eT 
op (Pug te) HAS. (1) 
By repeating the reasoning of the previous section, we obtain the following 
expression for the thickness of the temperature boundary layer 6, 


= kl 
Ifo. rar (2) 


The thickness of the temperature boundary layer for dry air is connected with 
the thickness of the flow field boundary layer by the following relationship: 


6, 8-) 1,.3= 1.148, (3) 


i.e., the thickness of the temperature boundary layer is greater by 14 % than that 
of the flow boundary layer. 


Let us assume nowthat air flows in a laminar manner over a flat water surface. 
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A boundary layer will develop in the humidity field over this surface. Using the 
analogy between the transport of humidity and the transfer of momentum, we can 
write the following equation for the diffusive transport of vapor by substituting the 
specific humidity s for the momentum density and the coefficient of diffusion D 
for the coefficient of viscosity pr: 


ds ds ds jv, as (4) 
ate ae ay oe E 


Evaluating the thickness of the boundary layer in the humidity field, we 


obtain 
k 
ne=u 2. - 


For the diffusion of water vapor in air 
6,=V 16.61.36. (6) 


Thus, the thicknesses of the flow, temperature , and humidity boundary layers 
satisfy the inequality 
<0 <2, a 


This result has a considerable importance in the theory of instruments for the mea- 
surement of evaporation, 


The obtained results are related to the stationary laminar boundary layer, 
whose thickness is very small. The thickness of the boundary layer rarely exceeds 
1 centimeter even in the case of a plate placed parallel to the stream. 


However, the existence of wind gusts rules out the assumption that the air 
flow is stationary. The boundary layer in air therefore continually collapses and 
is constantly reformed. 


§ 7. The Turbulent Boundary Layer 


Experiments in cylindrical tubes have shown that laminar flow becomes tur- 
bulent as the number Re increases. It is true that the study of flow patterns in cy- 
lindrical tubes has little bearing on meteorological problems. The studies of stream 
perturbations over plane surfaces and plates are of considerably greater interest. 

It is natural to expect (and these expectations in fact prove to be correct) that 

the flow past a certain surface ceases to be laminar and becomes turbulent at de- 

finite values of the number Re. Owing to the lack in reliable data concerning the 

flow over flat surfaces, we are obliged to apply data obtained by experiments with 
tubes. 


We explained in the previous section that a boundary layer with thickness 6 
is formed on the surface of the horizontal plate. The flow over a plane surface 
can be approximately regarded as similar to the flow in a tube having a diameter 
of 2 é, Notwithstanding, a complete analogy cannot be drawn here, since the flow 
in a cylindrical tube is either laminar or turbulent for the whole length of the tube. 
The current flowing around a flat plate can be laminar near its upstream edge, and 
turbulent behind it. The thickness of the laminar boundary layer changes, as we 
have seen, proportionally to xz; the thickness of the turbulent boundary layer changes 
according to a different law. 


Experiments have shown that the turbulent boundary layer and the laminar 
boundary layer differ above all in the velocity near the wall, which increases much 
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more slowly in a turbulent than in a laminar layer. 


Prandtl adopted the "11/7 power law® for the velocity distribution in a turbu- 
lent layer, 


1 


uu, (F) "> (1) 


This law is semiempirical. It is obtained on the basis of the following assumptions: 


1) The velocity distribution near the wall depends not only on the physical 
properties of the fluid (the viscosity u and the density p), but also on the shear 
stress Ty on the wall. 


2) It is independent of the dimensions of the tube, and of the shape of its walls. 


3) The resistance for polished tubes (according to experimental data) is pro-— 
portional to the 7/4 power of the velocity. 


Applying the method of dimensions and using assumptions 1) and 2) we 
find that the required velocity distribution law shall have the form 


u—B. aur. (2) 


where the unknown exponents 1, m, n, k, must satisfy the principle of dimensional 
homogeneity, and B is a dimensionless coefficient. We rewrite the equation (2) 
using dimensional symbols 


[LT] = [ML-3} [MLOT-)" (ML T]" L*, (3) 
By equating the exponents of every symbol on the left and right—hand sides of 
the equation, we obtain: 
l + m |. a 0, 
— 3l— m—n+tk= ie 
m—+-2n= 1}. 


Solving these equations for n we obtain: 


m==1—2n; Il==n—1; k=2n—1., (4) 


By substituting (4) in (2) we find: 


u=— B. pitt —2n , aa gen 


from which 
1 i—n 2%—11—2n 
n 


pp weze? , 


t= C-u 
where 


C==B 


ct 

=% 

2) 

oe 

oe 

It 
on 


: wae l 7 
Let us assume, according to the third condition, that = = Z 


and therefore k = z. 


Thus the velocity distribution law assumes the form 
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w= Bom Sty Uighi7gi7 


or oa Be 4/7 (F) 4/7 
oa (5 ) tT) (5) 
For Tt we obtain the formula 


——— CoutlAz—Ueylis, (6) 


and for the thickness of the boundary layer 8, for C = 0, 0225, the formula 
§ = 0.37. x45. ylFu—1s, (7) 


Thus, the thickness of the turbulent boundary layer increases considerably 
faster than the thickness of the laminar layer. This occurs, because eddies break 
away from the walls during the turbulent motion and are gradually carried into the 
unperturbed stream along inclined trajectories (with respect to the surface). 


Subsequent measurements in tubes have shown that the 1/7 power law is valid 
no longer for very high values of Re, and is replaced by a more general 1/n power 
law, n being equal to 10 for Re = 3, 000, 000. 


When one speaks abouta velocity at any point of the turbulent stream, a mean 
value of the velocity at this point is meant, of course. The actual velocity fluctua— 
tes around this mean value. This fluctuation of the velocity decreases near the wall; 


directly next to the wall the mean velocity is given by: <= (5) : 
2/2z=0 


However, if we accept the law of the 1/n power for the turbulent boundary 
layer near the wall, we obtain an infinite shear stress, because 


d n—t 
t= =a) = }tu 1g 7) =o 
: dz} z=0 8 ijn 0 ° 


This conclusion, which is in contradiction with experiment, can be avoided by 
assuming the 1/n power law to hold for the turbulent stream nearly up to the wall, 
but to lose its validity at the wall itself. Experimental data corroborate the for— 
mation of a thin laminar layer in the immediate proximity of the wall. 


Thus, we arrive at the following conclusion on the basis of numerous velocity 
measurements of turbulent flow in tubes: the flow velocity in a very thin layer 
lining the wall first increases linearly very rapidly and then varies quite slowly. 


This means that a laminar boundary layer always underlies the turbulent 
boundary layer. Such a separation of the velocity field into two fields (a turbulem 
field of mean velocities, obeying the 1/7 power law, and a linear laminar velocity 
field) becomes more acutely apparent the greater is the number Re. 


$8. Orders of Magnitude of the Meteorological Elements 


Let us now consider some meteorological element, say, the pressure, Ob-— 
servations of the pressure distribution in the lower layers of the atmosphere show 
that the different values of the pressure lies within a very narrow range. Since 
the pressure changes very little, its order of magnitude can be completely deter— 
mined by one number — the numerical value of the pressure, rounded to the 
nearest power of 10, 
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Let us now consider another meteorological element, the wind velocity, for 
example. The value of the wind velocity varies within a wider range. An estimate 
of the order of magnitude of the wind velocity can therefore be obtained only by 
the limits 1 and 10 of its range of variation. Thewind velocity exceeds these limits 
only in very rare cases, 


Fridman and Hesselberg adopted the following fundamental rule, in deriving 
simplified equations of the atmospheric motions: any term of the order 


=2 = , oni 
10” ~10" : can be rejected, if it enters an equation containing summands of 


+ 
order 10°~—10" . The error incurred thereby rarely exceeds 2%. 


Fridman and Hesselberg have studied in detail the problem of the order of 
magnitude, not only for the fundalmental meteorological elements u, v, w, 


p,a= 2/7 but also for their derivatives. However, it is necessary to use empi-— 
rical data for the evaluation of the orders of magnitude of the derivatives of meteo-— 
rological elements. Finite difference quotients are therefore usually substituted 
for the derivatives of meteorological elements. Fridman and Hesselberg take 


10 km = 10° m for the horizontal difference, and 100 m = 10° m for the vertical 
difference. The considerable variance in the choice of the horizontal and vertical 
differences is explained by the fact that the corresponding vertical variation of 
the meteorological elements is 100 — 1, 000 times greater than the horizontal 
variation. One hour = 3,600 sec is adopted as the time difference. 


In Table 26 we give the data for the orders of magnitude of the meteorological 
elements u, v, w, p,a, T, in MTS units, as well as the orders of magnitude of | 
the corresponding derivatives. 


Table 26 


Orders of magnitude of the meteorological elements and their 
derivatives 


ox Ot’ dyot 
g2 
Oz ot 


* This value must be increased 10-100 times for a layer lying lower than 500 m. 
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Pressure is one of the meteorological elements which can be measured with 

the greatest accuracy. At the earth's surface, pressure can be measured with an 
accuracy of 0.1 mb, which is approximately 0.0001 of its value. In the layer extend— 
ing from 0 up to 4,000 m the pressure stays within the limits 110 cb-55cb. The 
order of magnitude of the pressure in this layer may be taken as 102, 


An exact determination of the temperature is very difficult, and a high degree 
of accuracy in the determination of temperature in the above mentioned layer is 
unattainable. It is nevertheless known that the value of the temperature in this layer 
remains between the limits 220°-320°K. Thus, the order of magnitude of the absolute 
temperature is 102, 


The specific volume @ is not measured in meteorology; it is calculated by 
means of Clapeyron's equation. The order of magnitude of the specific volume is 


3 = 
10°m ton : for the same layer, extending from 0 up to 4,000 m. 


The value of the wind velocity changes within broader limits; it can reach 
values from 0 (calm) to 50 m sec~!. The wind velocity can exceed 50 m sec7! 
only in exceptional cases, The order of magnitude of the wind velocity should there— 
fore be put equal to 1-10 m sec™], 


Our knowledge of the value of the vertical velocity in the atmosphere is less 
reliable. Regular measurements of the vertical velocity have not been carried out 
yet, owing to the lack of a simple and dependable method of measurement. Never= 
theless, it has been confirmed on the basis of sporadic measurements that the order 
of magnitude of 2 is 10-1 ~1msec !. The vertical velocity exceeds 5m sec 1 
only in very rare cases. 


The orders of magnitude of local time derivatives are evaluated by Fridman 
from data of observations carried out in the same place at different times. For 
example: 


f  f—fo, Pf _h—-fh-(h—fo) 
ot 3600 * of (3600)? 


The values of horizontal space derivatives are found from terrestrial or high 
altitude weather charts. For example 


Of _ _fi-fo. CF _ fe—fi —(h—fo) 
Ox 104%) Ox? 108 ee 


nee” o? 
Mixed derivatives of the type ...are determined by means of terrestrial 
and high altitude maps. 


The vertical derivatives are determined according to the data obtained from 
vertical sounding of the atmosphere, For example 


f ff, Ff _ f—-h—lh—fy 
10¢ ; 


—— 


oz ~=60 10% :«’ 22 


bee Ce 
Mixed derivatives of the type = --.- are determined from high altitute weather 
charts, plotted for different levels. 


tacit oe 
Mixed derivatives of the type a are determined from high altitude isopleth 
; Oz ot 
maps, plotted for different levels. 


Individual derivatives of meteorological elements form part of many weather 


equations. It is necessary to consider products of the type us , u o when 
evaluating the magnitudes of the individual derivatives. “ “4 
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Op 
For example, the order of magnitude of the product I (a ) a 


= (109 — 5.101) (107 4 ~- 5,107 °) and hence has a lower limit 1077, and an upper 
mee —4 : 
limit 10 §. However, a direct estimate of the values u se , on the basis of an analysis 


F) a = 
of weather charts, shows that fl (4 £\=10 ee 10 z In Table 27 are given the 


orders of magnitude of the individual derivatives of meteorological elements. 


Table 27 
Orders of magnitude of individual derivatives of the meteorological elements 


10~4— 1073 |107§ — 1075 *)| 1075 — 10-4 | 1074 ~ 1073 | 1074 — 1072 
107% — 1073 |107& — 1075*)| 190-8 — 1075 | 19074— 1073 | 1074 — 1073 


107 * — 1073 *)/10—-8 — 1075 *¥)/19-4 — 1073 *)j10-3 — 1072 *)]10748 — 1073*) 


1074 — 1078 *)i19-8 — 1905 *)}19 4-10 3 **)),_ 103 — 1072 _ [10 -* — 10-7 *) 


* This value must be decreased 10-100times for altitudes under500m 


** This value must be decreased 10 times for altitudes under 500m. 


Logarithmic derivatives of the meteorological elements are also often encoun— 
tered. We shall therefore also give, in Table 28, the orders of magnitude of the 
logarithmic derivatives of some of the meteorological elements. 


We also refer to Table 29, which gives the orders of magnitude of the 
divergence of the velocity, and of the components of the vorticity vector. 


Table 28 


Orders of magnitude of the logarithmic derivatives of meteorological elements 


In p Ina InT 
Na ee 
=, a 10-® —10~8 107§ —107! 10-8 —10-? 
ox’ oy 

¢. 10~* 10-5 —10~* 10-5 —10~4 

Z 
7 107? =10—" 1077 —10~° 10-7 —1078 
£ 10-§ —10-° 10-* —107* 10-7 —107§ 
an oo 10-!4_19° 8 jo-%_10"” 10-18#_197” 
S 10~* 10-8 —10~" 1o-§ —10-" 
a oe —12 11 ~11__ 19719 19711 190 2° 
< 10-110 * 107!!—10-"° 107 !1_197® 
or aa 107 2197"! 1071719074 10-1219 
j ae 197 !!—107 197*°—107° 1o-"—10~8 

Z 


Finally, we will also give the orders of magnitude of some physical constants, 
which enter in the equation of motion (Table 30). 
Table 29 


Orders of magnitudes of the velocity divergence, and of the components 
of the vorticity 


curl, v,curl,o curl,” 


10-§ —1075 1078 —107 10-5 —10-4 


197197 10-8 —1077 107!®— 1073 


1079 —1078 1075 —107! 107-8 —1077 
1090-19197? 1077 —1076 107? —107° 


(o- 219-8 10-7 —10~6 107 9—107 


Table 30 


Orders of magnitude of some constants entering in the equations of motion 


10-4 | 1074] 1073—107? | 10! 1078 10-*| 103 


We shall now consider rules for the use of orders of magnitude both of the 
meteorological elements and of their derivatives, and apply these rules in order to 
simplify the equations of motion of the atmosphere: 


It is sufficient to examine an equation comprising three terms: 
A + BC. (1) 


1. It is obvious that any such equation must contain at least two terms of 
order of magnitude not lower than that of the remaining term. Otherwise we have 
a contradiction. 


2. The simplification of an equation is impossible, if all its terms are of the 
same order of magnitude. 


3. If an equation contains terms with different orders of magnitude, among 
which one has an order of magnitude at least 100 times smaller than the order of the 
highest term, the smaller term can be rejected. For example, if A and B are terms 


n n+ il, <2 n-1 : 
of an order 10 -— 10 o -— 10 , the simplified equation 


can be written thus: 


and C of an order 10 


A+ B=0. 
It should be pointed out that the rejected term is not at all equal to zero: 
C0; 
it may be rejected because it is small in comparison with the other terms. 


4. If A and B have the same order of magnitude, their sum cannot have a 
higher order, 
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5. It is often necessary to evaluate the order of magnitude of a product of two 
or more terms. In this case it is necessary to apply the following procedure: 


+1 
Let the term of order 16S 10" be multiplied by a term of order io = fo. 


It is found by direct multiplication that its order ranges from ion - pom tnts 


+ 
Attention should be drawn to the fact that 10™ cae and not ‘qu 


as the upper bound of the product, because terms of type 5° ion Paes ‘or appear 


in the factors, and obviously their product has an order of io It is very often 


possible to narrow the range of the order of the product down to ion = jon 


For greater accuracy it is recommended, when evaluating the order of magnitude of 
this term,to determine it by direct empirical data. 


, is taken 


6. In addition it should be pointed out that the simplified equations thus ob- 
tained can be neither differentiated, nor integrated. Only algebraic operations can 
be carried out on them. Itis always necessary to apply precise equations when differ- 
entiating or integrating. Simplifications are only possible after the operations of 
differentiation or integration have been carriedout; otherwise false conclusions 
may be obtained. 


We will determine the order of magnitude of the terms entering in the equa- 
tions of motion by the preceding tables: 


i (F)= I (5 a) = 10-*—10-3; I (F)= 10-6—10-5: 
Il (a e) a (a 3B) =10-*10-8; i (a 2 \= 10!; I (g)—=10!; 
I (2w, v) = Tl (2w, 2) = 10-4—1073; 

Il (20, w) = Tl (20,w) = 10-8 10-5; 


(a5. (u5r) ) =H (ag; (ugz)) = 10-t-10-+; 


Il Car ) == 10-7—10-8, 


Thus, the equations of motion can be written in the simplified form: 
= Nt + fa F(y oe) 
eat 20,4u--a = > (5s) 
0=—a oe +- g. 


The first two equations are worked out correct to one part in a hundred while the 
third (hydrostatic)equation is correct to one in a thousand. 


Let us try to simplify yet further the equation of continuity, writing it in the 
form: 


dina 


setae C= dt ° 
We find from the tables: 
(Sz) = 1 (5) =10 10-4, (32) = 10-8—10-4, 
i (5 L *) — 10-6 10-5, 


Thus, according to the principles mentioned above, itis impossible to simplify 
the equation of continuity any further. The equation of continuity can be used in the 


f 
orm Ou m4. 98 Ye i. 
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only in isolated cases, Let us examine the possibility of simplifying the individual 
derivatives of meteorological elements. Referring to the data collected in Table 28, 


; dua dv dw df da b 
it is not difficult to understand that the derivatives i’ di’ de’ at’ de cannot be 


simplified for a free atmosphere. Only the derivative ap can be simplified and used 


in the form 


oP =P two 


The derivatives e ; se ; a cannot be simplified for conditions prevalent 


near the earth's surface, Only the following derivatives can be simplified. 
o = Ou Ou | 
eas Ox =a U oy ’ 
dv __ov ou OU | 
ie ont foe” op" 
oT oT oT 
= Ot +. u ae U Oy 


The replacement of an individual by a local derivative should be particularly 
stressed, Such a substitution is possible in only one case — when the atmosphere 
is immobile. ° 


§ 9. The Boundary Layer in the Atmosphere 


Using considerations of similarity, Helmholtz showed that the viscosity plays 
a negligible role in large-scale motions, Helmholtz, however, dealt with molecular 
viscosity, but did not know of eddy viscosity. Nevertheless his considerations 
remain valid even now, when eddy viscosity is taken into account. 


Furthermore, Helmholtz'’s conclusions are correct only on the conditions that 
there are no interfaces in the atmosphere, 


However, it turns out that the motion within the boundary layer, even ofa 
fluid of low viscosity, differs greatly from the motion of a perfect fluid. 


Since the greatest part of the atmosphere can be regarded as a thin envelope 
10—20 km thick, covering the huge globe, it is quite clear that the influence of eddy 
viscosity near the earth’s surface cannot be neglected. It is obvious that a boundary 
layer always exists in the atmosphere, and eddy viscosity plays an essential role 
within this layer. The thickness of this boundary layer varies both in space and 
with time. Eddy viscosity plays an insignificant role outside the boundary layer. 


Considerable differences of temperature and density may occur in the atmos— 
phere even over short distances, as a result of nonuniform heat flow which, in 
their turn, can lead to considerable velocity variations, and consequently to an 
increase of turbulence, 


We have mentioned previously the difficulties arising in the derivation of the 
equations of motion for a turbulent atmosphere. In order to study the turbulent 
motion of the atmosphere, Kochin used the Navier—Stokes equation of motion (in 
spherical coordinates) with a constant coefficient of viscosity, regarding it as the 
coefficient of eddy viscosity on a scale of the general circulation. 


The nature of the coefficient of eddy viscosity has been little studied until 
now. Measurements of the coefficient of viscosity in the free atmosphere 
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demonstrate its great variability. It depends on the wind velocity, on the lapse 
rate, on the altitude and on the roughness of the underlying surface. These mea- 
surements show that the order of magnitude of the coefficient of eddy viscosity 


varies from 197° to 107 MTS. 


The values of }# for atmospheric air were mainly obtained by measurements 
of the variations in the wind: it is obvious that they correspond to turbulence 
ona scale which is negligible in comparison withthe scale of the general circulation, 
Horizontal large-scale turbulence, to which cyclones and anticyclones belong, 
must also be taken into consideration in the study of large-scale motions (of an 
order of the general circulation of the atmosphere), The coefficient of eddy 
viscosity for the general circulation of the atmosphere must therefore be several 
times greater than the vertical coefficient of eddy viscosity. The entire atmos- 
phere can then be regarded as a boundary layer. 


Kochin's fundamental premise consists in the application of a method 
derived from boundary layer theory to the general circulation of the atmosphere. 
As we have seen, this method is based on the simplification of the fundamental 
equations of hydrodynamics by rejecting the terms of secondary importance. 


However,the system of equations obtained by Kochin differs from the system 
presented in the usual theory of the boundary layer, where the action of the external 
forces on the fluid can be disregarded, and the inertial forces are of an order of 
magnitude comparable with the viscosity forces, The inertial forces encountered 
in problems of general circulation are small as compared with the Coriolis forces, 
The viscosity forces must therefore be compared not with the inertial forces, but 
with the Coriolis forces, 


Thus, the initial equations of Kochin's problem are the Navier-Stokes equa - 
tions inspherical coordinates r,@,$, where r is the distance from the earth's 


It 
center; 4 - the complement of the latitude ( B= a ? ), the southern latitude 


being negative; ‘) - the longitude, which increases from west to east. 


In the particular case of a stationary zonal circulation i.e., a motion of the 
atmosphere which is independent of the time t and the longitude b , Kochin as-~- 
sumes that 


Such a circulation could be realized if the earth's axis were perpendicular to 
its orbital plane, the orbit itself were circular, and if the surface of the earth were 


uniform. 


The equation of stationary zonal circulation has the same form as in the gen- 
eral case of a nonstationary and nonzonal circulation, with the sole difference 
that none of the equations contains the derivatives with respect to Y and t and 
the coefficientsof the equations are independent of b and t . Let us again note 
that the equation of stationary zonal circulation describes the general circulation 
of the atmosphere, averaged over the time and over the longitude. 


Let us write the equation of the stationary zonal circulation: 
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ute 
o( v, ef 28 4 up y ) =a —% + 200 sn0-0, + 


atv 1 ®y 2 dv, , ctg ody 2 du uv cig \. 
fu (Re 5 Ae 4 2 Ser 4 te hee, Fe 9 ve — 


Or? r2 962 r or ~ p3 ob 
OUg ; Uq OUg , U,V _ ctg _— 2 __ lop 
r(e ie ie ae 7 ae ; == 2wp cos §-v, pan 
Av, l O2Up 2 du, 2 oe “g 0 909 V6 ) 
b (Seta te 7 ae ar “On r2 sin2 6 (1) 


p(s tal SE a ae Lee A) == dp cnd-0+ 


Yor 
ay 1 ay, 2 dun, sige dv» Vv 
y ahd) — y ; 
+H (a Ta 002 Baer r oF py atteg) 3 
O(pug-rsin®) , O(pu,-r?sin a 
Paegge a eg a 


We will evaluate the order of magnitude of the terms entering in equation (2) 
with a view to their further simplification, 


We adopt the notationII(v) for those quantities having the same order of 
magnitude as v. We shall denote the horizontal component of the velocity by v_. 
Equations (1) contain derivatives with respect to § andr. We will prove that 


; OV s _ 
1 (3) = (2) 


Indeed, the values of Vy and vu, vary rather slowly during large-scale motions. 


These variations become appreciable only at a great distance, comparable to the 
earth's radius. A latitude arcA§ of 1 radian, i.e., equal approximately to 57°, 
corresponds to such distances, and for this reason equation (2) can be applied. 


Letus note, however, that the condition (2) is not fulfilled in the presence of 
a front. 


Since the atmosphere is a viscous fluid, all the three components of the velocity 
vanish at the surface of the earth. 


U,—==U, =v, =0 or r=a,- (3) 
where a is the earth's radius, 


The equation of continuity, integrated for the boundary condition (3), becomes 

r 

ae I 0 (p var sin 6) 
r~~ pr sin 6 

a 


dr. 


v 
a6 (4) 


Taking equation (2) into consideration, we arrive at the following fundamental 
relation: 


H(v,) =0,-4, 


(5) 
where 6 is the altitude of the tropopause. 
It follows from equation (5) that in the general circulation of the atmosphere the 
ratio of the vertical component of the wind velocity to its horizontal component 
equals the ratio of the thickness of the troposphere to the globe radius. 


Evaluating successively the orders of magnitude of all the terms which enter 
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in the Navier-Stokes equations and rejecting all the small terms containing the 


factors 8/a and 83/a?, we arrive at the following equations 
pig Ee ceceete —gp— 2+ 2p sindu, + 12%; (6) 
1 eee ee 
(0, ad Se 4 4 Oe 4 Pye cle? | =-—2wpcos8 14 uae i (8) 


The equations of motion (6) - (8) contain five sets of terms, corresponding to 
the components of different forces: 


1) The components of inertial forces 


2 2 2 
Ue PUY OV, PUp OU4 pu, ctg 6 pu, Ov pUy0,-ctg 0 
(oa, Fatro > “Pmt =e eo rp 
pur 


these are all of the same order a 
2) the components of the pressure gradient or? oe : 
3) the force of gravity &; 
4) the Coriolis forces (2wp sin§-v,, 2wpcos6-v,, — 2wp cos 9+); 
0, Or, aay 


5) the forces of eddy viscosity (u oz’? Gaz # Or? 


The action of the external forces is omitted in the general theory of the boun- 
dary layer. In Kochin's problem it is necessary to compare four sets of terms: 
the force of gravity, the Coriolis forces,the inertial forces and theforces of viscosity. 
The expression which determines the thickness of the boundary layer therefore differs 
essentially, in the case of the general circulation, from the corresponding expression 


for flow past a plate. 


Indeed, let us compare the inertial forces with the Coriolis forces: 


o 
n(e): Il (wp v, Jaane, 
But at v_ * 10 m/sec, 2% — 0,03. 
S aw 


Consequently, the inertial terms in the equations of motion can be rejected. 
The equations of motion (6), (7) and (8) becom?: 


m1 “er + Qwp sind. Uy =2 4+ gp, (9) 
m ae 2wp cos8- 0, = a (10) 


=? — 2up cos 8-1 =0. (11) 


The last equation proves that the viscosity forces in a zonal stationary circu- 
lation have the same order of magnitude as the Coriolis forces. 


The order of magnitude of the viscosity forces is equal to that of the expression 


1 5f and the order of magnitude of the Coriolis forces--to the order of the expression 
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WO U,. By equating these expressions we obtain an equation, which determines 
$, —the thickness of the earth's surface layer: 
Se is 
= wp ° (12) 
; =3 3 = =]. 
Putting p =1.3x10 ~ g/cm, wo =7.3X10 sec and giving to & the value of 


: . “5 ; 
the coefficient of molecular viscosity 1.7 x 10 g/ cm ¢ sec, we obtain: ¢ = 42 cm. 


Thus, the thickness of the laminar boundary layer would be of the order of 1 
meter, if there were no turbulence in the atmosphere. 


For the actual atmosphere however, it is necessary to use the coefficient 
of turbulence, which is about 5 X 10° times greater, instead of the coefficient of 
molecular viscosity. ,The thickness of the turbulent boundary layer 6 will then in- 
crease approximately 700 times, and we will obtain $§ = 300 m, 


By evaluating the order of magnitude of the terms of equation (9), Kochin has 
shown that this equation can be approximated by the hydrostatic equation: 


oF tgp 0. (13) 
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Chapter X 


SIMPLE ATMOSPHERIC MOTIONS WITHOUT FRICTION 


§ 1. Zonal Flow 


The mathematical difficulties arising in the attempt to solve even the common- 
est problem of dynamic meteorology are still insurmountable,and so far no problem 
of practical importance in meteorology has been fully solved. Therefore, we have 
to limit ourselves to the discussion of isolated, most elementary problems, some- 
times simplifying them in quite a crude fashion. 


Ignoring the forces of friction we assume for the present that a moving part-— 
icle of air does not change its state, i.e., there are no changes in pressure, density, 
temperature and humidity resulting from its motion. Thereby we limit ourselves 
to the discussion of such motions which do not involve mutual penetration of masses 
into each other and in which no vacuum is created, so that the equation of continuity 
is fulfilled. 


We shall first consider a horizontal motion of the atmosphere, all the air 
particles moving without acceleration in straight or circular trajectories, 


In cases of such elementary motions there is no need to integrate the differ— 
ential equations of motion and it suffices to study them in their differential form, 
since the trajectory of the particles is given. All our attention should be directed 
to the study of the dynamic conditions of motion, which can be reduced to the de— 
termination of the conditions of equilibrium of forces actually affecting the air 
particle and inertial forces. 


Though this may seem a somewhat oversimplified statement of the problem, 
the results achieved in solving it-the gradient wind and the slope of the frontal 
surfaces~are of tremendous practical importance and constitute almost the only 
quantitative results in atmospheric dynamics operationally used by the weather 
services. 


In addition, our daily experience indicates that air motions on a large scale 
are almost always horizontal. Formation of areas of vertical motions is accom- 
paniedasarule by the formation of clouds and occurrence of precipitation, or by 
dispersion of clouds. These areas should therefore be especially studied. How=— 
ever, in the present chapter we will limit ourselves to the study of the horizontal 


motions. 


A simple example of horizontal motion in the atmosphere is the zonal flow, 
which we shall discuss first. 


A zonal flow is that flow in which each air parcel moves regularly on a circle 
of latitude with an absolute angular velocity o,. This angular velocity may be differ - 


ent for different air parcels, but should remain constant for eachofthem. Ifthe absolute 
angular velocity w, of the parcel differs from the angular velocity of rotation of 


the earth @, i.e., if ,s4, then the parcel is in relative motion, moving ona 


circle of latitude from west to east when ®, >, and from east to west when o,<@ 
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(since @, and @ are parallel or antiparallel to the earth's axis, depending on the 


direction of the moving parcel, they can be regarded not as vectors but as scalar 
algebraic magnitudes). 


It ig convenient to study the zonal flow using absolute coordinates, since the 
trajectory of absolute motion is known and the equations of absolute motion have 
a simpler form than those of relative motion. 


In zonal flow the absolute total acceleration of a particle equals the absolute 
centripetal acceleration: 


j,=—%'R, (1) 


therefore the centrifugal force will be given by the formula: 
J, == 03:R. (2) 


The equation of the absolute zonal motion is: 


b+ g,+4a=9, (3) 
where 6 is the pressure gradient per unit mass and g, is the earth's gravitational 
acceleration. 


If wo, =o for all air parcels, J,==J,, i.e., the atmosphere rotates as an 


absolutely rigid body and is in equilibrium. Accordingly, the isobaric surfaces 
should coincide with the geopotential surfaces (cf. $ 9 Chapter V). 


The centrifugal and gravitational forces act in the meridian plane. Therefore 
the first vector of equation (3), the pressure gradient 0, is also a meridional vector 
i,e,, the isobaric surfaces should be perpendicular to any meridian surface; con- 
sequently, they are surfaces of revolution about the earth's axis. The total pres— 
sure field can be fully determined by the meridional isobars, i.e., by the inter— 
section lines of the isobaric surfaces and the meridian plane. 


The gravitational equipotential surfaces are concentric spheres. 
If o, +0 the meridional isobars converge together at the poles. 


Since w , enters quadratically in the equation for the centrifugal force (2), 
the isobaric surfaces will be the same for any sense of rotation, at a given angu- 
lar velocity. Dynamically similar, the two opposite senses of rotation of an 
air parcel do, however, differ kinematically. 


If the sense in which the air parcel rotates coincides with the sense of rota- 


tion of the earth, Wo is positive, and when the two rotate in opposite senses w a 


is negative. We will consider the motion of an air parcel in the northern hemisphere. 
Anyhow, results obtained for Stationary currents in the northern hemisphere can 
easily be extended to the southern hemisphere. 


At different a the isobaric surfaces are differently oriented in relation to 


the level surfaces. Because of the symmetry of the force field in relation to the 
equator and to the axis of the earth, it is sufficient to examine one quadrant instead 
of the whole circle. 


The zonal motion of the atmosphere is observed from the earth as a relative 
zonal motion with angular velocity q , where 
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Teo (4) 


If a > othe zonal wind blows from the west: when a= 0 the atmosphere is re- 
latively at rest; if a<g the zonal wind blows from the east. 


If the sense of the relative rotation of the air parcel coincides with the sense 
of rotation of the earth, the motion of the parcel is cyclonic; in the contrary case 
the motion is anticyclonic. The terms cyclonic and anticyclonic will be generalized 
later. In Figure 80 are shown various positions of the isobaric surfaces in relation 
to the level surfaces for cyclonic and anticyclonic motions. In Table 31 are given 
explanations of Figure 80. 


Figure 80 and Table 31 show, that zonal currents possess two centers of 
rotation—one at each pole, For a cyclonic current (case a) the center of rotation 
at any level is a barometric depression. For anticyclonic currents, for which 
a- 2m, there is a pressure elevation at the center of rotation, for any level. 
However, if for the anticyclonic current a < —2w, depression develops at the center 
of rotation. 


Zonal anticyclonic currents of the e, f, and g types never develop in the at— 
mosphere (although dynamically they are allowed), since none of the existing at— 
mospheric conditions could cause its absolute rotation in a sense opposite to that 
of the earth. 


Analysis of the zonal motion enables us to explain in a very simple manner 
the physical meaning of the Coriolis acceleration. 


The absolute and the relative accelerations of an air parcel in zonal motion 
are respectively determined by the formulas 


j,==— R, (5) 
J=—@R. (6) 
Let us resolve the absolute acceleration 
j,== — (a+ 0) R=— @R— 2awR— wR 


and separate the terms giving the transport acceleration and the relative accelera- 
tion 


= — 20-arR. 
jy=JS-t I, 20-0 o 


The third member of the right part of equation (7) gives the Coriolis acceleration. 
Since the absolute, the transport, and the relative accelerations are directed along 
the radius of the latitudinal circle, towards its center, the Coriolis acceleration is 
likewise directed along this radius; it is directed towards the center of the latitudi-— 
nal circle when the zonal motion is cyclonic (@>0) and away from the center in 

case of an anticyclonic motion (a>0 ). Accordingly, the Coriolis force in a cyclon- 
ic zonal motion is directed centrifugally along the radius of the latitudinal circle 
and in case of an anticyclonic motion the direction is centripetal, along the same 
radius, 
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Table 31 


The zonal motion and the pressure field 


Absolute 
angular 
velocity 


Wg > © 


Relative 
angular 
velocity 


0, —® 


Wg << wo 


w, = 0 


0>0,>—o 


Nature of 
motion 


Cyclonic 
zonal 
westerly 


The at- 
mosphere 
is relative— 
ly quiescent 


Anticyclonic 
zonal west— 
erly 


The same 


The same 
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Dynamic 


condition 


>I, 
(o| < lg} 


=f 
lol =I¢| 


I<, 
|6| > le! 


I,=0 
6+-g,=0 


Ig < I, 
[o| > le] 


|o| = |g¢| 
I> 
lb] < lg! 


Nature of the pressure 
field 


The isobars are flattened 
at the poles more than the 
level surfaces. At any 
level on the equator there 
is a belt of high pressure, 
and at the poles a region 
of low pressure. 


The isobars are everywhere 
parallel to the level sur— 
faces of gravitation. 


The isobars are flattened 
at the poles less than the 
level surfaces, At any 
level on the equator there 
is a belt of low pressure, 
and at the poles there is 
a cap of high pressure. 


Isobars coincide with the 
spherical level surfaces of 
gravitation. At any level 
of gravitation on the equa— 
tor there is a belt of low 
pressure and at the pole= 
a cap of high pressure, 


The isobars are flattened 
at the poles less than the 
level surfaces of gravita- 
tion. At any level on the 
equator there is a belt of 
low pressure, and at the 
pole a cap of high pressure, 


The isobars are parallel 
to the level surfaces of 
gravitation, 


The isobars are flattened 
at the poles more than the 
level surfaces. At any 
level on the equator there 
is a belt of high pressure, 
and at the poles a region 
of low pressure, 


Za 


f 


Figure 80. Relative positions of isobaric and 
equipotential surfaces in zonal 
motion 


$ 2, The Equation of Motion of the Atmosphere, Regarded as a Perfect 
Fluid, in Intrinsic and in Standard Coordinates 


For the study of horizontal motions of the atmosphere one can use either the 
standard (Figure 81, a) or the intrinsic coordinates (Figure 31,b). The intrinsic 
coordinates s, n, z, are determined by the directions of the vectors T, n, R, 
forming a right-handed system, where the vector ¢ is tangent to the trajectory, 
the vector k points to the zenith, and the vector Mis normal to the trajectory and 
will be observed from the zenith to the left of the direction of motion. 


b) 


Figure 81. a) Standard, and b) intrinsic systems 
of coordinates 


If the motion is directed eastwards, the intrinsic frame of coordinates s,n, 
z coincides with the standard frame x, y, z, the x-axis being directed to the east, 
the y-axis to the north, and the z~axis towards the zenith. 


Let us turn now to the equation of motion of the atmosphere as a perfect fluid 
a= — + erad p—grad ® — la, vj. (1) 


The acceleration of the particle in arbitrary horizontal motion will obviously 
be expressed in intrinsic coordinates in the following way 
dv ___dv ie v2 


rae 


— aD 
—— 


dt dt 
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where r is the radius of curvature of the particle trajectory. In standard coordi- 
nates this acceleration will be expressed by: 


dv as f, 
dt es sues 
The pressure gradient can be mene in intrinsic coordinates in this form: 
gradp=2%.r+Pnte, 


and in standard coordinates: 


0 0 
grad p= Rite i+3 =F. 


The force of gravity obviously does not have a horizontal component. There- 
fore its only nonvanishing component will be the vertical one 


8,7=—— 8&8: 


Before we develop the expression for the Coriolis force in intrinsic and in 
standard coordinates let us restate the definition of the angular velocity of the 
earth's rotation. 


The angular velocity of the rotation of the earth wis a vector directed along 
the axis of rotation from south to north. This is a meridional vector, hence its 
latitudinal component is equal to zero: 

wo, = 0. 
. (2) 


The other standard components @,, w,, lying in the plane of the meridian can 


y) 2) 
be easily expressed through the latitude $. The component W,, pointing to the 


north and lying in the horizontal plane, will be: 


®, == Cos”, (3) 


y 
and the vertical component will be: 


wo, == sin 9. (4) 


The vertical component of the angular velocity of the earth is positive in the 
northern hemisphere and negative in the southern hemisphere. Therefore, using 
a negative sign for southern latitudes we can apply equation (4) for both hemispheres. 


Now we can develop the vector product in standard coordinates, writing it 
first in the form of a determinant 


i, /, k 
= — 2[w, o] =— 2] 0, Oy, O, (5) 
Vy, Vyy 0 
or 
a= 20,-0,-i— 2w,-v,-J+ 20,0, (6) 


Thus,in standard coordinates the components of the Coriolis force for hori- 
zontal motion will be given by: 


@,=20,:0,; ay—=—20,-0,;  a,=20,-9 (7) 


y* ¥ z "x! z y “x 
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or 


a,==2osinp-v,; a,—=—2wsing-v,; a,=2wcosy-D,, (8) 


J 


In intrinsic coordinates the Coriolis force will be given by: 


v, nm, R (9) 
a= — 2(w, vy] =—2)0,, 0,, 0,|== — 20,-0-n-+ 20,-0-k, 
hence v, 0, O 
a,=0; @,=—20,:0; a, 20,:U. (10) 


We can See that the Coriolis force does not have a component in the direction 
of the motion. It merely deflects the particle in the direction of the normal to its 
trajectory. Therefore, the Coriolis force is also called the deflecting force of 
terrestrial rotation. The only horizontal component of the Coriolis force is 

a, == — 2w sin g-v. (11) 

As can be seen from (11) the Coriolis force deflects the particle to the right 
of its direction of motion in the northern hemisphere and to its left in the southern 
hemisphere. At the equator the horizontal component of the Coriolis force 
vanishes. 


Thus, the equations of horizontal motion has the following form in the 
standard coordinate system: 


dv, Op. ino: 

af = 8 5 Qu sing Vy, 

dv Op 

wt, a — —_ ‘ 

rT; a 5, 20 sing:-V,, (12)* 


Op 
O=—as— £+ Wweos 9 -v,. 
These equations are often used for the study of atmospheric dynamics, when 
it is preferable to have a coordinate frame that is independent of the motion. 


However, of wider use are the equations of horizontal motion in intrinsic 
coordinates: 


; dv Op 
j= = —a 2 — 20 sin 9-0, (14) 
op (15) 
0=—as + 20,0 — 8. 


The equations of motion (13) and (14) are respectively called the tangential 
and the normal equations. 


To an earthbound observer, measuring the vertical force by means of a 
spring balance, gravity will appear as the sum of the force of gravitation and the 
centrifugal force due to terrestrial rotation, 


However, if the observer moves horizontally together with the air parcel 
(ona free aerostat, for instance), the vertical forcehe measures with a spring 
balance will be the sum of the force of gravity and the vertical component of the 
Coriolis force which is exerted on the air parcel, due to its motion relative to 
* {In these and the following equations a stands for the specific volume. 
Translator's note]. 
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the earth. Nevertheless the observer, moving together with the air parcel, will 
not be able to distinguish by measurement one component of the total force from 

the other. The spring balance will merely register the resultant of these compo- 
nent forces, which we perceive as the force of gravity. Let us call the sum of the 
force of gravity and the vertical component of th- Coriolis force the "virtual" 


force of gravity g', so that 
go’ = g— 2 cos HU,. (16) 


As can be seen from (16) the virtual force of gravity as measured by a spring 
balance moving together with the air parcel, is not equivalent to the force of gra- 
vity acting on the same mass when at rest. It depends upon the parcel’s speed and 
its direction and upon the latitude as well. 


The vertical component of the Coriolis force is directed upwards if v= 0, 


i.e., if the parcel moves to the east, and downwards, if the particle moves to the 
west. Thus, as a result of the existence of the Coriolis force an air parcelina 
westerly is effectively lighter than in an easterly current, 


Finally, at a given horizontal velocity the effect of the vertical component 
of the Coriolis force depends upon the latitude », reaching a maximum on the 
equator and vanishing at the pole. 


Such an irregular behavior of the virtual force of gravity might have con— 
siderably complicated the study of horizontal currents. However, even at the im—- 
mense velocity of 100 m/sec, which is but very rarely encountered in the atmos- 
phere, the Coriolis acceleration* at the equator is 0,0146 m/sec” while the aver= 
age acceleration of gravity amounts to 9. 81 m/sec”, Consequently, even in such 
extreme cases, the correction we would have to introduce in the value of the gra~ 
vity force, would not attain even 0,2% of the latter's average value. Usually this 
correction does not amount to even a hundredth part (see Appendix 19). 


The equation of motion (15) may be written using the virtual gravity force. 
in the form: 


—a gt —0, (17) 
since the vertical component of the pressure gradient is balanced by the virtual 
force of gravity. This is the so-called generalized equation of atmospheric statics, 
From equation (17) a generalized barometric formula can be derived. However the 
error introduced by substituting the ordinary gravity for the virtual gravity is much 
smaller than the errors unavoidable in atmospheric sounding. Therefore, for 
horizontal currents the basic equation of atmospheric statics given above remains 
highly accurate, Consequently, the barometric formula is valid not only for a 
quiescent atmosphere, but practically for any horizontal current whatsoever. 


In the tangential equation, the tangential acceleration is equated with the 
tangential component of the pressure gradient per unit mass. As can be seen from 
this equation, the velocity of the air parcel changes only when it crosses the hori- 
zontal isobars in the course of its motion; the parcel is accelerated in the direction 
of low pressure and decelerated in the direction of high pressure, 


A horizontal flow along the isobars, which is therefore perpendicular to the 
pressure gradient, is called gradient flow. 


a owe owe 6 ow Ow ee ee Sw ee oe ae 


* [Hereand elsewhere the Russian text has "force® instead of "acceleration". 
Translator's note]. 
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Gradient flow obtains at points where Se 0, i.e., where the velocity is 


either constant or extremal (maximal or minimal). 


When gradient flow is generally prevalent, the velocity vector is everywhere 


tangent to the isobars. However, in an ordinary flow pattern, gradient flow exists 
only at certain isolated points. 


To illustrate the instantaneous velocity field, streamlines are drawn. 
A streamline is a curve to which the velocity is tangent at all of its points. With 
time the streamlines may change, and if they do not the flow is called steady. 


One should not confuse the trajectories with the streamlines. A trajectory 
is a curve gradually traced by an individual particle. The velocity of the same 
particle is tangent to the trajectory at any point in different instants of time. 

A streamline is a curve which can be described by simultaneously considering all 
points and joining some of them so that the velocity is tangent to the streamline. 


Since the trajectory and the streamline at a given point have a common 
tangent, they are osculating curves. In steady flow the trajectories and the stream- 
lines coincide, 


In the atmosphere, the pattern of the streamlines changes, so that the tra— 
jectories and the streamlines have different forms. However, the horizontal flows 
in a free atmosphere change but little with time. If the air motion is accelerated, 
the flow deviates slightly from the isobars and crosses them in the direction of 
low pressure. If, on the other hand, the motion is decelerated, the air flows 
across the isobars in the direction of high pressure. Usually, however, in a free 
atmosphere the streamlines are close to the isobars, This circumstance is of 
immense practical importance, allowing to draw an accurate enough picture of the 
currents in a free atmosphere by the pressure field alone. Thus, even without wind 
sounding we can get a sufficiently clear idea of the nature of the flow in a free at~— 
mosphere from the results of temperature plotted on a chart. 


In the normal equation (14) the normal component of the acceleration is 
equated to the sum of the normal component of the pressure gradient per unit mass 
and the horizontal component of the Coriolis acceleration. 


Thus, the horizontal velocity of flow depends on the latitude of the locality 
9, the radius of curvature of the trajectory r and the normal component of the 
pressure gradient. 


By convention we take northern latitude as positive and southern latitude as 
negative. We shall denote the two latitudes by » and- 9 respectively. 


We shall also denote by r and —r the radii of curvature at the corresponding 


latitudes and by the expressions — Op and + oe the corresponding normal com-— 
n A 
ponents of the pressure gradient. This definition of correspondence is obviously 


equivalent to the substitution of — ain the southern hemisphere for fain the north- 
ern hemisphere. This means that a direction to the "left" of the flow in the north— 
ern hemisphere is equivalent to a "right" direction in the southern hemisphere, 


The physical meaning of this change is clear. The horizontal component of 
the Coriolis force acts to the right of the current in the northern hemisphere and 
to the left of it in the southern hemisphere; the normal component of the pressure 
gradient force and the horizontal centripetal acceleration of the corresponding 
currents in both hemispheres are similarly oriented in relation to the deflecting 
force of the earth's rotation. Therefore, equation (14) is equally valid for the 
northern and southern hemispheres. 


275 


Using equation (14) we can classify the uniform horizontal flows in the at- 


mosphere as follows: 


a 
1) Geostrophic flow: j,=—= 0. 


_ Op __ 
2) Inertial flow: }6,= a 50. 


3) Cyclostrophic flow: @, == — 2a sin p-v=0. 


In a corresponding analysis of the direction of the normal component of the 
pressure gradient and of the centripetal acceleration in relation to the Coriolis 
acceleration, we will single out the following four types of flow: 


1) Baric flow: 5, | {@,,- The normal component of the pressure gradient 


force is opposite to the horizontal Coriolis force. 


7 «the normal component of the pressure gradient 


2) Antibaric flow: 5, { fa 


force has the Same direction as the horizontal Coriolis force. 


Thus, in the northern hemisphere the flow will be baric if a pressure trough 
is located to the left of the velocity vector and antibaric, if the pressure trough 
is to the rignt. In the southern hemisphere the flow is baric if the pressure trough 
is to the right of the velocity vector and antibaric, if the pressure trough is to its 
left. 


3) Cyclonic flow: /tta,,. The centrifugal force has the same direction as 


the horizontal Coriolis force, 


4) Anticyclonic flow: Itta,. The centrifugal force is directed opposite to 


the Coriolis force, 


In the northern hemisphere a flow deflected to the left is cyclonic, and one 
deflected to the right is anticyclonic. In the southern hemisphere the cyclonic 
flow is deflected to the right and the anticyclonic flow to the left. 


It is not difficult to see that the definition of the cyclonic and anticyclonic 
flows given above corresponds to the definition given in § l. 


We will now discuss in greater detail the various types of atmospheric flows, 


§ 3. The Geostrophic Wind 


A geostrophic wind is a flow of air along the circumference of a great circle. 
However, the projection of this circumference onto a horizontal plane is a straight 
line. Therefore, the horizontal curvature of the trajectory and the horizontal 
centripetal acceleration of the air parcel are equal to zero in case of a geostrophic 
wind. The normal component of the pressure gradient will then be balanced by 
the horizontal component of the Coriolis force 


6,+a,=0. (1) 


This is the dynamic condition of the geostrophic wind. Therefore, the 
geostrophic wind is a baric flow, This means that looking in the direction of 
the geostrophic wind, we shall observe a region of low pressure to the left of the 
trajectory in the northern hemisphere, and to the right, in the southern hemisphere. 
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This rule is known as the baric law of wind*., 


Since the normal component of the pressure gradient is directed opposite to the 
horizontal component of the Coriolis force, and the latter is orthogonal to velocity, 
the pressure gradient is likewise orthogonal to the velocity. Hence, the geostrophic 
wind is a gradient flow - a gradient wind. It follows that <P __g. consequently, the 
tangential acceleration vanishes too G.. = 0). Os 


Thus, by a geostrophic wind we mean a horizontal uniform and rectilinear 
air current, developing under the action of forces of pressure without the participa— 
tion of friction forces, The equations of the geostrophic wind in intrinsic coordina- 
tes have the following form (Figure 82): 


Op _o. 
os” 
Op ; eae 
a5 + 20 sin p-0 = 0; (2) 
Op = 
as -+s= ’ 


and in standard coordinates: 
fe) 
— at + 20 sin ~-0,=0, 


op im? —_— 
anid 5 east v,=0, 


Op = 
=e = 0, 


(3) 


The third equation of the geostrophic wind, identical with the equation of atmospheric 
statics, though approximate, is confirmed in practice to a high degree of accuracy. 
Therefore, the barometric formulas are fully applicable to horizontal uniform and 
rectilinear atmospheric flows. 


Figure 82. Geostrophic wind: a) northern 
hemisphere; b) southern hemi- 
sphere 


We have settled the question of the direction of the geostrophic wind. Let 
us now find the absolute value of its velocity, designating it by Vee From (2) we 
have 


Pe 
& ~~ 2wsing on° (4) 


The specific volume is not measured in meteorology, being eliminated by 
the use of the equation of state 


RT Op (5) 


"¢ = dp-wsing On* 


= a OP 2 ee ew = eP ew = 


* [Buys—Ballot's law, — Translator's note]. 
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Thus the velocity of the geostrophic wind is 


1) directly proportional to the pressure gradient a 


2) directly proportional to the air temperature T, 
3) inversely proportional to air pressure p, 
4) inversely proportional to the sine of the latitude 9. 


Equation (5) is widely used by the weather services. In case of rectilinear 
isobars it enables to calculate the wind velocity at a given altitude and latitude from 
a given pressure gradient, providing the effects of friction and acceleration can 
be neglected. 


In synoptic practice it is not customary to express the pressure gradient 
in the absolute unit (dyne/cm?), since this is too large, but in other practical units 
such as millibars per 1° latitude (i.e., mb/111 km), or in millibars per 100 km, 


Designating the pressure variation by se as measured in millibars per 1° 
? 


latitude (corresponding to 111 km ), measuring v_in m/sec and assuming that 


@ = 7.29:10°° sec 4, R = 287 m* sec ~“ degree /, T = 273°, p= 1,000 mb, we 


obtain the following working formula usually mentioned in the literature, for the 
calculation of the velocity of the geostrophic wind: 


__ 4.84 Ap (6) 
e—~sing | Op? 
However, the distance between the isobars is more conveniently measured not in 


degrees of latitude, but in hundreds of kilometers, and thus formula (5) for the de— 
termination of the velocity of the geostrophic wind assumes the form. 


__K_ 4p (7) 
g sing An 
where 
_R T 1 _ 287 inne T 
Sa F 105 2-7.29 p= 0. (8) 


In Table 32 are given the values of K, calculated by formula (8). 


It canbe seen from this table, within what range the velocity of the geostrophic 
wind may vary at the given latitude and pressure gradient for different values of T 
and p. Thus, for example, other conditions being equal, the velocity of the geo— 
strophic wind in summer exceeds that in winter by 20-30%. The velocity of the 
geostrophic wind increases especially at a reduced pressure. Thus,for example, 
at an altitude of 5 km, where the pressure is about 500 mb, the velocity of the geo- 
strophic wind, under otherwise identical conditions, is twice the corresponding 
velocity at the earth's surface. 


It can be seen from formula (7), that the velocity of the geostrophic wind 
diminishes with increasing latitude from infinity at the equator (which means that 
no geostrophic wind can exist on the equator) to a minimum at the pole, where 


A 
Vo2K ae. In Table 33 are given values of the geostrophic wind velocity for dif-— 
ferent latitudes and pressure gradients at T = 270°, p= 1,000 mb; this table was 
calculated by the equation 
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5.40 4 
"¢ sing Tae 


We see that at the same pressure gradient, the velocity of the geostrophic wind 
in tropical latitudes is 5 - 6 times greater than at the pole. Conversely, at the 
same geostrophic wind velocity the pressure gradient is several times lower in the 
low than in the high latitudes. So, for example, at a geostrophic wind velocity of 
15 m/sec, the distance between isobars drawn at 5 mb intervals at a latitude of 
20° is 500 km,and at a latitude of 60° it is only 200 km. 


Table 32 


Values of K = K(T, p) 


ae 920 | 240 | 260 | 270 | 280 | 300 20° K 
p 


1000 4.40 4.80 9.20 5.40 | 5.60] 6.00} 6.40 
900 4.38 9.03 5.77 5.99 | 6.22 | 6.66 
8.89 


Table 33 


Geostrophic wind velocity at different latitudes and 
different pressure gradients 


Sp 0.5 | 1.0 
mb/100 km 


‘5 5.0 | 6.0 


125 | 111 | 100 | 85 
124.0 139.5 |155.0 |186.0 
20 7.9 | 15.8 | 23.7) 31.6] 39.5] 47.4) 55.3] 63.2] 71.1} 79.0] 94.8 


An km/Smb | 1000 | 500 | 333 | 250 | 200| 167 | 143 
g==10 | 155 | 31.0 | 46.5] 62.0] 77.5] 93.0/108.5 


30 5.4 | 10.8 } 16.2] 21.6] 27.0} 32.4] 37.8] 43.2} 480) 54.0) 64.8 
40 4.2 8.4 | 12.6! 16.8] 21.0; 25.2] 29.4] 33.6} 37.8] 42.0] 50.4 
50 3.6 | 7.1 | 10.7] 14.2] 17.8] 21.3] 249] 28.4] 32.0] 35.5] 42.6 
60 3.1 6.2} 9.3] 12.4) 15.5] 18.6] 21.7] 24.8] 27.9) 31.0} 37.2 
70 29 | 5.7] 86! 11.4] 14.3] 17.1] 20.0) 22.8) 25.7] 28.5] 34.2 
80 2.8 5.5} 83) 11.0] 13.8] 16.5) 19.3] 22.0] 24.8] 27.5] 33.0 
90 2.7 5-4] 8.1] 10.8} 13.5] 16.2] 18.9] 21.6] 24.3] 27.0] 32.4 


For the quick determination of the geostrophic wind velocity the so-called 
gradient rulers are employed, A gradient ruler is a nomogram of velocities of the 
geostrophic wind, drawn on transparent paper, tracing paper,cellophane or cellu- 
loid,on the same scale as the chart with which it is intended to be used. For 
rough determinations of the geostrophic wind velocity certain average values of 
the latitude 9 and the coefficient K are given. However, it is better to use a pre- 
cise ruler (Figure 83), which enables the calculation of the geostrophic wind ve- 
locity variation with latitude and temperature; the pressure can be taken to have the 
constant value 1,000 mb, since these rulers are used in practice together with 
synoptic charts, drawn for sea level. As for altitude charts, the Soviet weather 
services use pressure contour maps by which the geostrophic wind velocity is being 
determined, as we shall show below, differently and in a somewhat simpler way. 

By the way, the ruler just described can be used with pressure charts as well. 


-5 = 
Let us assume that R = 287 i beer degree, W9=7.29X10 sec , 


p = 1,000 mb. 
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Figure 83. Universal gradient ruler for the determ- 
ination of the geostrophic wind velocity 


On synoptic charts the isobars are usually plotted in 5 mb intervals. There- 
fore, dy==5'mb. In that case, for the distance between the isobars jz and the geo— 
strophic wind velocity vee following relationship holds: 


x6] -An =a, 


where 
R Ap T 287 5 TT 


If ee is measured in m/sec and An in hundreds of kilometers, we have 


a© 0.1 a , 
sin ¢ 

The temperatures Occurring in the Soviet Union and in countries of the 
Eurasian continent, which the synoptician encounters in his practice, may change 
within quite a range—from 200° to 320° K, and the latitude—from 30° to 80°. 
Therefore a assumes widely different values, from a = 20 (T = 200; 9 = 90°) to 
a = 60 (T = 300°; ~ = 30°) and even more. Thus at a constant density of isobars 
the geostrophic wind velocity may change (depending on the value of a) by 200 - 
300%, from which follows that one may not ignore the effect of T and g on the 
velocity of the geostrophic wind. 


The gradient ruler proposed by us consists of six different strips having two 
different scales each. The upper scale is calibrated to fit charts drawnona scale of 
1,10, 000, 000, and the lower one to charts on a scale of 1:20, 000, 000. 

Strips 2, 3, 4, 5, 6 correspond to the a values of 20, 30, 40, 50, 60. They are 
all constructed in exactly the same manner, namely, for each integral value of 

the velocity the corresponding distance between the isobars is determined and 
marked out on the scale, the graduations bearing the corresponding figures of the 
velocity ve The velocity values 5, 10, 20, 30, 40, 50, 60 are graduated by longer 


strokes and bear the explicitly printed corresponding figures. The other velocity 
values are marked by short strokes. The first strip is graduated in divisions which 
are equal to the path, relative to the chart scale, traveled in 6 hours by a particle 
moving with the given velocity, considered not to vary in magnitude and direction 
during this period. The marks and figures on this scale show the magnitude of the 
given geostrophic wind velocity in meters per second. 
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The preliminary determination of the number of the strip which should be 
used for work on the synoptic chart at given values of air temperature and latitude, 
is facilitated by a group of straight lines, corresponding to certain latitudes 


(30, 40, 50, 60, 70, 80, 90) and by an auxiliary temperature scale plotted on the 
right side of the gradient ruler, The technique of working with the ruler on synop- 
tic charts is the following: 


1) The number of the working strip is determined from the average values 
of T and » in the considered region. 


2) The left edge of the ruler is laid on the isobar, and thus the corresponding 
working strip is directed along the pressure gradient (or ascendent). The intersec-— 
tion of the working strip with nearest isobar, drawn at an interval of 5 mb, gives the 
geostrophic wind velocity, which is read off the upper scale if the synoptic chart 
scale is 1:10, 000, 000, and off the lower scale, if the scale of the chart is 1:20, 000, 000. 


Examples: 


In order to determine On synoptic charts the geostrophic wind velocity in the 
vicinity of Spitzbergen (~ ~80°) at an average temperature t = — 50° strip No 2 
is used; for the Rostov region ( @ = 45°) at t~o°c, strip No 4 is used; for the 
central parts of Persia ( ~~30°) at t = 30°C one works with strip No 6. 


The graphic determination of the geostrophic wind velocity is more exact, 
the closer are the isobars to parallel straight lines, Ifthe curvature of the isobars 
is appreciable or in case they sharply diverge, the result may be unsatisfactory, 
which is understandable, since in these cases the wind is not geostrophic. 


Since in the case of a geostrophic wind the pressure gradient is orthogonal 
to the velocity, the work done by the pressure forces is zero, as is also the work 
of the deflective force of the earth's rotation. 


We will also note, that at the equator the deflective force of the earth's ro- 
tation also vanishes; therefore at the equator the flow always proceeds along the 
pressure gradient, i.e., a geostrophic wind is impossible there. The pressure 
forces cause a mrss transport in the direction of the gradient and before long the 
pressure is equalized. 


We shall see later that in the lower atmospheric layers outside equatorial 
latitudes, the air flow is also not directed along the isobars, but under the effect 
of friction forces it is deflected away from the isobar towards the pressure low, 
Therefore in the lower layers the pressure tends to equalize. In this case 
work is done by the pressure forces, while in case of a geostrophic wind their 
work is zero, Flows very similar to the geostrophic can be found at extratropical 
latitudes, usually at altitudes exceeding 500 m, when there is no storm or other 
atmospheric disturbance. This should be understood in the sense, that at any 
altitude above 500 m the velocity of a more or less regular wind is close to the 
velocity of a geostrophic wind, as calculated for the given latitude air density and 
pressure gradient, and is directed along the isobar. 


§ 4, The Slope of the Isobaric Surfaces, Geostrophic Wind on Pressure 
Charts 


The velocity of a geostrophic wind is closely connected with the slope of the 
isobaric surface, the equation of which may be written in the following form 


p(s, a, z)== const. (1) 
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or in differential form 


Op op P a7 — 
dp=5.- ds4-5, dn +3 dz= (2) 


Designating the angle between the isobaric and the horizontal surfaces by 6, we 
obtain from the equation of the geostrophic wind 


Op 
dz On 2 sin 
tg§ —+ —~ — — -* — _ ¥ 
8p dn op g Ug 
Oz 


The minus sign in (3) shows, that in the northern hemisphere (9 > 0) at 
V > 0, the isobaric surface forms an obtuse angle with the positive direction of 
the normal n, i.e., the isobaric surfaces rise to the right of the direction of 
flow (Figure 84, a); in the southern hemisphere (9m 0) these surfaces rise to 
the left (Figure 84, b); this conclusion is in perfect agreement with the baric law 
of wind*, 
Z Z 


@ - 4) 

Figure 84. The slope of the isobaric surface: 
a) northern hemisphere, b) southern 
hemisphere 


5 


We should notice that the slope of the isobaric surface is entirely independent 
of the pressure p, the temperature T, or the density -9, and is determined only 
by the ratio of the pressure derivatives with respect ton and to z, or by the la- 
titude » and the geostrophic wind velocity ve 


In Appendix 21 are given the values of the slope of the isobaric surface for 
different latitudes and velocities of the geostrophic wind, calculated according to 
equation (3), 


This table shows, that the slope of the isobaric surfaces is extremely small. 
Even at high values of the geostrophic wind velocity (= 50 m/sec) at high latitudes 
the slope angle of the isobaric surfaces does not exceed 2' - 3', Under ordinary 
conditions this angle rarely exceeds 0.5', becoming zero at the equator. 


At the latitude of Moscow (y=56%), and at a wind velocity of 10 m/sec the 
isobaric surface rises 12 m above ground level over a distance of 100 km from the 
isobar, 


The formula determining the angle the isobaric surface makes with the 
horizon can be used (after a certain transformation) for the determination of the 
geostrophic wind velocity on contour maps of the isobaric surfaces . A contour 


* (Buys-Ballot's law. - Tr. note]. 
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map of the isobaric surface is obtained by projecting the intersection lines of the 
given isobaric surface with chosen standard isopotential surfaces on a horizontal 
plane (Figure 85), These lines are called the isohypses of the dynamic altitudes 
of the isobaric surface, or simply isohypses, Replacing dz in equation (3) by u® 


we obtain : 


a 
Apoes Sin Ug 


Passing to finite differences we obtain the following formula for the determination 
of the geostrophic wind velocity on pressure contour maps 


1 ae 
2wsing An ° 
The direction of the geostrophic wind will obviously be determined in the following 
manner; if one were to stand looking in the direction of the geostrophic wind, the 


geopotential elevation would be to his right in the northern hemisphere (Figure 86) 
and to his left—in the southern. 


f---—-™ Gy 

LoS, E> 
_ (4-F=F IXY @ 
ey en ns 
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Figure 85, Spatial configuration of an isobaric 
surface, illustrated by a contour map 


Formula (4) shows that the velocity of the geostrophic wind on contour maps 
does not depend at all on the air density, but is determined solely by the closeness 
of isohypses and by the latitude of the locality. This is one of the main advantages 
of pressure contour maps as compared with altitude isobar maps. As already 
shown above, the geostrophic wind velocity depends not only onthe closeness of the 
isobars and on the altitude, but to a considerable degree also on the air density. 


On contour maps the isohypses of the main isobaric surfaces (900, 700, 500, 
300 etc) are usually drawn at a distance of 40 berk from each other, thus, in the 
formula (4) A® = 40berk. Measuring ve in meters per second and An in 


hundreds of kilometers, we obtain the following working formula for the determin- 
ation of the geostrophic wind velocity on pressure contour maps; 
ie (5) 
&~ sing An’ 
In Table 34 are given values of geostrophic wind velocity on pressure contour 
maps, computed by formula (5) for various latitudes and various densities of the 
isohypses. 


Formula (5) shows, that the determination of geostrophic wind velocity on 
pressure contour maps from the distance between isohypses is equivalent to its 
determination by the distance between isobars on the synoptic chart at a temperature 
of 274°K, or approximately 09°C, 
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( “SF husiag In 
Figure 86. The geostrophic wind velocity 
is determined on pressure con- 
tour maps by the position of the 
isohypses 


Since a dotted line is marked on the gradient ruler, corresponding to 0°C , the 
geostrophic wind is determined on pressure contour maps by the use of the gradient 
ruler in exactly the same manner as on synoptic charts drawn for sea level, with 
the only difference, that in the determination of the number of the working strip 
to be used, we look for the intersection point of the fixed dotted line with the line 
corresponding to the average value of 9, 


Table 34 


The velocity of geostrophic wind on pressure contour 


maps 
10° 150.0 92.7 31.6 22.6 15.8m /sec 
20° 80.5 26.6 16.1 11.5 8.1 > 
30° 99.0 18.3 11.0 7.9 5.5 » 
40° 42.8 14.3 8.6 6.1 43 >» 
90° 39.9 12.0 7.2 5.1 3.6 » 
60° 31.8 10.6 6.4 4.5 3.2 » 
70° 29.3 9.8 5.9 4.2 2.9 » 
80° 27.8 9.2 5.6 3.9 2.7 » 
90° 27.4 9.1 9.0 3.9 2.7 » 


$ 5. Inertial Air Flow 


If the pressure gradient is zero, the horizontal flow of air is inertial and 
the centripetal acceleration equals the horizontal component of the Coriolis 
acceleration (Figure 87); hence the inertial flow equation assumes the form 


J,= 4, (1) 
or 


2 
~ = — 2 sing v. (2) 
r 
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Equation (2) has two roots: 


1) v = 0 (quiescence) (3) 
and 
2) v= 2rwsin 4», (4) 


“where v5 is the velocity of the inertial motion. 


Since the centripetal acceleration has the same direction as the Coriolis 
force, inertial flow is anticyclonic (Figure 87). The radius of curvature of the 
trajectory is determined by the formula 


a (5) 


Oq*L SIN P-L 


9) & 


Figure 87, Inertial motion of a point: a) northern 
hemisphere, b) southern hemisphere 


& 


6) 


Figure 88. The orbit of a particle in inertial motion, 
relative to the rotating earth: a) the 
orbit crosses the equator; b) the orbit 
does not cross the equator 


If we disregard variations in the latitude 9 along the orbit and recall the constancy 


of the velocity of inertial motion, the radius of curvature r is seen to be constant, 
and the orbit is a circle, known in meteorology as the inertial circle. It can be 
seen from (5), that the inertial circle is larger, the higher the velocity and the 
smaller the latitude. 


In Appendix 20 are given values of the radius of the inertial circle, or, to be 
exact,the values of the radius of curvature of the orbit described by an air par- 


ticle in inertial flow. 


If changes of the latitude 9, are taken into account, the orbit will differ from 
a circle, though only very slightly. An exception is the equatorial zone, since on 
crossing the equator the sign of the curvature of the inertial trajectory changes. 
The inertial orbit which intersects the equator is enclosed between the circles of 
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latitude y and — ,, as shown in Figure 88, a, These latitudes are determined 
by the velocity of the inertial flow v... The inertial trajectory which does not inter- 
sect the equator is enclosed between two latitudes 9, and $- (Figure 88, b), 


which are also determined by the inertial flow velocity Vi In this case the orbit 


forms loops, since at high latitudes its curvature is greater than at low ones, 


§ 6. Cyclostrophic Wind 


In the discussion of currents in the northern or in the southern hemispheres 
the direction of the earth's rotation and the ensuing Coriolis force should be taken 
into account. On the equator, on the other hand, the angular velocity of rotation 
around the local zenith and the horizontal component of the Coriolis force are 
equal to zero. Therefore, the normal equation of motion will assume the form 


J, =... (1) 


Equation (1) shows, that if the normal component of the pressure gradient is 
other than zero, there exists a centripetal acceleration, Such flow is called 


cyclostrophic (Figure 89), 


Ur 


6) 


Figure 89. Cyclostrophic flow: a) cyclonic; 
b) anticyclonic 


Introducing the velocity of the cyclostrophic wind Vos equation (1) will be trans- 
formed into 


ap (2) 


— V Op 
Cs ra ae (3) 


Formula (3) determines the cyclostrophic wind velocity, necessary for counter- 
balancing the centrifugal force and the pressure gradient of the steady circular flow. 


vf 
— —@Q 
r 


hence 


Table 35 
Velocity of the cyclostrophic wind 


100 |200km 


0 
+ mb/ 100 km 
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As can be seen from (3), a cyclostrophic wind is possible only when 2> 0, 


i,e.,it can occur only ina region of low pressure, although the direction of flow 
may be either clockwise or counterclockwise. 


In Table 35 are given values of cyclostrophic wind velocities at @= 1.276 x1079 


for different r and ep ; 
; 
$7. Arbitrary Horizontal Flow 
In the foregoing sections we have discussed simple cases of horizontal air 


flow, Let us now turn to the discussion of the general case of an arbitrary horizon- 
tal current. 


The equation of horizontal air flow in the absence of friction forces has the 
form 


dv 
i=" ae =b, (1) 
: 2 
In, Ane ( ) 


Let the current be inclined to the isobar at anangle § (Figure 90). This 
angle is equal to the angle formed between the horizontal pressure gradient and the 
normal to the particle trajectory. We will consider the sense of B positive, if 
looking from the local zenith it is read counterclockwise from the pressure gradient 
b to the unit normal n. 


Then e 
a= b-cos B; 


b,= bsin B. 
dv 


Since, according to (1) be = J. arse = vy, the normal component of the pressure 


gradient can be expressed by the horizontal pressure gradient and the rate of change 
of the velocity 


bb — be — VU", (3) 


At any point where gradient flow obtains, 8 b. =v 0. At these points the wind 


is directed along an isobar with a constant or extremal velocity. In general, how- 
ever, the current deviates from the isobar. 


d 
If the flow is accelerated, then Zo and 


b. *b sinB >0, 


that is, the flow deviates from the isobar towards the pressure low (Figure 90, a). 
If the flow is decelerated, qv > 0 and 


b_ = bsinB<o0 


i.e., the flow deviates from the isobar in the direction of the pressure high 
(Figure 90, b). At any instant of time and for any flow the forces [per unit mass] 
@,, 6, ande, are in equilibrium. Types of flow possible in the northern hemis~ 
phere and which are determined by different ratios between these forces, are 
shown in Figure 91. 

Let us regard the wind velocity and the latitude as given. Then the . 
Coriolis force will be simply determined. Depending on the direction and magnti- 
tude of the normal component of the pressure gradient, the atmospheric flow may 
assume the following forms: 
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Figure 90, An arbitrary horizontal current deviates from the 
isobar: a) accelerated current is deflected towards 
the pressure low; b) decelerated current is de- 
flected towards the pressure high 


If the normal component of the pressure gradient is antiparallel to the 
Coriolis force, three cases are distinguished: 


1) Cyclonic flow, /,tta@,, in which the absolute value of the normal com- 
ponent of the pressure gradient is greater than the Coriolis force (|9,| > |a, |). 


In this case the flow is cyclonic and a pressure trough exists (Figure 91, a). 


2) Anticyclonic flow /, ti a,, where the absolute value of the normal com- 
ponent of the pressure gradient is smaller than the Coriolis force (| 6,|< | 4, |). 


This case corresponds to an anticyclone, or a pressure high (Figure 91, b). 


3) A rectilinear current /, = 0, in which the pressure gradient balances the 


Coriolis force (Figure 91, c). 


If the flow is antibaric, i.e., if the normal component of the pressure gradient 
parallels the Coriolis force, then theoretically only an anticyclonic flow is possible, 
The baric law of wind* is clearly not applicable to the antibaric flow, since it 
is only an empirical rule and not a strict law (Figure 91, e). 


Antibaric flow is possible only when the centrifugal force is strong enough to 
counterbalance the resultant of the normal component of the pressure gradient and 
the horizontal component of the Coriolis force: 


ye 
r 


= 6, + 2 sin y-v, 


Conditions favorable for the appearance of antibaric flow are high wind velo- 
cities, small radii of curvature of the trajectory and low latitudes, Let us point 
out, that antibaric flow has hitherto not been encountered in the pressure patterns 
traced on synoptic charts. It is possible that such flows may take place intornadoes. 
sandstorms with antibaric flow have been observed. 


Finally, when the normal component of the pressure gradient vanishes the 
following are possible: 
1) inertial flow with an anticyclonic trajectory curvature, when |a,'|=|/J/,| 


(Figure 91, h); 


* [Buys-Ballot's law, - Translator's note]. 
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a) 
Impossible Impossible 
é) 
v AY 


f) ‘ 
Impossible 


Figure 91, Different types of horizontal flow in the northern 
hemisphere: a) cyclonic: baric flow (cyclone, or 
pressure trough); b) anticyclonic baric flow 
(anticyclone, or a pressure elevation); c) geo- 
strophic wind; d) anticyclonic antibaric flow 
(anomalous cyclone); e) inertial flow; f) rela- 
tive quiescence; g) rectilinear flow on the 


equator 


2) relative quiescence, when aT I =v=0 and 9+ 0; 
3) rectilinear flow on the equator, when (Figure 91, i) 
a, = !,=9=Oandv<0. 


We will now examine in greater detail the problem of the magnitude of the ho- 
rizontal current velocity. We start as before, from the normal equation of flow (2), 


a T 


The first term on the right side is often called the geostrophic component of the 
pressure gradient, and the second term the cyclostrophic component. It follows 
from (4), that at the same wind velocity the pressure gradient should be greater 

in case of a cyclonic trajectory curvature than at an anticyclonic curvature, since 
in the former case the cyclostrophic component is added to the geostrophic one 
and in the latter case it is deducted from it, In case of a geostrophic wind the 
pressure gradient has a certain intermediate value. Thus, in order to obtain the 


same wind velocity the isobars should be most dense at a cyclonic curvature and 


least dense at an anticyclonic one. The same results are obtained from the ana- 


lysis of the diagrams in Figure 91, 


Regarding bo as a function of the velocity v, the latitude » , and the radius 


of curvature r,it can be shown that bi generally speaking, possesses a maximum. 
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Since there exists a direct relationship between bo and v, which is determined by 


(4), the maximal wind velocity corresponds to the maximal value of the pressure 
gradient. Differentiating bo with respect to v and equating the result to zero we 


get the following equation for the determination of v max.: 


Obn vu 
Fp = 2w sing + 2 — = 9, 
hence 
Umax = Posing ==. (5) 


In Table 36 are given maximal values of the gradient wind velocity for different 
values of » and different trajectory radi Fr. 


It follows from Table 36, that the gradient wind in anticyclones cannot reach 
high values. These velocities are particularly low at low latitudes. Formula (5) 
shows that anticyclonic flow on the equator is impossible. Only on the periphery 
of anticyclones are considerable wind velocities realizable, but only at high latitudes. 
The obtained results agree well with the widely known fact of small wind velocities 
in anticyclones, especially near the center, where practically dead calm prevails. 


Table 36 


Maximum gradient wind velocity in an anticyclone 


6.8 
3.7 
0.5 
4.1 
8.3 


Substituting the maximum velocity (5) in formula (4) which determines the 


magnitude of the pressure gradient, we get a formula for the maximal value of the 
normal component of this gradient 


b, max = rw? sin? 9; (6) 


it is evident that the pressure gradient is bounded only in case of an anticyclonic 
curvature of the isobars. 


Table 37, giving the maximal value of the pressure gradient in anticyclones, 
was calculated for 9 = 1,276 X 1078 by the formula | = 6,75 X 1073 r sin? 0 
Or |maax : 


where r is measured in kilometers and | <P | in millibars per 100 km. 


Formula (6) and Table 37 show, that relatively high pressure gradients may 
occur only in the periphery of the anticyclone. Ata distance of 300 km from the 
center, even at the pole, the pressure gradient cannot exceed 2 mb/100 km. The 
magnitude of the maximal pressure gradient decreases very rapidly with the lati- 
tude. Thus, for example, at a latitude of 10°, even on the periphery of the anti- 
cyclone, isobars drawn at 1 mb intervals are separated from each other not less 
than 500 km. We should also note, that the maximal value of the pressure gradient 
also depends on the air density p. Therefore, the isobars in winter are generally 
denser than in Summer and on pressure charts they are more sparse over | 
rising than over low terrain. 
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Table 37 


Maximum pressure gradients in anticyclones 


wo | so | o | 7 80 90 


0.59 
1.19 


0.68 mb/100 m 
1.35 mb/100 m 


2.97 
5.94 


3.38 mb/100 m 
6.75 mb /100 m 


6 
3 } 
1.78 96 | 2.03 mb/100 m 
2 
By 


In cyclones neither the magnitude of the pressure gradient nor the gradient 
wind velocity are bounded, Thus, there is no lower limit to the pressure in 
cyclones, while the intensity of anticyclones is limited. 


For practical calculations of wind velocity in the absence of friction forces 
it is convenient to use the velocities introduced above: the geostrophic velocity 
V the inertial velocity V5 and the cyclostrophic velocity Vo) regarding these 


velocities as independent parameters; 


Oe a ee oe 
Ug = Dosing ’ U,—=— 2 rw sin 9; v. ==rb,,. (7) 


The parameters v_, v. and v_ need not conform with the special conditions 


fulfilled by geostrophic, inertial and cyclostrophic currents, Thus, for example, 
v. which cannot be negative, being an inertial velocity, may nevertheless assume 


negative values, describing an arbitrary cyclonic flow as a parameter. 
The three parameters Ve V; and Vv, are not really independent, but connected 
by the relationship 


— 0, 0, = v2. (8) 


Using two of the three parameters, one can put the equation of gradient wind in one 
of the following forms. Multiplying (4) by r and using (7), we obtain 


v2 —v,v—vi=0, (9) 


Eliminating ve by the use of (8), we get: 


v? — vu, (v— 0,) = 9. (10) 
Dividing (9) by ve we obtain ; 
aA A (11) 
ve | Ug 


c 
From equations (9), (10) and (11) we have the essential conditions for the 


existence of the following winds: 
2 
1) for the inertial wind: v=v.; Vv, * 0, ice., b= 0; 


oo , i.€., r= 0 *; 


2) for the geostrophic wind: v = V,3 v= 


x [The Russian text has R = ©, an obvious misprint. - Translator's note]. 
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3) for the cyclostrophic wind; v * VJ; v, = O,i.e,,@sin y= 0. 


In general, however, Vg, Vj; and v, differ from zero and one can express by these 
magnitudes the velocity of an arbitrary horizontal current. Each of the equations 
($), (10) and (11) includes an unknown function v and known parameters. For the 
calculation of v it is most convenient to use specially constructed nomograms. 


Formula (10), which can be written in the form 


vi 
fa ane (12) 


shows, that at the same isobar density and at otherwise identical conditions the 
velocity of an arbitrary horizontal current at an anticyclonic trajectory curvature 
(v. > 0) is larger and ata cyclonic trajectory curvature (v,<0) is smaller than 

i 


the corresponding geostrophic wind velocity. 


This assertion apparently contradicts the fact that comparatively weak winds 
prevail in the anticyclone, The reason for this, as was previously indicated, is the 
absence of high pressure gradients in anticyclonic regions, which precludes the 
possibility of strong winds except on the periphery of the anticyclone. 

Table 38 gives the magnitude of the geostrophic wind velocity Ve which 


corresponds to the wind velocity in case of a cyclonic trajectory curvature, at 
different velocities of the inertial flow. This table was calculated by formula (12). 


Table 38 


Geostrophic wind velocities, corresponding to the wind 
velocity for cyclonic trajectory curvature 


;; eft | 2 a js | w 20 20 | 50 m/sec 


2 1.5 4.0 7.5 | 17.5 | 60.0 | 2200) — — 
10 1.1 2.4 3.9 | 7.5 | 20.0 | 60.0 | 120.0 
20 1.1 2.2 3.5 | 6.3 |] 15.0 | 40.0] 75.0 — 
40 1.0 2.1 3.2 | 5.6 | 12.5 | 30.0] 52.5 — 
100 1.0 2.0 3.1 5.3 | 11.0 | 24.0] 39.0] 75.0m/sec 


As can be seen from Table 38, the geostrophic velocity is very close to 
the actual wind in case of a cyclonic trajectory curvature, but under conditions 
corresponding to higher values of v, = 2rwsin 9 , i.e., at high latitudes and at 
large radii of curvature r. In this case the geostrophic velocity may be taken as 
an approximation to the cyclonic wind velocity; only at very high velocities should 
we take into account the trajectory curvature. However, under conditions cor- 
responding to low values of v. = 2rwsing , i.e., for appreciable curvatures 
(small r) and at low latitudes the geostrophic wind differs greatly from the cyclonic, 


and therefore cannot serve even as a rough first approximation in the estimation 
of the latter. 


Table 39, calculated by formula (12), gives the magnitude of the geo- 
strophic velocity Vy corresponding to the wind velocity v at an anticyclonic curv— 


ature and for different values of the inertial flow velocity v.,. 
i 


It is evident from Table 39, that if the actual wind velocity v at an anti-— 
cyclonic trajectory curvature is far from the limiting value v_. =v 12, 1, @s; 
a 
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Table 39 


Geostrophic velocities corres ponding to wind velocities 
for anticyclonic trajectory curvature 


0.7 1.0 — :; — — sac 

0.9 1.6 2.1 2 —~ — = 
20 0.95 1.8 2.9 3.7 5.0 — — — 
40 0.97 1.90 | 2.8 4.4 7.9 (10.0 _—~ — 
100 0.99 1.96 | 2.91 | 4.75 | 9.00 | 16.00] 21.00] 25.00 
200 0.995 | 1.98 | 2.95 | 4.87 | 9.50 | 18.00] 25.50) 37.50 


ifv< v,/2, it can be.replaced, in a first approximation, by the geoStrophic wind 


velocity, the substitution being more appropriate, the smaller v is. However, if 
vis close to Varn v,/2, the geostrophic wind velocity is almost half the wind 
velocity at an anticyclonic trajectory curvature, and in the extreme case v * Neus 
ax 
we get: 
] U; 
of aoa 3 Umax = 7 (13) 
Thus, at high wind velocities (close to the maximum velocity) for anticyclonic 
trajectory curvature it is necessary to take the curvature into account. However, 
the wind velocities actually observed in the anticyclone fall considerably short of 
the maximum. Hence, at an anticyclonic curvature one can practically always use 
the geostrophic wind, In cyclones, on the other hand, the actual wind velocities 
observed are close to and sometimes even higher than the maximal anticyclonic 
velocities; therefore, one ought to apply the geostrophic relationships to cyclones 
with great caution. Geostrophic relationships are obviously entirely unapplicable 
to tropical cyclones, characterized by their small dimensions and encountered at 
low latitudes, for which v>} Vis and they are likewise unapplicable to extratropical 


cyclones of small dimensions. 


§ 8. Trajectories, Streamlines and Isobars 


In dealing with anarbitrary horizontal air flow, frictionforces being absent, one 
should distinguish between the following three families of curves: 1) trajectories 
of air parcels, 2) streamlines, and 3) isobars. In an arbitrary horizontal flow 
these curves generally differ, though in case of a gradient wind they do coincide. 
We will use the term gradient wind for a horizontal, uniform and steady air flow. 
This flow may proceed either in rectilinear trajectories (then the wind is geo- 
strophic), or in circular ones. Since for a gradient wind v * const. and —¥ x O, 


the tangential component of the pressure gradient also vanishes (b. = 0). Thus 

the gradient wind blows along the isobar, which coincides with the parcel trajectory, 
and since the gradient wind is a steady flow, the streamline also coincides with 
these two curves. 


Thus, in case of a gradient wind, the trajectories,streamlines and isobars 


coincide, We can therefore use all the formulas of the preceding section, 
derived from the normal equation of flow, substituting the isobar curvature for the 


trajectory curvature. 


Strictly speaking, however, a gradient wind never exists in the atmosphere. 


This we are taught by our daily synoptical practice,showing that the pressure 
field incessantly changes: with it change also the streamlines and trajectories. 
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Therefore practical application of the said formulas to an arbitrary current 
requires that the trajectory curvature be known. 


But obviously one cannot directly observe the trajectory of an air parcel. 
Admittedly there are in existence methods for approximate determination of these 
trajectories, which ultimately reduce to the observation of the free horizontal 
flight. of an aerostat, or the extrapolation of the subsequent trajectory from one 
synoptic chart to another; however, regular prolonged horizontal flights of free 
aerostats are practically unfeasible and plotting a trajectory on contiguous synoptic 
charts often leads to unsatisfactory results due to the incompleteness of data. 


The trajectory curvature can be obtained more readily and simply from the 
curvature of the streamlines. The horizontal curvature of the streamlines can 
be determined from altitude charts. The trajectory and streamline are osculating 
curves, differing however in their curvature, 


The relationship between the trajectory curvature K and the streamline curv- 


ature Ky at an arbitrary point M can be obtained in the following way; 


Let MS be the trajectcry of an air particle located initially at the point M 
(Figure 92), The wind velocity vector at the initial moment is tangent to the 
curve MS at the point M. Let us further assume, that ML is a streamline passing 
through the point M. The wind velocity is also tangent to the streamline at the 
point M. 


Figure 92, Comparison of the trajectory 
curvature with the streamline 
curvature 


Let us designate by @ the angle of the wind's direction. We shall read it 
counterclockwise from the x-axis of the standard coordinate system. Obviously, it 
is a function of the arc length L of the streamline:g=a(L). If the flow is steady, 

@ is independent of the time, since the streamline in this case does not change in 
time, but if the flow is unsteady the wind direction is a function of the time t: 


a=—a(L, 2). 


As the particle moves in its trajectory the direction of the wind changes by 


da. 
da per unit time. However at 18 the velocity of rotation of the vector of the wind 


dt 
Vv ‘ ‘ 
velocity, and equals a where r is the trajectory radius of curvature and v is the 


wind velocity. Therefore, 


i EO EY (1) 
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On the other hand, is the individual derivative of the angle; hence 


da 
dt 


da Ca Oa 
—_——-— “a7 ¢ 2 
ao ae (2) 
But o is the streamline curvature KL = l/r, 3 therefore 
da Oa Vv Oa 
di aT R= aT Ku 


where rr is the radius of curvature of the streamline, 


te da 
Eliminating 7; between (1) and (3) we obtain the following relationship between 


the trajectory curvature K and the streamline curvature KL: 
es 1 Oa (4) 
NEES as 


Oa 
The derivative 5 represents a local change in the wind direction, observed 
from a fixed point. The trajectory curvature coincides with the streamline curvature 
only upon the condition that the wind direction at the given point does not change 


in time, i.e., when 9 = Q. In this case K = K, andr =r,. In stationary flow, 


particularly, as = Q at any time instant, 


However, the direction of wind at any given point usually does change. In 
that case the streamline curvature and the trajectory curvature are different. If 
the wind rotates to the left (o> 0| the trajectory curvature is greater than the 


Oa 
streamline curvature (K>K, ) and if it rotates to the right (G< 0) the 
trajectory curvature is smaller than the streamline curvature (K<K, )s where the 
curvature is taken with its proper algebraic sign. The two curvatures may even 


be of a different sign. 


Therefore, one should use with caution the terms "cyclonic , "geostrophic" 
and ‘anticyclonic ,» keeping in mind that they refer, strictly speaking, to trajecto- 
ries and not to streamlines or isobars. 


Table 40 


Values of gad 


100 km/h 


0.0002 
0.0003 
0.0005 
0.0009 
0.0017 
0.0034 
0.0051 
0.0035 


1 da : 
In Table 40 are given the values of AK=-—-+-> for various current veloci- 


: oa, 
ties v and different rates of change of the wind direction x /h, Using 
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this table and formula (4), we will illustrate by an example how real the difference 
is between the trajectory curvature and streamline curvature. 


Let us assume that the streamlines are straight, and the wind velocity is 
30 km/h ( = 9m/sec). In the absence of wind rotation the flow becomes geostrophic 
in due course and the trajectories coincide with the streamlines. In case of a right- 
handed wind rotation da 0 ) at the same straight streamlines the trajectories 
bend anticyclonically and if the wind rate of rotation equals 5°/h, then AK = 0.0028 
and the trajectory radius of curvature is 357 km. Under the same conditions, but 
with a cyclonic streamline curvature of 357 km radius, the trajectory is a straight 


line. 


Since in synoptic practice one deals with an instantaneous streamline, it is 
useful to introduce the streamline curvature into the normal equation of flow. 


Substituting (4) [of this section] in equation (4) § 6 we obtain : 


Ko? + ( 2wsing+ 5) -0—5,=0, (5) 


where bn remains the same as in equation (4) § 6, i.e., the component of the pressure 
gradient normal to the trajectory, which at the given point coincides with the normal 


to the streamline. 


Let us now discuss the relationships between the isobar curvature and the tra- 
jectory curvature in several cases, 


1, Cyclonic center, Let us consider the flow of air around a cyclonic center, 
advancing with velocity c. Let us direct the x-axis parallel to the velocity of the 
center. Let us designate by 5 the temporal variation in the wind direction in a 


coordinate system moving together with the cyclonic center. Then we have 
da = Oa Oa 
—— — = 6 
att ae: a 


Here 8a stands for the changes in wind direction, caused by inner processes occur- 
ring in the moving cyclone: its abatement or intensification, andc - for that 
Xx 


change in the wind direction which is caused by the shift of the cyclone. If we assume 
the inner changes in the cyclone to be small and ignore the term ve we obtain: 
t 


Oa Oa (7) 
dt ~~ "ox" 
However . —$ ; So = K, cos ); consequently 
C= —c-K,-cos, i 
Sub stituting (8) in (4) we finally get 
K=K,(1—5 - cos 9), (9) 


where fis the angle between the wind and the direction of the x-axis. 


Above the friction level, i.e. , above the terrestrial bovndary layer, the stream- 


line curvature may be replaced by the isobar curvature, considering the flow to be 
uniform but not steady. Then 


K=K,(1 = < COS 9) ; (10) 
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It follows from (10) that the trajectory curvature may be equal to the isobar 
curvature ina nonstationary flow only under the condition, that cos b = 0, i.e., when 
the isobars are orthogonal to the trajectory of the cyclone center (Figure 93), To the 
left of the path of the cyclone center, where cos p<, the trajectory curvature will 
be greater than the isobar curvature, and the curvature of the particle trajectory attains 
its maximum where the isobars are antiparallel to the cyclone center trajectory 
(= 180°), To the right of this trajectory the curvature of the particle trajectory is 
smaller than the isobar: curvature, and the minimum of curvature is reached at the 
point where the isobars are parallel to the trajectory of the center of the cyclone 


(p= 0), 


We should note that the difference between the trajectory curvature and the iso— 
bar curvature depends upon the ratioc v. Usually the velocity of a moving cyclone 
is less than the particle velocity, i.e., c<v. Then the trajectory curvature has the 
Same sign as the isobar curvature. However in certain cases it may happen that 
c>v. This may occur at points not too far from the cyclone center, At such 


Figure 93, Trajectory curvature of air 
particles in a moving cyclone 


points the trajectory and isobar curvatures may have opposite signs, i.e., at 
these points the trajectory may possess an anticyclonic curvature, 


2. Anticyclonic center. Proceeding analogously to the case of the cyclonic 
center, we reach the following results (Figure 94). In the anterior and posterior 
parts of the anticyclone, where the isobars are orthogonal to the trajectory of the 
anticyclone center, the trajectory curvature coincides with the isobar curvature. 
To the left of the anticyclone center trajectory the absolute value of the particle 
trajectory curvature is less than the isobar curvature and reaches a minimum at 
points where the particle trajectory is parallel to the isobar. To the right of the 
anticyclone center trajectory the absolute value of the particle trajectory curvature 
is greater than the isobar curvature. It reaches a maximum at points where the 
trajectory is antiparallel to the isobars. 


3. Pressure high. Let us assume, that a pressure trough moves uniformly 
in a straight line in a direction perpendicular to the trough axis. Repeating the 
above reasoning, we find that at points located on the trough axis the trajectory 
curvature reaches a minimum, and remains always smaller than the isobar curv- 
ature at these points. 


4. Pressure high. With the same assumptions, the trajectory curvature 
at any point of a pressure high is greater in absolute value than the isobar curvature 


at these points and reaches a maximum on the high axis. 


5. Warm sector of a cyclone. Careful analysis of synoptic maps reveals the 
fact, that in the warm sector of a cyclone the isobars are straight lines running 
parallel to the cyclone center trajectory. The isobars are also rectilinear 
behind the cold and before the warm fronts. Therefore, independent of the ratio 
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Figure 94, Curvature of trajectories of air 
particles in a moving anticyclone 


c/v, in the warm sector of the cyclone and also behind the cold and before the 
warm fronts, air particle trajectory curvatures coincide with isobar curvatures 
i.e., the trajectories of the particles are straight lines bending at the warm and 


cold fronts. 


$9. Ageostrophic flows 


Geostrophic and gradient winds are only first approximations to a real 
wind, Real atmospheric flows are certainly not uniform, since the applied 
forces and the inertial forces are not in equilibrium. When one force prevails 
over the others, considerable accelerations may occur, which increase with the 
departure of the wind from a geostrophic flow. Flows not governed by the geo- 
strophic equations will be called ageostrophic flows. 


The equations of horizontal flow are 


du 1 dp 
dv_ lop, ff 
dt —_¢ oy 


where 1 = 2 sin ¢ 


Let us replace the pressure gradient components by the velocity compo- 
nents of the geostrophic wind u. and v 


_ | op ___ ‘lop 
Me gag? Me aay: 
We then obtain: 
du ; 
Gal (¢—u,)= le", (2) 
dv 
Go Ta 4,) = te’, 


, 
where u' and v' are components of the ageostrophic deviation [geostrophic departure] 


It follows from (2), that 


(Fe) + (Sy Very, (3) 


dc : 
a l=Ale' 
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. Thus the ageostrophic deviation is directly proportional to the accelera- 
tion. Let us designate by a the angle formed by the vector v' and the x-axis 
and by §, the angle between the x-axis and the acceleration (Figure 95). 
Then du 


oe Ga 0 ~~ tga’ (4) 
dt 


Hence, the acceleration is orthogonal to the ageostrophic deviation and it 
{s directed to its right, which is obvious from the signs of equations (2). 


Let us also determine the relationship between the acceleration and the di- 
rection of the ageostrophic wind. Multiplying equations (2) by u and v respectively 
and adding the results we obtain 

da uz + 92 
dt 2 

Designating by 6, and § the angles formed with the x-axis by the geostro- 

phic and ageostrophic wind velocities respectively, we obtain (Figure 96). 


) =l (vu, — uv,). 


d 2 
S @ =lce, sin (6 —6,). (4') 
Hence, 
a == le, sin (6 — 9). (5) 


u’ au 4 
at 
Figure 95, Ageostrophic deviation* directed orthogonally 
to the acceleration 


Formula (4') shows, that in ageostrophic flow the rate of change of the 
kinetic energy of the individual particle is directly proportional to the area of the 
parallelogram formed by the vectors of the geostrophic and ageostrophic wind 
velocities. The proportionality coefficient depends on the latitude of the locality, 
namely, the higher the latitude the faster the kinetic energy of the particle changes. 
It is further evident from this formula, that the flow will be accelerated if the 
ageostrophic wind velocity deviates to the left of the geostrophic one (6—6,< 0), 


and decelerated in the opposite case (6 —6, > 0). 


Finally, formula (5) shows that the acceleration of the ageostrophic wind 
is always smaller than the Coriolis acceleration, its magnitude being independent 
of the velocity of the ageostrophic wind and determined solely by its direction (i.e. , 
by the angle 6—6,), and also by the velocity of the geostrophic wind and by the 


latitude of the locality. 
Let us now consider local changes of wind velocity 
ou du’ = ou _ du" 
ot of’ of ot* 


eT ated 


*{Translator's note: Geostrophic departure is the usual term ] 
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Figure 96. In ageostrophic flow the rate of change of 
kinetic energy of an individual particle is 
directly proportional to the area of the 
parallelogram formed by the vectors c and cy 


It follows from (1) 


oo Ip oy dt? (6) 


Ou 1 0 Op 1 o dv 

ot” ipotdy 1 otdt' (7) 
ov__ it ee ae Oo due 

ot — Ip ot Ox Tt ot dt 


We assume that the last terms in equations (7) are small in comparison with 
the first ones. Ignoring these terms and changing the order of differentiation, we 
get: 


ous OO (Op Ou  & (5) (8) 
5 Tp a (ay)? a Tp ot (ae) 


In formulas (8) appears 2P the local rate of change of the pressure. To 


a certain,not very high,degree of approximation the field of oo may be regarded 


as represented by the isallobaric field, obtained by recording on a chart the iso- 


baric tendencies, which give the pressure change at three hour intervals. Equations 


(8) show, that the isallobaric gradient causes a local acceleration, directed along 
the isallobar in such a manner, that the region of low pressure remains to the left 
of the isallobar. 


It is not difficult to see, that the magnitude of the local acceleration can be 


easily obtained by the use of the previously described universal gradient ruler, 


Substituting (8) in (2) and ignoring the convective terms, we obtain: 


1____ 1 9 (op '=—E5 (3 (9) 
u =— Be ae (Be)? 0 =~ Bp dy mt) 
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Consequently, the ageostrophic deviation is proportional to the isallobaric gradient. 
Therefore, the ageostrophic deviation is sometimes called isallobaric wind. 

The isallobaric wind blows orthogonally to the isallobars towards the low ten- 
dencies, While the divergence of the geostrophic wind is always zero, the isallo- 
baric wind may have a nonvanishing divergence, due to the spatial variation 

of the isallobaric gradient. As we shall see later, the regions of rise and fall 
of pressure correspond with the regions of convergence and divergence of the 
wind, ln particular, precipitation may take place at an isallobaric convergence. 


The velocity of the isallobaric wind may reach 5 m sue 


In the derivation of formulas (9) we have ignored the convective terms in 
(2). Strictly speaking, there is no justification for this procedure, since the 
convective terms are of the same order as the isallobaric term. 


Statistical studies on the deviations of pilot balloons from the isobars have 
shown, that the isallobaric wind is not directed along the isallobaric gradient, 
but parallels the igsallobars in such a way, that the depression remains to the right, 
if observed in the direction of the isallobaric wind. Incidentally, we should adopt 
a cautious attitude towards such a method of checking the theoretical considerations, 
developed above, since pilot balloon soundings are possible only in clear weather, 
and hence only at an anticyclonic curvature of the isobars. However, when the 
isobars are curved the expressions (9) are no more applicable to the isallobaric 
wind, because of the disregarded terms, which depend on the spatial change of wind 
velocity and pressure. 
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Chapter XI 


THE GEOSTROPHIC WIND VARIATION WITH ALTITUDE 


§ 1. Basic Equations 


The geostrophic wind equations show that as a result of vertical variations 
in the density and the pressure gradient, the velocity and direction of the geostro- 
phic wind are dependent on the altitude. This conclusion remains true also in the 


absence of horizontal variations of the wind. 


In the following sections we shall study the dependence of the geostrophic 
wind on the altitude. 


Assuming that 1 /== 2w sing”, we write the geostrophic wind equations in the 
following form: 


1 op, sR gn TP peeG (1) 
— "Ip oy’ °= Ip Ox’ p Oz & 
Eliminating the density by the equation of state, we obtain: 
wu Rope, v__ Romp, £_painp (2) 
T  ¢ oy * Tt ox * TT dz ° 


Differentiating the first two equations (2) with respect to z, and the third with 
respect to y and also separately with respect to x, and eliminating mixed deriva= 
tives, we find: 


Ofu\_l9/e\, 9 r)=-73(4) (3) 
a(T)=7H T)’ oz\T}” Tox\T]}° 
Performing the differentiation and collecting terms, we obtain the following 
precise formulas, determining the altitude variation of the geostrophic wind com- 


ponents; 


—_ ee ee —=eee 


Oz Toz IT oy’ 

ov __ iv OT £ oT 

de T Oz tr ax: - 
We will now clarify under what conditions the geostrophic wind does not vary 


with altitude, i.e,, under what condition 4%, Eliminating u, v, g, 


Oz Oz 
between (4) and (1) we get 
cc Ee et 
Oz ss lp \Oy oz doz ody)? 


ae (ee 
Oz” Ip \dx oz dz ox }* (5) 

It follows from (5), that for the geostrophic wind to remain vertically constant 
the following condition should be fulfilled: 


op , dv, Op _ OT, OF , aT ,' 
Ox * dy 02 dx * dy * dz" (6 
That means that the isobaric surfaces must also be isothermic, in other words, 


the atmosphere should be barotropic, If this is not the case the atmosphere is 
baroclinic and the geostrophic wind velocity changes with altitude. 
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We now integrate (3) between the limits Zo and z 


T oe 2 


u=z= Ub dz, 


T 9° ¢ i) Poy 
Zo 


(7) 


T20x 
% 

Equations (7) show that the geostrophic wind at a given level can be regarded 
as the resultant of two components: 1) the wind caused by the presence of a pres- 
sure gradient at the lower level and being equal to the geostrophic wind at the same 
level, multiplied by the factor IT and 2) the wind depending on the horizontal 

T 
temperature gradient in the given layer. The latter is usually called "thermal" 
wind. We shall designate it by Ac, (Av,, Av,). We shall call the first compo- 


2 
_T ef ( 1 0T 
VS FMT dz. 


nent "baric!! by analogy and designate it by Ce (u,,. Vy): 


It is obvious that 
cC=Cy+ Ae; wuz hu, U0, -+ doy. ee 


Since we consider the wind to be geostrophic, its variation should correspond 
to the vertical variation of the pressure gradient. Substituting u and v_ in (7) 
according to (1), we get the following relationships, determining the vertical variae 
tions of the components of the pressure gradient: 


2 
Op. P (OP\ (42 
Ox Po (2), £pr T? Ox dz, 
20 
2 
Op p (22) \ 1 oT 
— = — —- [| T-)} =, 3- GZ. 
ay = —~ py \dy) ge? ) Tay (9) 


Equations (9) show that the pressure gradient at the given upper level may 
also be regarded as the resultant of two components: 1) the pressure gradient due 
to the pressure distribution at the lower level, and 2) the pressure gradient, due 
to the temperature distribution in the given layer. 


By analogy with the "thermal" and "baric' winds, we call the second compo- 
nent the "thermal'' component of the pressure gradient and designate it by 


AG, (AG, AY,,),and the first one the "baric'’ component, denoted by G, (Ce G,,). 


Evidently, 
G6=6,+46,; G,=—G,,+4G6,,; G,—G,, +4G,,, (10) 
where G (G,, G,) is the pressure gradient at the upper level. 
We will assume for the time being that inthe layer in which the altitude va- 


riation of the geostrophic wind is being considered there is no horizontal tempera- 
ture gradient 


i,e., we first consider the altitude variation of the "baric'' wind. 


According to (7) and (8) the baric wind velocity is determined by the formulas: 


T T 
403 Ua =F, Mor 
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Hence 


(y= Fo tg6, tg), (12) 
i.e. 
Cp. (13) 


That means, that the direction of the baric wind (determined by the angle 
§, between the wind and the x-axis) does not change with altitude, coinciding 


throughout with the direction of the geostrophic wind at the lower level; only the 
absolute value of the velocity changes. 


Writing Acz==¢g—¢y, AT==T—T,—= — yAz, where y=— ar is the lapse rate, 
we obtain: 
Acz C9 
fv ee ak (14) 


Thus, at a positive lapse rate (Y >0) the baric wind velocity diminishes 
( 4c,<C 0); for a vertically isothermic distribution (¥ = 0) it remains constant 


(Ac, = 0) and it increases in the inversion layer (¥<20). However, the variation 


in the absolute value of the baric wind is very small. For instance, in a layer 

1 km thick it does not exceed 1—2 m/sec even at immense velocities of 50 m/sec, a 
variation well within the limits of error of the existing methods of measurement 

of wind velocities in the free atmosphere, Therefore, we may completely ignore 
the velocity variations of the baric wind, regarding it at any altitude as equal in 
magnitude and direction to the geostrophic wind at the lower level €,—€), 
consequently 


e==¢,-+Ac,. (15) 


We shall now consider the altitude variations of the "bariccomponent of the 
pressure gradient. According to (9) and (10) the baric component is determined 
by the formulas 


eae 2a ee Y 
Sae= 5 Goes Say =>, Soy: (16) 
Hence ; 
oa 5, G, tebd,=teh, (17) 


where , and,are respectively the angles between the vectors @, and @, and the 


xeaxis. Consequently, 


__P. 
2 =p, So- (18) 


That means that with altitude the baric component of the gradient does not change it 
direction but only its absolute value, 


Assuming that AG,= ©,— G,and Ap = Pp,» we obtain from (17) 


5Gp __ 4p (19) 
Sg op 
or using the hydrostatic equation Ap = — £0,,Az and the equation of state P=o6RT 
and adopting the approximation = 1, we find 
0 
AG g 


Thus, the value of the baric component of i imi 
, the gradient 
witiealdinde: p gradient always diminishes 
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The variation of the baric component of the pressure gradient may attain an 
appreciable magnitude and therefore cannot be ignored. We may further notice 
that in the absence of a horizontal temperature gradient, the isobars will gradually 
diverge with increasing altitude, although the slope of the isobaric surface will 
change only slightly; this follows from the relation 


if { 7 T 


§ 2, The Thermal Wind and the Thermal Gradient 


In the foregoing section we have shown that in the absence of a horizontal 
temperature gradient, the magnitude of the geostrophic wind changes only very 
slightly with altitude and its direction does not change at all. 


We now turn to a more detailed examination of the effect of a horizontal tem- 


perature gradient on the altitude variation of the geostrophic wind. We shall as- 
sume, that there is no pressure gradient at the lower level, i.e., that 


= @),-° 
Ox}y  \Oy]/y | 


uy == V, = 9. 


and therefore 


The change with altitude of the geostrophic wind and of the pressure gradient 
will then be determined only by the horizontal temperature gradient. In analogy 
with the ''thermal®? wind we shall call the horizontal temperature gradient, the 
"thermal'! gradient. Designating the thermal wind vector by Aec,, and its compo— 
nents by Au,, Av,, we obtain 


Zz 
er( 1 or 
pupa —20 | EO az 
Zn 
z 
eT 1 oT 
Avp =") ) Tt on (1) 


Owing to the irregularity of the lapse rate, we cannot carry out the integra- 
tion on the right side of equations (1) in the general case; therefore we restrict 
ourselves to their average values 


Zz 2 

1 oT 1 /oT Lor, 1 (5 Az 
\a5“=z (F),, = \ 73 adi cd 52) - 
Zo 20 


where, to a first approximation, T_ may be regarded as an arithmetic mean tem= 


perature of the layer; — (So) and — (or) as arithmetic means of the components 


of the thermal gradient; Az is the thickness of the layer. We denote by f the 
vector of the mean thermal gradient in the layer,and its components by 


aT _ = 
Substituting these values in (1) and cancelling the approximately equal T 
and T, we obtain (omitting the index m): 


_ giz 
Az (3) 
Av, = — ra : dee 
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The absolute value of the velocity of the thermal wind will be 


Acp—= "FT, ¢ 
and its direction will be determined in the following manner, We direct the x-axis 
along the isotherm and the y-axis in the direction of decreasing temperature (Figure 97). 


Pa1 °° “Tet Tok -f “Prd 


eS -0T 
v7 
a) 6) 
SC, 


Figure 97. The thermal wind is directed along the isotherm, 
whereby the cold region remains to the left in the 
northern hemisphere (a) and to the right in the 
southern hemisphere (b) 


In this case, I wr O and therefore Av. = Q. In the northern hemisphere at 


9 >0 and F>0, we have Az >0. Thus we have the following rule for the determina- 
tion of the thermal wind direction, 


The thermal wind blows along the isotherm, so that the region of low tempe- 
ratures remains to the left in the northern hemisphere and to the right in the sou- 
thern hemisphere. A complete analogy obviously exists between this rule, deter- 
mining the direction of the thermal wind and the baric law of wind*, determining the 
direction of the geostrophic wind, 


In Table 41 we give the build-up of the thermal wind with altitude in a 1 km 
layer, calculated on the assumption that T = 273°, by the formula 


Ac F 
ape ‘sing ’ (5) 


where [ is measured in degrees per 100 km. 


Table 41 


Growth of thermal wind with altitude 


1°/100km| 144 | 73 | 50! 39! 33] 29 

29/100 » | 288 | 146 | 10.0] 78] 66] 5:8 sa] 53 S10 
3°/100 >» | 432 | 219 | 150] 117] 99] 87] B81) 784 75 
59/100 > | 722 | 367 | 25.0] 195] 163} 145] 1331 127 | 105 


. Formula (4) and Table 41 show that the thermal wind sharply decreases with 
increasing latitude from infinity at the equator (which shows that there can be no 


pila wind there) to a minimum at the pole, where formula (5) assumes the 
orm 


Ac 
Ap = 2.9 rT; 


* (Buys-Ballot's law. - Tr. note}. 
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Only at very small horizontal temperature variation (I'<(1°/100 km) may 
one disregard the thermal wind and even this only at high latitudes. However, at 
low latitudes (and with more considerable thermal gradients also at high latitudes), 
the thermal wind cannot be ignored since in this case its value is of the same order 
as the geostrophic wind velocity. 


According to (9) of § 1 and (2) the component of the pressure gradient in the 
direction of the thermal wind is determined by the formulas 


Az pa 
AG. == & a—I',, 


RT in Tm 
__ ghz P ’ 
WS, = Fr 7 Ty. (6) 


Formulas (6) show that the absolute value of the component of the pressure 
gradient AG, in the direction of the thermal gradient I, is directly proportional to 


the absolute value of the thermal gradient 


ee 
46, = py rT. lr. (7) 


Measuring the magnitude of A, in millibars per 100 km, J" in degrees per 


100km and Az inkilometers and putting g* 10 m/sec, T= 273°, R= 287 m2sec™ 2deg™ 1 


we obtain the following values for the variation of the component of the pressure 
gradient in the direction of the thermal gradient in a layer 1 km thick, given in 
Table 42 and calculated by the formula 


A& 
“Az = 0.00046. p-T, 


Table 42 


Altitude variation of the component of the pressure 
gradient in the direction of the thermal gradient 


emb 
oS Sa 1000 


900 | 500 | 300 | 200 | 100 mb 


19/100 km | 0.46 0.41 | 0.32 0.23 0.14 | 0.09 0.05 
2°/100 > 0.9 0.8 0.6 0.5 0.3 0.2 0.1 
3°/100 > 1.4 1.2 0.9 0.7 0.4 0.3 0.1 
5°/100 > 2.3 2.0 1.6 1.1 0.7 0.5 0.2 


With increasing altitude the thermal component of the pressure gradient in- 
creases more and more, which corresponds to the steeper slope of the isobaric 
surface, determined by the formula 


tg B= 7 dz. (8) 


It follows from (8), that the isobaric surfaces will always be rather less steep than 
the corresponding isothermal surfaces. These angles fulfill the equality 


BS :5 see ll (9) 
ter’ 
where B is the slope angle of the isothermal surface and AT is the temperature 


difference between the boundaries of the layer in question. 
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$ 3, Altitude Variations of the Geostrophic Wind due to the 
Relative Position of the Pressure and Thermal 
Gradients 


The relative position of the pressure and thermal gradients or, differently 
put, the relative position of the isobars and isotherms, influences the altitude 
dependence of the geostrophic wind. 


In the foregoing sections we have shown that at high altitudes the geostrophic 
wind velocity vector may be regarded as a resultant of two vectors: €q, lLe., 
the geostrophic wind below and the vector dc T° i,e., the thermal wind caused by 
the mean thermal gradient in the layer: 


c=c,-+Aec,. (1) 


The vector ¢€, is determined by the pressure gradient G,, both in magni- 


tude and direction 


Co == Tp G,; (2) 
and the vector Ac... is determined both in magnitude and direction by the thermal 
gradient I’ , whereby 

axles, 
dc,= "5 r. (3) 


Finally, the vector € is determined by the pressure gradient © 
ais? 
G6 =F 8 +4G,. (4) 
Thus, the pressure gradient @ is the vectorial sum of the pressure gradient 


G,, multiplied by ps , and the thermal component of the pressure gradient 4@, 
0 
which according to (7) 8 2 equals 


, _ giz Pp 
AG, = aT -7-T. (5) 
With increasing thickness of the layer the effect of the first components 

in (1) and (4) decreases and the second components predominate, Accordingly, 

the direction of the vector ¢ approaches more and more that of A¢, with increasing 
altitude and the direction of the vector @ approaches that of the vector [. Thus, 
with increasing altitude, the direction of the geostrophic wind approaches the direc- 
tion of the isotherm and the pressure gradient approaches the thermal gradient. 


rs “AC; 
& 


4 / of 


7 v 
‘Ft =6/T Ips 


Figure 98, With increasing altitude the geostrophic wind 
gladually approaches the isotherm 


Figures 98 and 99 show schematically the altitude variation of the geostrophic wind 
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velocity and the pressure gradient. It is clear from these figures that the altitude 
variation of the wind velocity depends on the relative position of the pressure and 
thermal gradients. 


We have dealt above with the altitude variation of the thermal wind vector 
Ae... which in turn determines the altitude variation of the geostrophic wind. In 


meteorological practice the wind is often regarded not as a vector, but as a pair 
of scalars, namely, the magnitude of the air velocity and the angle determining its 
direction. We shall derive the corresponding formulas, giving the altitude varia— 
tion of the wind speed and direction as functions of the angle @ between the 
pressure and the thermal gradients. 


/ f . 
a a 2) 


Figure 99, Variation of the pressure gradient with altitude 


We direct the x-axis along the isobar and the y~axis along the pressure 
gradient at the lower level (Figure 100), The thermal wind Ac, will be directed 


along the isotherm, forming an angle @ with the isobar, The wind velocity ¢ at the 
upper level equals the vectorial sum C+ Ac, » Let us denote by § the angle 


formed between the velocity € and the x-axis (the isobar of the lower level). 


re 7 4 ra 
F2 Ft F Fl Te 
Figure 100, Altitude variations in velocity and direction of 
the geostrophic wind, depending on the angle 
between the pressure and the thermal gradients 


It is evident, that 


=ccos), 
v=csin§ (6) 
and 
Au, = Ac, cos a, 
Av,==4e, sing. (7) 


Differentiating (6) we find 
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Au == Ac cos 6 —¢ sin 640, : 
Av=Ac sin §-+-c cos 640. (8) 


Having ignored the wind variation due to the baric component of the gradient, we 
find 
Au == Au, 
Av — Av,.- 
Consequently, 
Ac cos § — c sin §A0 = Ac, cos a, 
Ac sin 9 -}- ccos 640 = Ac, sing, (9) 


whence, solving (9) with respect to Ac and AO, we get 


Ac = Ac,-cos (a —9), (10) 
cA§ = Ac: sin (a — 6) 


or, considering (3) 


Qc —-"— & a = 

w= F I cos (a — 9), 

A6 g il : 

oie ee oa 


Formulas (11) show that the altitude variation of the geostrophic wind essentially 
depends on the angle (a—6), formed between the isotherms and the isobars. If 
(a —6)i.e., if the isobars and isotherms coincide, G — and there is no 

z 


Aé 
wind rotation with altitude. 77==Q also when (2 —6) = 180°, If, however, 


(a—6) = + 900 7 =0, i.e., only the wind direction changes but not its speed, 
z 


whereby at (2 — 6) > 0 the wind rotates to the left and at (2 — 6) <0 it rotates to the 
right. In general, the smaller the angle (a—), the faster does the wind speed 
vary and the slower the change of its direction. Let us note that if the layer is 

not very thick we can substitute(a —9) for the angle between the thermal gradient 
and the pressure gradient at the lower level. In case of a considerable thickness 
of the layer we ought to accept for the angle (a—6) the angle formed between 

the pressure gradient and the thermal gradient at the middle of the layer. Similar- 
ly, for c in that case we must take its value at the middle of the layer. 


Table 43 gives the altitude variation of the geostrophic wind velocity for 
various values of (a—0) and T;is is calculated for T = 273°, » = 60°, Az =1 km, 
Table 43 


Variation of the geostrophic wind velocity 


1°/100km 


y) 
5. 
8. 
14. 


9 
8 
7 
O 


according to the formula 
Ac 


In Table 44 is given the variation of wind direction per 1 km altitude for 
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different values of (a—6) and c. It was calculated for » = 60°, T = 273, 
l= 5°/100km, by the formula 


eh ee 
4 c 


Table 44 


Variations in the geostrophic wind direction 


Table 44 shows that at high wind velocities (i.e., at high pressure gradients) 
the wind direction varies little with altitude, On the other hand, the direction of 
a weak wind varies rapidly with the altitude. Thus, for example, ina layer 1 km 
thick, a wind of velocity 20 m/sec will rotate only by 49, while wind of velocity of 
3 m/sec will rotate under the same conditions by 28°, A slow wind becomes soon 
aligned with the isotherms as the altitude increases, regardless of its direction 
below, At high velocities this variation is slower. In a uniform air mass at high 
altitudes the air still tends to flow in the direction of the isotherms, the velocity 
increment being considerable and in this case coinciding in direction with the iso— 
therm. Since a real wind in the higher layers of the atmosphere often does not 
depart very much from a geostrophic wind, the prevalence of a general westerly 
current in the troposphere of the middle latitudes may be explained by the decrease 
of temperature from the equator towards the pole throughout the troposphere, In 
the stratosphere the westerly component of the wind diminishes with altitude together 
with the rotation of the thermal gradient. 

ry 


6 


Figure 101, Determination of the horizontal temperature gradient 
by the altitude variation of the geostrophic wind 


The above considerations also allow the inverse problem to be solved: to 
determine the horizontal temperature distribution by altitude variations of the wind 
speed and direction. 


Let us assume, for instance, that from pilot balloon observations a wind 
velocity is deduced at the lower level c* (Figure 101) and at the upper level ¢; 
determining vectorially Ac—c¢—c,, we obtain all that is necessary for the deter- 


mination of the thermal gradient [in this layer. Indeed, the thermal gradient r 
will be orthogonal to Ae and directed to its left (in the northern hemisphere) and 
its magnitude may be determined by the formula 


= 12 
Zz (12) 
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These considerations can be used for the extrapolation of synoptic charts. By means 
of an operating network of pilot balloon stations, one can get a good enough picture 
of the distribution of pressure and temperature beyond the borders of the synoptic 
chart. 


However, applying these conclusions in practice one should remember that 
all was said in reference to the geostrophic wind, and therefore is meaningful only 
for homogeneous layers, lying above the terrestrial turbulent layer, i.e., for alti~ 
tudes exceeding 500-1, 000 m. 


$4, Changes of Temperature aml Pressure due to 
Altitude Variation of the Geostrophic Wind Direction 


The variation of air temperature at a given point is 


OT dT OF _OT oT (1) 
FY cma” | as Ym a 


Let us assume that the air masses move with constant temperature, 1.é,., 


= = 0. Then, since the geostrophic wind is horizontal 


dt 
aT eT oT __ ee ee 
= — Us — V5, = ef cos (¢, r) = — cI sin (a — 9). 
Substituting finite differences, we obtain: 
AT ‘ 
a= — cI sin (a — 8), (2) 


AT : 
where jj is the temperature variation per unit time and (a-— )is the angle between 
the thermal and pressure gradients (or between the isobar and the isotherm), read 
from the pressure to thermal gradient. 


It is evident from (2) that at a fixed point the temperature variation per unit 
time due to an influx of air of different temperature is directly proportional to 
the thermal gradient and wind velocity and also to the sine of the angle between the 
wind direction and the isotherm. The wind direction is determined by the relative 
position of the gradients: if the thermal gradient is to the left of the pressure 


AT 
gradient ( x4 <0). the air is cooled (a—6>0),and if the thermal gradient lies to the 
ight of th Ss di I 
right of the pressure gradient ( (a—8<0) ) it gets warmer (Z>0) 
Combining formulas (2) and (11) § 3 enables us to connect the advective variation 
of the temperature with the altitude variation of the direction of the geostrophic wind, 
In fact, eliminating sin (z—4), we obtain: ) 


=— les. (3) 


Formula (3) shows that in the northern hemisphere a backing of the wind with 
Ad 
altitude (> 0] causes a temperature decrease with time a< 0 )and on the other 
. : Ad AT 
hand, at =o 
and, at a veering of the wind (E<o} the temperature rises (x;>0 ). The 


rate of temperature variation increases with the wind velocity and decreases with 
increasing altitude variation in the wind direction. 


It is obvious from formula (3) that even if the wind rotation is slight, but its 
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velocity high, considerable temperature changes may take place. For low wind 
velocities however, even at a large rotation, the temperature changes very little 
by advection, An influx of air differing in temperature, and hence in density, is 
usually accompanied by a change of air pressure, whereby heating is usually 
accompanied by a decrease in pressure, and cooling—by an increase. Therefore 
the wind rotation with altitude can be related to the temporal pressure variations. 


If we regard the pressure Ph at a certain altitude h as constant, then from 
the barometric formula 


=e 
Pp=Poe Rin? (4) 


which applies in the case of geostrophic wind, we obtain by differentiation with 
respect to t 


— SS oo ——_ 0 eee (5) 


or, substituting for rl the expression (3) 


(6) 


M0 
Formula (6) shows that when the wind veers with altitude < 0) 
the pressure falls, owing to advection of alr masses of different temperature 
(a< 0) and when the wind backs (=>) it rises (29>0). The second 


power of the velocity in (6) is a reminder for the immense effect of wind velocities 
on pressure changes. 


$ 5. Altitude Variations of the Wind in Occluded Cyclones 
and Anticyclones 


The results obtained in the foregoing sections may also be applied as a first 
approximation in the case of curvilinear isobars, if their curvature is sufficiently 
small. 

ata Fs 
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Figure 102, Altitude variation of geostrophic wind in different 
parts of the cyclone periphery 
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Let us imagine an occluded symmetrical cyclone with circular isobars a 
(Figure 102). We make the simplifying assumption that the temperature gra ee 
is everywhere constant and points from south to north, and therefore the iso : — 
pass latitudinally from west to east. The wind direction at the lower level iis 
respect to the cardinal points will differ in the different parts of the cyclone; the 
direction of the thermal wind, however, will be everywhere the same (from west 
to east); its magnitude will also be spatially constant, In this case the nature of 
the altitude variation of the wind depends on the position within the cyclone, as 1s 


immediately apparent from the figure. 


Temporal variations of temperature and pressure also depend on the 
position. 


In Figure 102 is given a schematic outline of the geostrophic wind altitude 
variation for the different positions on the periphery of an occluded cyclone, where 
the isobar curvature is so small, that its radius reaches up to 500 km. The wind 
velocity at the lower level is taken as 6 m/sec, which corresponds to a pressure 
gradient of 1 mb/100km. The thermal gradient is 1°/100 km. 


The thermal wind developing in a 1 km layer as a result of this gradient is 
taken as 3 m/sec at any altitude. 


At a point to the south of the cyclone center the wind velocity increases, 
together with the pressure gradient, i.e.,the isobars become denser with increasing 
altitude. There are no temperature or pressure changes, 


At a point lying to the north of the cyclone center the wind velocity decreas— 
es with altitude; at a certain altitude it reaches zero and then increases again in 
the opposite direction. The pressure gradient decreases with altitude, reaches 
zero and then increases in the opposite direction, There are no temperature or 
pressure changes. 


In the eastern semicircle of the periphery the wind veers with increasing 
altitude, whereby on the northern sector of this arc the rotation is particularly 
marked. In connection with this the temperature rises in the eastern half of the 
periphery and the pressure falls. 


In the western half, on the contrary, the wind backs with increasing 
altitude, this rotation being again more marked in the northern sector, The tem- 
perature thereby drops and the pressure rises, Thus the pressure minimum grad- 
ually shifts from west to east in the direction of pressure decrease. The pressure 
minimum progresses along the isotherm in such a manner that the low pressure 
region remains to the left. In this very direction the air moves at high altitudes, 
forming a current which according to S.I, Troitskii is termed the leading stream . 


Figures 103 describe a pressure field at altitudes of a) 1km, b) 2km and 
c) 5km, obtained by the superposition of a rectilinear pressure field, due to the 
thermal gradient, on a circular pressure field of the lower level, The distances 
between the circular isobars are 110, 130 and 260km respectively. The distances 
between the rectilinear isobars are 220, 120 and 70 km. 


With altitude the pressure pattern gradually changes; the isobars straighten 
and approach the isotherms, The depression shifts with altitude towards the re- 
gion of low temperatures, so that the cyclone axis is not vertical and inclines to— 
wards the cold region, forming a very small angle with the horizon. 


The change in the isobaric configuration will be more appreciable, the greater 
the thermal and the smaller the pressure gradients at the lower level. 
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The anticyclonic picture constitutes, as it were, a mirror image of what we 
have just seen in the cyclone. Namely, at the same positions of the isobars and 
isotherms, at a point lying to the south of the anticyclone center, the wind velocity 
decreases with altitude, vanishes at a certain altitude and then increases again, 
reversing its direction. The pressure gradient decreases with altitude, reaches 


zero and then increases again in the opposite direction. There are no temperature 
or pressure changes. 


Figure 103a. Altitude variation of the pressure field over 
a cyclone 


es p56 Se 
AE 
UES 


NARA 
NN CSYA 


~eagene o 


py 
S y 
O\]MHMRe 


y, —e @ ew & —& @. ne owe —e. 


-- —_— -=mee@e2er cen ee 


we wee eee wee were e = @e ~ & —- wee wm e-em cower ree eowee = = 


Figure 103b. Altitude variation of the pressure field over 
a cyclone 


At a point northern to the anticyclone center the wind velocity and the pres~ 
sure gradient increase with altitude, preserving their direction, so that the iso- 
bars become denser with altitude. The temperature and the pressure do not change. 


In the eastern semicircle of the anticyclone periphery the wind backs with 
increasing altitude, accompanied by cooling and pressure increase, In the western 
half, on the other hand, the wind veers,the air warms and pressure drops. Thus, 
the anticyclone moves along the isotherm from west to east too, leaving the low 
temperature region to the left. The anticyclone axis 1s also inclined to the horizon 
at a very small angle, already in the high temperature region. 
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The results obtained are basically valid for an arbitrary orientation of the 
thermal gradient with respect to the cardinal points. In that case it is sufficient to 
refer to the posterior and anterior parts of the cyclone or anticyclone, instead of the 
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Figure 103c. Altitude variation of the pressure field over a cyclone 


Thus, the anterior part of a cyclone and the posterior part of an anticy- 
clone are characterized by a backing of the wind and by heating, whereas the 
posterior part of the anticyclone and the anterior of the cyclone show veering 
wind and cooling. Since at high altitudes the wind direction approaches the isotherms, 
a general leading stream is established at a great altitude above moving cyclones 
and anticyclones, in the direction of which shifts the entire pressure system in 
question. The above results remain valid also for nonfrontal parts of nonoccluded 
cyclones. Only in the frontal region might the pattern basically differ from the one 
described here, due to the departure of the pressure gradient from the temperature 
gradient. 

Finally let us consider the altitude variation of the geostrophic wind in station- 
ary pressure systems. A pressure system is stationary if the pressure does not 
change and the system itself does not move. The condition of stationarity expres —- 
sed by the equation 


Ap l A6 
Be Rr Pot? a= 0, 
whence, according to (11) § 3, 
Aé 
Goes -Tsin(a—t)=0, (2) 
which is possible in two cases: 
1) when [ =0 (3) 
2) when sin( a—§ )= 0 (4) 


i.@., when the pressure and the thermal gradients are parallel, 


Thus, the stationary state of a pressure system, characterized by the con- 
stancy of the wind direction,is realized in three cases: 


1) when the temperatures have equalized horizontally, as happens in a mature 
occluded cyclone; 
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2) when the depression coincides with the cold region and the pressure high 
coincides with the warm region, as in the so-called high cyclones and anticyclones, 
where wind velocity increases with altitude without changing its direction; 


3) when the depression coincides with the warm region and the pressure high 
with the cold region, in which case the wind weakens with altitude and after reaching 
zero reverses its direction. 


The axes of stationary cyclones and anticyclones are almost vertical. 


It may happen that the stationary conditions (3) and (4) are fulfilled only for a 
certain part of the pressure system while the rest of it is not stationary. 


All this applies only to pressure and temperature variations due to advection 
of air of a different temperature. Other processes may considerably distort the 
picture given above, especially in case the heat advection is not vigorous enough. 
This explains the low coefficients of correlation between the theoretically deduced 
temperature variations and those actually observed. 
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CHAPTER XII 
THE MECHANISM OF PRESSURE VARIATION 


§1. The Connection Between Temperature and Pressure 
Variations in an Air Column 


One of the most important porblems of modern dynamic and synoptic meteo— 
rology is the clarification of the causes of local pressure changes. 


This problem is directly involved in the problem of the origin and development 
of cyclones and anticyclones, which occupies a central position in modern meteorology. 


So far no satisfactory theory of the origin and development of pressure centers 
has been generally accepted. The major, but by far not the only obstacle faced are 
the yet undiscovered causes of the accumulation of huge quantities of air in anti— 
cyclones and their expulsion from cyclones. 


Our understanding of the physical causes of local pressure variations near 
the ground has progressed but little since the early first investigations. 


Some meteorologists remain who have not yet completely abandoned the notion 
that cold and warm air affect differently the pressure near the ground, although it 
is quite obvious that temperature changes may affect only the height of the air 
column, but not its mass. 


The entire situation is dominated by the fact that pressure changes at the 
earth's surface are connected with the spatial distribution of pressure, temperature 
and wind velocity. 


The most rational way to solve this problem is to integrate the equations of 
hydrodynamics together with the equation of energy balance. This method was used 
by ILA. Kibel* (Kibel's results will be discussed in detail in Chapter XxX). 


In the present chapter we shall give in greatest possible detail the results 
obtained on the basis of the so called "tendency equation", which enables to approach 
the problem of local pressure variations. Before we get down to the derivation and 
analysis of the tendency equation we will discuss certain points connected with in— 


correct use of the barometric formula for the explanation of the causes of pressure 
variations. 


In the present section we shall discuss the relationships between the tempera-— 


ture variations in an air column and pressure variations at its bottom on the basis 
of the barometric formula. 


In Chapter V we have shown that in the calm atmosphere the pressure is 
measured by the weight of a unit air column, extending from the observation point 
to the upper level of the atmosphere. Therefore, the pressure at a certain level 
changes when the air mass above this level changes. This fact should guide us in 
the analysis of certain formulas, which are often misinterpreted. 
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Let us imagine the air layer in question divided into n layers of equal thick— 
ness h. Denoting the pressures at the boundaries of these layers by Pp, Pj,... > Pri 


and the mean temperatures of the layers by T,, T,,...,T7 
metric formula. we obtain 


and applying the baro— 


n 


h h 
In py = In py + pr In py = In p, +- aap: ues In Ppa = In p, ++ Br - 


Adding these equations term by term and cancelling the identical terms, we find 


n 
} 1 
In py = In Py + Daze (1) 
=1 ! 


By differentiation we get 


Ot pp, ot T? Of (2) 


Local time derivatives, that can be interpreted as temperature and pressure 
changes over 12 and 24 hours, can be determined by aerological sounding. 


n 
Op Po Op gh > 1 oF; 


We now turn to the examination of formula (2),- keeping in mind that it holds 
throughout the whole layer in question only in the case of static equilibrium. 
Let us first assume, that the temperature of the intermediary layers does not vary. 
Then 
Po __Po , Pn 
Ot” Pn Ot ° (3) 


Pp 
Thus, the pressure variation at ground level is = times greater than that in the 
n 
upper layer. This was taken to imply that pressure variations at ground level 
are determined by the changes occuring in the upper layers. This conviction 
became even more firmly rooted when aeorological flights have shown that diurnal 
pressure variation at high altitudes are of the same order as those at ground level. 


se 7) 
However equation (3) cannot mean that a pressure variation of a aloft, where the 


ne 0 eect ee 
pressure is p,, brings about a pressure variation of B. Ot below. This is in- 


correct, because a pressure change of cp, only shows that above the level where 


the pressure rises the mass of the air column of unit cross section has increased 


) 
by 2 ; but if there is no air advection in the lower layers, the total air mass 
: oPn Po. ®Pn 
increases by 2 and not by p 8 


This question is fundamental enough to merit an explanation from still another 
viewpoint, Let us assume that the pressure at the earth's surface varies by ép,, 


taking the variation as positive,to be definite. This pressure rise means that the 


8 : : 
mass of the air column is increased by =. Let us imagine, that the air column 
is surrounded on all its sides by absolutely impermeable walls up to the height 


bo 


Zz in the air 


where the pressure is p, (Figure 104). Then the mass increment of 
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column is due only to advection at and above the level H, so that the air column 
below this level is compressed and a part of the air originally located above the ff 
level will descend to it. The pressure change 6p, at His therefore equal to the 
weight of the air superadded to that which has been at and above H, less the weight 
of the air that has descended below H as a result of compression. 


Oh 


V1 60007 


Figure 104. Pressure variations at the earth's surface, 
due to an influx of air mass 


The mass increment “Be forms therefore only a part of the total contribution to 


the mass that has already lain above the H level. Thus, the pressure below should 
increase by more than @p,, since the pressure variation underneath is caused by the 


total gain of mass of the air column. Thus equation (3) really gives,not the pressure 


Po 


" 


variation 8p, at the level H, that results in a variation times greater in the 


ground level pressure, but the total pressure variation OPo. connected with the 


mass influx above H, divided by “4 owing to the compression of air. 
0 


We now assume, that the pressure does not change in the upper layer, but the 
temperature changes in one of the previously considered layers. Then 


oo — Sop (4) 


This equation shows, that the same temperature changes at different altitudes cause 
ground level pressure variations which are greater the higher the level at which the 
temperature varies, since temperature decreases with altitude. However, the same 
temperature variation at higher altitude influences a smaller mass, (if we consider 
layers of equal thickness), owing to the decrease of density with altitude. There- 
fore the total mass variation in the column will be smaller, the higher lies the 

layer at which the temperature change takes place. In order to explain this paradox, 


we shall discuss pressure change at the lower boundary of the layer in which the 
temperature varies. 


Since we have assumed the pressure at the upper boundary of the layer to 
remain constant, its variation at the lower boundary will be given by the formula 


OPe-y __ Sh pray OTe (5) 


ot — R- T2 ot 
According to (5), the pressure variation at the lower boundary of the layer 
will be smaller, the higher this layer is located, i.e., the smaller its mass. Con- 
sequently, for a higher-lying layer the pressure variation will be smailer , even 
though the temperature variation is the same. However, according to (3), ground 
level pressure variation is connected with the variation given by (5) by the formula 
OPy —_ Po. OPp-y 
Ot Pies ot (6) 
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Combining (6) and (5) we get (4). This return to the initial equation (4) shows, 
that the weight variation of the air column, due to the temperature variation in the 
considered layer,is proportional to the pressure at the lower level of this layer. 
Thus, in a layer of given thickness the influence of a certain temperature change 
on the weight of the whole air column is smaller the higher this layer lies, 
since in that case a smaller mass of air acts uponit. But if equilibrium is main- 
tained in the lower layers (by a mass influx), the mass of the air column must vary 
in such a way, that the ground level pressure would change according to (4). 


$2. Influence of Air Advection at High 
Altitudes on Ground Level Pressure Variation 


The actual relationships between pressure and temperature variations in the 
atmosphere are much more complicated than those suggested in $1. Essentially, 
the changes in the state of the lower atmospheric layers do not precisely counter- 
balance the variations in weight of the higher layer. The air in this layer does not 
remain immobile, but moves vertically, since the lower air layers are being com- 
pressed. Figure 105 gives a schematic representation of the displacement ofa layer. 
We measure only the pressure variation at some fixed spatial position, for instance 
in the ABCD layer before, and inthe A’A’C’D’ layer after advection of air masses 
of a different temperature. These are the changes discussed in $1. In fact the 
processes occurring in an air mass during advection are influenced by those 
individual" variations, which take place in the individual air particles, located 
in the layer ABCD before the advection and in layer EFGH after it. Therefore, the 
barometric formula cannot disclose the mechanism of the pressure variation at 
ground level which is due to advection at great altitudes. For the solution of this 
problem we must consider the individual variation of pressure €f on a surface, 
consisting permanently of the same particles and moving up and down like a piston. 
Let us imagine an air column of unit cross section, laterally bounded by rigid walls, 
but open at the top. This means, that the pressure variation in the air column is 
possible only by air mass exchange through the upper open end, i.e., by high 
altitude advection of air masses, while at the lower layers there is no air flux at 
all. Let us single out in this column an air layer of thickness dz. We will discuss 
now the changes in the state of the air column as a result of air advection ata 
great altitude. Let us denote the temporal variation of any magnitude by 6 ; 
individual variations will be denoted by the subscript i and the local variations by 
the subscript é. 


MOI 


Figure 105. Influence of mass advection at high altitudes 
on ground level pressure variation 


We consider individual displacements of particles, individual and local varia- 
tions of temperature 6,7, 8,7 , and pressure 8;p, @,p. When these variations 


are determined by comparison with the results of actual observations we shall be 
able to ascertain to what extent the assumptions concerning advection at great 
altitudes are correct. 
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The individual pressure variation §,p at any level obviously equals the entire 
mass advection én at great altitudes. This mass advection is also equal to the 
local variation of ground level pressure 6p,. Therefore 


6p == 6p, = on. (1) 


The local pressure variation at any point equals the sum of the individual 
variation and that resulting from vertical air displacement: 


¢,p = on -- godz. (2) 
The same holds for the temperature: 
6.7 =0,7-+- yéz, (3) 


where 8z is the altitude variation of the surface composed of those physical part- 
icles whose individual changes of state are measured. 


We shall assume that the state of the air column in question varies polytro- 
pically. Then we obtain from the polytropic equation 


Sp __ , 8p p br 4 
Te or => e° ( ) 


Denoting the thickness of the considered elementary layer by @z, we find from geo- 
metrical considerations that 


d (6z) = 0 (dz) (5) 
(since d (6z) is the difference between the displacements of the upper and the lower 


boundaries of the layer, and 6(dz) is the variation of the thickness of the layer). 
From the law of mass conservation now follows 


) (paz) = 0 


or 


Ot NA) (6) 


Combining (4), (5) and (6), we obtain 


d(éz) 1 br 
dz kp’ 


or, integrating and recalling that (¢z) —=0, 
s=0 


& 
6z—= — bn dz . (7) 
kJ pe 
0 
Formula (7) gives the magnitude of the displacement of a plane permanently 
composed of the same particles and located at the level 2 Let us assume, that the 
temperature varies linearly with altitude. Then instead of p we can put 


Po (F\R after the integral sign. Integrating, we get: 
0 
RI-& 
bet eB (1-8) RI —1 (8) 
kRy—e& po To 
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or, expanding in a series and rejecting the terms of higher than second order, 
_ gx oz 1 gz 
tex — Fa ('+aRR)- ” 


Formulas (8) and (9) show, that the individual particle descends (§z< 0), if 
mass is added to the upper atmospheric layers (¢t >0), and ascends (8z > 0), if 
air is expelled at high altitudes (ot < 0). These displacements of the individual 
particle are greater, the higher its altitude and the smaller the polytropic index. 
Thus, for example, at an adiabatic transmission of pressure variations (Rk = 1.4) 
the vertical displacement is 1.4 times smaller than for isothermic transmission 
(8 = 1.0). This is explained by the fact that in adiabatic compression the whole 
air column is heated and expands, diminishing the vertical displacement of the indi- 
vidual air particles as compared with the isothermic compression, where no such 
effect exists. 


Substituting (7), (8) and (9) in (2) we obtain for the local variation: 
2 


14 
Ri—g 
= 1 g = PRTo 12\ Ry (10) 
ip=inliteae, Po ‘(! r) —1h]. 
cs ] gpz 1 ge. 


Formulas (10) show that the local pressure variation attains its maximum at 
ground level, corresponding to full advection, and decreases with altitude. The 
local pressure variations at one and the same altitude will differ, depending on the 
specific mechanism of transmission of pressure variations. Thus, for instance, 
for an adiabatic transmission the local pressure variation will be greater than for 
an isothermic transmission. 


We now calculate the individual and local temperature variations. From the 
polytropic equation we obtain: 


k—i 7 
6.7 = “om (11) 


Substituting (11) in (3) and taking into account (7), (8) and (9), we get 


_k-l T 1 Ry T\ Ry 
eT" 5 litem ae {!— (F) \. 


2S). # ee ee ee Lge 
ar ar nt k—1 T (tae) ]- 


The derived formulas enable the calculation of the vertical displacement of the 
particle and the variations in pressure and temperature at the given level, due to 
advection at great altitudes, if the initial distributions of pressure and temperature 
are known. In practice it is more convenient to use equations (9), (10) and (11) in 
the following particular form, assuming the state of the air column to vary adiaba- 
tically and introducing the mean barometric temperature ae 

tone — 8, a (14), 
x g p Py 


ae (13) 
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§3. The Tendency Equation 


The local variation of barometric pressure within 3 hours is known in meteo- 
rology as the barometric tendency. 


The tendency equation is obtained by combining the equation of continuity with 
the third of the atmospheric flow equations taken, as before, in the form of a hydro- 


static equation. 


One may obtain the impression that the continuity equation in a nonstationary 
state furnishes a means for the determination of pressure variation with time from 
the spatial distribution of velocity and density. However, this is not easily carried 
out, since for this purpose one would have to know the distribution of the meteoro- 
logical elements much more precisely than observation permits. In view of the 
importance of this question we will discuss it in greater detail. 


The pressure p ata certain level A represents to a high degree of accuracy 
the weight per unit area of the air mass above this level 


P= | godz. (1) 
h 
Hence, One can express the local pressure variation by the mass variation: 
i g ce dz. (2) 


Replacing oe in (2) by its =) expression according to the continuity 


equation, we obtain 


(3). = -|s gp (Se +5 i) as— Ve (6 xe tw S) dz— 


—{e (ut ae +0 3) az 


Calculation of these improper integrals may cause misunderstanding due to 
the vertical velocity being undefined at infinity, and also in connection with the 
altitude changes of the force of gravity. 


(3) 


Therefore, it is physically more justified to consider not the entire atmosphere, 
but a certain layer between the levels A, and 4,, Ignoring the variation of g with 
altitude, we then have: 


h h 
OPo _ Op, Ou , dv F) 
Ot ot ~ef¢ tae dz -- g (Py) — p,w,) —¢| (use to sf J dz, (4) 
ra y 
ho 
This equation, known as the tendency equation, shows that the pressure variation at 
some fixed point at the level A, is determined by five factors: 


1) the change of pressure at the upper level, caused by processes occurring 
above that level and equal to 


Ap, = ah ’ (5) 
2) the horizontal velocity divergence in the h, — h,layer 
hy 
_ du, dv 6 
sa —e\ (2+) dz, “a 
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whereby positive divergence corresponds to a pressure drop at the hk, level, and 


a negative divergence (or convergence) corresponds to a rise in pressure: 


3) the vertical transport of air through the lower boundary hy of the layer 


Ap, = 8p)Wos (7) 
whereby an upward flow (w, > 0) causes a pressure increase at the 4, level anda 


downward flow (W)<_ 0) causes a pressure decrease. 


4) by the vertical transport of air through the upper boundary &, of the layer 


Ap, = — gw, (8) 


whereby the upward flow (wm, > 0) at this level causes a decrease in pressure at the 


h, level, and a downward flow (w, < 0) causes an increase of that pressure; 
9) the horizontal transport or advection of masses in the h, —hylayer 


hy 
0 0 (9) 
ap, =—e | (uF +05) dz, 
i 


whereby the substitution of a cold by a warm mass causes a pressure drop and 
vice versa. 


We will now estimate the magnitude of every term of equation (4). Let us take 
3 hours as our unit time interval; Ap,...Ap, will then represent barometric ten- 
dencies, due to one of the above listed factors. If the mass of air in thehk, —h,layer 


does not change, a pressure variation aloft causes exactly the same variation below, 
i.e. , in that case the pressure variation is transmitted in the same manner as in an 
incompressible fluid, 


We further introduce the mean values of the derivatives of the velocity compo- 


nents: h, 3 h, 0 h 
[es dz &(p— dz g ade P 
Ox Ox Oy 
du ihn ___k . OD 
= Se eee oe 
| eae 
where h 
p=e\ padz= py — py (11) 


(in order to keep the number of symbols to a minimum we do not introduce new 
designations for the mean velocities). From (6) we obtain: 


Ou +%). (12) 


The relation (12) shows, that the pressure variation due to velocity divergence is 
directly proportional to the divergence of the mean velocity and also to the pressure 
difference between the boundaries of the layer, i.e., to the mass of the layer. Let 
us express the horizontal divergence of the velocity by the derivatives of the velocity 
magnitude and direction. 
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Writing a=ccosa, U=csina, where ¢ is the magnitude of the velocity and 
ais the angle between the velocity and the positive direction of the x-axis, we 
obtain 


- 


Poor 
Oc 
oy 


Ou 
Ox 
Ov a 
5 — sina +- ccosa x. 


We now direct the x-axis along the current s and the y-axis parallel to its nor- 
mal #2. Then the angle a vanishes and we obtain: 


Ou =, Ov 02 
Ox ~ os’ dy “on’ 


Consequently, 
on Oc da (13) 
ae =a. te on’ 
Thus, the divergence of the velocity is expressed by the derivatives of the 


velocity magnitude and direction, i.e., the rotation of the velocity towards the 
normal to the current. Then we have 


o 
Ap,=—p (e+e os = Ap, + Ap), (14) 


where 
bp’, =— pS; bp; —=— pes. (15) 
Assuming that p==100 mb, As=100 km, we obtain: 
Ap, =— 102. = op °60-60-3—=— 10Ac or Ac=—0,1dpj. 


Thus in order to obtain a pressure variation of 1 mbin 3 hours it suffices to 
have the mean velocity in the lower 1 km layer vary by 100 cm/sec per 100 km. 


Similarly, assuming p= 1000mb, ¢=10 m/sec, An=100km, we obtain: 


Ap, == — 102. 10 7%. 60-60-3=—100A4a or Aa=0,01dp}. 


Consequently, a pressure variation of 1 mb/3 h obtains for a variation of the 
mean wind direction in the lower 1 km layer by 0.01 radian, or approximately 
0.59/100 km. 


These calculations show, that even a very small velocity divergence causes 
palpable local pressure variations. 


We will further estimate the influence of vertical flows on the magnitude of 
the barometric tendency. 


Assuming g = 108 cm/sec”, 0) == 10-5 g/cm, we obtain 
Ap,=10° X 107*.w-60-60-3-10-° = 10-w or w—0,1Ap, cm/sec. 


Thus, for a pressure variation of 1 mb per 3 h it suffices to have a vertical 
velocity of the order of 1 mm/sec. 
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Finally we will estimate the influence of mass advection. Calculating the 
average value of the integral in (9), we obtain: 


i 0”? Ov On do 
bpp=— (52 oS) == — 0" cos (c, a) (16) 
where we assume ‘ 
1 ) 0 
{a eS dz g | ul se dz 
pa __ _hh 
hy, =, Op , 
0 wa 
\ 2 dz Ox 
hp OX 
n 
a Op 
— a 
& \ oe z o 
_. ko ; a aoa 
a p=—s\ pdz=py— py 
oy i 
Assuming 
Op 
cos ( ¢, a5 | =1, c=10m/sec An=100km 
We find: 
10-Ap. 60-60.3 
bp, = — — 2 = — 2-Ap, 


i.e., for the pressure to vary by 1 mb/3 h suffices a wind velocity of 5 m/sec, 
parallel to pressure gradient of 1 mb/100 km in the lower 1 km layer. 


The above calculations show, that it is almost impossible to use the tendency 
equation for quantitative estimation of pressure variation, since the prerequisite 
would be a measurement of the meteorological elements with greater accuracy than 
ig practically attainable. Therefore, we are usually restricted to the drawing of 
qualitative conclusions which follow from the tendency equation. 


The difficulties encountered in the application of the tendency equation are 
obviously due to the integrals in formula (4) being extended over a layer of a very 
great thickness, a circumstance which renders the determination of the mean 
velocities unduly difficult. In this thick layer conditions may vary with altitude so 
irregularly that the effects of some layers may cancel out completely. Therefore, 
the net effect constituting the observed pressure variation is much smaller than 
could be expected. Thus, the local pressure variation may be regarded as a smal] 
difference between very large magnitudes. Precisely this is the root of the great 
difficulties encountered in prediction of pressure variations. 


In the Soviet weather service pressure contour maps are widely used. Itis 
therefore worthwhile to give a formula for the local pressure variation based on 
such maps. Differentiating the individual derivative oe with respect to 2 


0 {dp 
ae at) = ae (ae tae +? oy +2) = 
=se Op Op op Ou . SE pe Ow Ba 
dot + «Sant? aoe 777 aed Oz? ot og +3 rae 
Ou du es ee oy 
= (¢ )+5- op 2 | py (17) 
Let us eliminate ;— between (17) and the continuity equation, which can be 


written in the form oe 
=e (S+h *) (18) 
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We then obtain: 


2 (tp) — ats 1 op dp LA LA a (19) 


oz \dt dt \oz |} poz dt dzdx | dz 0x oz dy! dzdy 


The first two terms on the right-hand side can be transformed as follows: 


d [op !op dp, d [1 Op dg _ 
a (#)— poz dt =n |pael= a es, a 


0 
disregarding the time variation of the acceleration of gravity. Putting 5 before 
the brackets on the right side we obtain: 


Op 
Oo (dp\ __ _—op Ou oe 4 o0 — er) 
Oz (Fe Az se Oz ze dz Op }° (21) 
O02 
. . Op , op Op , op 
Let us recall that the ratios re and By ae are equal to the tangents 


of the angles 8,, 8,, formed by the isobaric surface with the x and y axes. There- 


fore, (21) will assume the form 


5: (Gt) =— ae [ae tar (ae t) te +3 (a EE (22) 


Let us further note, that 


os ae iz) = A) gi, eae & = (3) 

x ' Oz \dx Ox oy ' dz \dy oo. Oy] py’ (23) 
where the index p indicates that the values of the functions 4 and v are taken not 
on the surface 2==const., but on the isobaric surface p=const, 


Equation (22) will thus assume the form 


0 sdp Ou 
Oz (= 3 (Ge tp a (24) 
Integrating (24) from h, to hj, we obtain 
Po 
dp, dp, =—| Ou Ou 
dt dt (5 +5) a. (25) 
Pr 


solving this equation for the local derivative oy and replacing the integral 
: ot 
by its mean value, we finally find 


é 0 ) 
B= oe (get Bt) + (uy Eto Bt) + 
0 Oo 26 
+g, — 050) —0 (2-422) p cone 


where, as before, p=—p,—p,, and 4 and U are determined by the formulas 


Pi Pp: 
Ou O 
\ ae ? gy AP 
Cx Pp : oy Pp . 


Thus, the local pressure variation at the lower level h, is determined by the 
following factors: 
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1) the variation Ap, = Ps of the pressure at the upper level A,, whereby 


this variation is transmitted downwards without any additional change in case it 
igs not accompanied by inward or outward air flux either in a vertical or ina 
horizontal direction; 


2) advection of pressure at the lower level h, 


op On, o 
Ap, = — (w, $23 +4 0 Sr) =— 61 Sates («, *), (28) 


whereby the pressure increases if the angle between the wind velocity ¢ and the 

re) eee 
pressure gradient (—%) is acute, and decreases if itis obtuse; if the angle is 
right the pressure remains constant; 


3) advection of pressure at the upper level 


eae OP, Ope Op, Po) 
Ap, = (a5 + % 5 m) = C2 = COS (¢. cma (29) 


whereby the pressure below increases, if the angle between the wind velocity ¢ 
0, 
and the pressure gradient (—2) is obtuse, and decreases if the angle is acute; 


the pressure will not change if the angle is right, i.e., if the wind blows along the 
isobar: 


4) vertical transport of air masses across the horizontal h,- level 


Aps = & PW, 


whereby an ascending current (w, >0)is accompanied by pressure rise at the //, 


level, and a descending current — by a pressure drop; 


5) vertical transport of air masses across the horizontal /, level 


Ap, = — 802 W,», 


whereby an ascending current of air at the #4, level is accompanied by a pressure 


drop at the #, level, anda Gescending current — by a pressure rise; 


6) horizontal divergence of the velocity at a certain intermediate isobaric 
surface, lying between the isobaric surfaces p,==const. and p,—=const, 


+5) Ou , Ov\ __ ac Ga 
soe=| (3 ),te=—P ed re oer: (55 +¢5%) (30) 


whereby the re divergence causes a decrease of pressure, and its convergence 
(negative divergence) causes a pressure increase. 
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Chapter XII 
ATMOSPHERIC INTERFACES 


$1, Surfaces of Discontinuity. 
Discontinulties of the Zero and First Orders 


Careful analysis of synoptic charts and of vertical cross sections of the atmos- 
phere leads to the conclusion that among the regions containing uniform air masses, 
characterized by slow and gradual variation of the meteorological elements, narrow 
transition zones often occur in the atmosphere, separating the uniform air masses, 
in which the majority of meteorological elements undergo rapid variations. 


These transition zones are usually so narrow, that on small-scale maps they 
are represented schematically by lines at which the meteorological elements 
change abruptly, i.e. , have a discontinuity. Such schematization, widely used in 
synoptic practice,is very convenient for the theoretical study of the transition zones. 


Thus, instead of transition zones with rapid variations of the meteorological 
elements we shall discuss discontinuity surfaces of these elements, separating 
two air masses. The results obtained will be in closer agreement with reality the 
sharper the change of the meteorological elements in the transition zone, which we 
schematize as a surface of discontinuity. 


Figure 106 shows a homogeneous scalar field, the field of temperature. At 
both boundaries of the layer of rapid temperature variation the isotherms break 
abruptly but are not severed. If the temperature is measured at two infinitesi- 
mally close points of this field, the difference between the values obtained will be 
infinitesimal too. However, if a discontinuity occurs in the temperature field, any 
isotherm approaching this surface will merge with it along a certain segment and 
then depart from the other side of the surface at a point not coinciding with the point 
of entry. The temperature difference between two infinitesimally close points, 
located on opposite sides of the surface of discontinuity, will be finite. 


Figure 107 shows a homogeneous vector field, the field of velocity. Passing 
a layer of rapid velocity variation the streamlines bend, and passing a surface of 
discontinuity ~ they break, 


As will be shown later the surface of discontinuity, so important in meteorology, 
is at the same time also an interface between two air masses. Examples of such 
Surfaces are : frontal surfaces, inversions and the tropopause. All these surfaces 
have the common property of moving together with the air masses they separate, 
neither overtaking them nor lagging behind. 


Anyhow, the particles of one of the air masses will always lie to one side of 
the surface of discontinuity and the particles located on the other side will always 
belong to the other air mass, It is natural to assume that the discontinuity surface 
remains composed of the original air particles for a considerably long period, and the 
particles move in space together with the surface. 


Besides these discontinuities that separate air masses, other types of dis- 
continuity surfaces might occur, whichhave quite different properties. As examples 
of such surfaces may serve the discontinuities following an artillery shell in its 
flight and blast or sound waves. These surfaces of discontinuity are characterized 
by their velocity of propagation which does not depend on the velocity of the air 
particles but surpasses it greatly; obviously the air particles composing these 
surfaces are constantly replaced by new particles. 
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a) 
Figure 106. A homogeneous scalar field of temperature 


a) temperature discontinuity; b) layer of rapid tempe- 
rature variation. 


From a mathematical point of view, the discontinuities may possess different 
orders, depending on whether the meteorological element itself or its derivatives 
are discontinuous, 


Let be some definite meteorological element, If on a certain surface the 
function ® itself is discontinuous, this surface is called a discontinuity surface of 
zero order. If, however, ® varies continuously right through the surface and 
only a first derivative of ® with respect to any argument is discontinuous, we have 
a discontinuity surface of the first order. Discontinuities of the second and higher 
orders may be similarly defined. In the atmosphere we usually deal either with the 
meteorological elements themselves, or with their gradients. We shall therefore 
limit our discussion to zero and first order discontinuities. 


We shall demonstrate in the following sections, that frontal surfaces are 
discontinuity surfaces of the first order with respect to the pressure, and of zero 
order with respect to the temperature, density, specific volume and wind velocity. 


The tropopause, separating the air masses of the troposphere from the stra- 
tosphere, is a first order discontinuity surface for the temperature, density, 
specific volume and wind velocity and for the pressure it is no discontinuity surface 
at all, either of zero or of the first order. 


t 


H ’ 
bt ——+_ 
a) 8) 
Figure 107. A homogeneous vector field of velocity 


a) layer of rapid variations of velocity; b) velocity 
discontinuity. 


§2. Dynamic and Kinematic Conditions 


It is usually considered self-evident, that at the meteorologically significant 
surfaces of discontinuity the pressure and the normal component of the velocity 
are continuous. In view of the great importance of this point, we will explain it in 


greater detail. 


For the sake of simplicity let us consider a one-dimensional flow of an inviscid 
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compressible fluid in a cylindrical tube of unit cross section. Let us direct the 
x-axis along the axis of the tube. We regard the velocity of any point of the fluid as 
parallel to the x-axis. Since the motion is one-dimensional by definition, all the 
quantities - the density p, pressure p, velocity u, depend only on x and t., 


Generally, the discontinuity surface progresses in the tubewithvelocity ¢, 
in relation to the stationary system of coordinates, and with velocity ¢p in relation 


to the fluid and one should, generally speaking, assume that pg has different 
values on opposite sides of the discontinuity surface. 


In the absence of discontinuities, the one-dimensional fluid flow can be des- 
cribed by two equations = Euler's equation 


Ou Ou 1 op 
as reer Fae it 


and the equation of continuity 
ou = 
Stat tos (2) 


In the presence of a discontinuity surface, the flow equations should contain 
its velocity of propagation, cp orc, , in addition to u, 5, and p, which generally 
have different values on the opposite sides of the discontinuity surface (u, i. 2 1°P} 
to its right and Ug, f 9 Po to its left). 


S Ss Ng A 


Doe-uMt = I4,dt = T+ eal 


Figure 108, Derivation of the analogue of the 
equation of continuity 


With the aid of Figure 108 it is easy to construct the following table, describing 
the motion of the discontinuity surface: 


Time instant t+ At 
Coordinate of discontinuity surface : x+cepdt 
Coordinate of particles composing 

the discontinuity surface S x + ud 
Coordinate of particles composing 


the discontinuity surface S'! «+ cpAt — u,At «+ cpat 
Mass of the fluid enclosed between 
the surfaces on which the considered 

Ce —~—u,) &t — A 
particles lie prt i v Pa (Cp — ta) AE 
Linear momentum of the same fluid mass Pi (Cp— u,) At-u, Pe (Cp—u,)dt-uy 


since the mass enclosed between surfaces remaining constituted of the same 
fluid particles does not change, we can write: 


0) (Cp— 41) = Py (Cp — 4) (3) 
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or, introducing the velocity of propagation of the discontinuity surface c 


P1¢R1 = 02¢R2. 
Equation (4), connecting the velocity of propagation of the discontinuity surface with 
the density of the fluid, is evidently an analogue of the equation of continuity. 


2 


In order to obtain the equation of motion of the fluid in the presence of a disconti- 
nuity surface, in analogy with Euler's equation, we shall use the law of conservation 
of momentum. The change of momentum equals (according to (3)) 


The acting forces are the pressure on the cross sections normal to the axis 
of the tube S and S$ and the external forces. 


Since the considered volume is small, the impulse of the external forces may 
be ignored, as their sum in this case is a quantity of the second order. Therefore, 
we may take the total impulse as equal to 

(P; — p,) At. 

Consequently, from the conservation of momentum we get: 

Ps (Cp — 4y) (4g — &,) = Py — Pos (5) 
This equation is the analogue of Euler's equation. Substituting 


= oe: P2 


Uy = Crp — CR? (6) 
in (5),we obtain: 
ane Pr. Py — Pe 
Cr2= ee I ot 
. Pe Pi — Pe’ 
a b2P2— P . 
RI Arar (7 


Let us evaluate the order of magnitude of the velocity of propagation Cp of the 
discontinuity surface, i.e., its velocity relative to the fluid particles, 


For the sake of simplicity, we assume that the fluid is barotropic, i.e., that 
p= (9). 
By the mean value theorem we have: 


Pi—P2__flrd—FlP2) __ pp (7 
Pi — Pa Pi — Pa =f (2), 


where p is a certain value of p, lying between p, and @>- 
In an adiabatic process 
i 
P= Po (2) ’ 
Po 
C 
where * = a Then 
Vv m 
f(a)sxb 


Cho = / 2 ‘ 
Re ° (8) 
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However, the expression on the right-hand side is the well known formula for the 
velocity of sound, which equals 332 m/sec under normal atmospheric conditions. 


Thus, the velocity of propagation of the discontinuity surface is a magnitude 
of the order of the velocity of sound. But such velocities have no meteorological 
significance. Therefore, disregarding discontinuity surfaces which propagate with 
velocities comparable with the sound velocity, we should assume 


CRI =Cpi==0, 


i.e., we ought to consider only such discontinuity surfaces as move together with 


the fluid and therefore permanently consist of the same particles. Thus, the 
discontinuity surfaces considered in meteorology are at the same time interfaces, 
continually separating the same masses of air. These surfaces move considerably 
slower than sound. 


From the condition that at the interface 


Cp=9, 
follows 
Pi = P,=P. 
Umn 
Ua 
Sy ny 


Figure 109. Heightening and moderation of the 
discontinuity in the transition zone 


This dynamic condition is always fulfilled for interfaces. 


If Cp = 0, then according to (6) we have 


Cpe—4,, Ce 4y. 
Consequently, 
42,=&@, or 0%, = Vn 


(10) 


i,e,, the normal component of velocity changes continuously across the discontinuity 
surface. 


Since the velocity @has ajump discontinuity at the interface, butits normal com- 
ponent remains continuous, it is obvious that the tangential component v, must be 


discontinuous. 


In conclusion, we will interpret the significance of equation (10) for a layer of 
rapid variation of meteorological elements. 


Let us regard the transition zone as bounded by two surfaces S, and So (Figure 
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109). Such boundaries are arbitrary of course, having no real existence, However, 
this circumstance does not interfere with our reasoning. It is obvious that if 


Unt = Pros 


the transition zone in which the meteorological elements vary rapidly moves without 
changing its breadth. 


If v,, > Uno > 0, the boundary S, moves faster than So: the transition zone 


narrows and consequently the discontinuity becomes more acute, 


If ¥,;<  U,qo, the transition zone broadens and the discontinuity is lessened, 


§ 3. The Slope of an Interface 


The most important synoptic applications of the theory of discontinuity surfaces 
involve the slope of the interface, We will first consider the simple case of a station- 


ary interface, Let a warm air mass M, and a cold mass M, be in mutual contact, 


Assuming for the sake of simplicity that the interface between them is planar, 
we will show that the stationary slope of the surface in relation to the horizon cannot 
assume arbitrary values, since it bears a definite relationship to the velocity and 
density discontinuities, 


We first assume that both masses do not move with respect to the earth. 


Obviously, the system consisting of these two masses M, and M, will bein stable 


equilibrium only when the interface is a horizontal plane and the cold mass is below 
the warm. 


An interface between two stationary masses cannot be vertical. Although each 
one of the masses taken separately is in equilibrium, the whole system consisting 
of the two masses with a vertical interface will not be in equilibrium. Even 
if the pressures are initially equal, a pressure difference will appear below, at 
the interface of the neighboring air masses, as a result of the unequal altitude varia- 
tions of the pressure, resulting in a flow of warm air above the cold mass and a 
flow of cold air underneath the warm mass. Therefore, the cold mass M, will finally 
be underneath the warm mass M, é 


Even if only one mass is in motion, the interface will not stay horizontal, but 
will be inclined at a certain very small angle to the horizon, which under certain 
special conditions will not change with time. 


Let us now turn to the derivation of the formulas for the slope angle of the 
interface. 


We have shown above, that the pressure should remain continuous on the inter- 
face. Therefore the equation of the interface may be written in the form 


Pi — P,=9 (1) 


or in differential form 
Op, Ope Op, __ Ope Op, Op ca 
(a — — 3) dx + (¥ a) a+ dz dz )#%=% (2) 


hence, denoting by ay and g y the angles formed by the interface with the *¥ and 


axes, and by 6 the angle formed between the x-axis and the tangent to the 
front, i.e. , the line of intersection of the interface and the surface of the earth, we 
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obtain Op, _ Ops 


t dz ax Ox 
8a, ax Op, _ OP 
Oz Oz 
OP, __ OP: 
Ca ay Op; __ OP.’ 
Oz Oz 
Op, Op, 
tof — YY — Ox Ox 
§ ~ ax Op, Ips 
dy dy 


We orient the coordinate axes so that the y-axis will be tangent to the front. 
Then tg4-—=oo whence 


Op, __ Pr _yy 
Oy oy (4) 


therefore, tg a,= 0. We obtain the following formula for the angle @ which the 


interface makes with the horizon 


Op; __ 9p2 

Ox Ox 
tr2= —- (5 ) 
: Op, __9P2 

Oz Oz 


Thus the slope of the interface is determined solely by the pressure distribu- 
tion at the front, whereby the greater the discontinuity in the component of the 
pressure gradient normal to the front and the smaller the discontinuity in its verti- 
cal component—the greater is the slope angle. 


Let us note, that equation (5) holds generally and rigorously. In the following 
we shall derive a number of formulas not strictly rigorous, but practically convenient. 


Instead of the vertical component of the pressure gradient we will use the 
density; according to the basic hydrostatic equation, we have 


Op, __ é Op, _ 
ge BR = Be: 


Instead of the horizontal component of the pressure gradient we will use the slope 
angle B of the isobaric surface, Since 


Op, sss Op, f dz 
Ox az iz), = 8; tg 3), 
Op, Ope fdz\ 
ae Ge (an),, = eh ‘BBs 
therefore 
— P2 1g be — px £9 3; 


Usually tga > tg B, and consequently the interface rises much more steeply than the 
isobaric surfaces. If the air motion is geostrophic, it is convenient to use the 
temperature and wind velocity at the interface to express its slope. The coordinates 
will be again so chosen, that the y-axis lies parallel to the front. The geostrophic 
equations for the warm and cold masses will have the form 


— 2w sin go, = — — PL, — 2w sin yo, = — PP, 
] 

‘ - 1 i 

2w sin gu, = — 2 PL, 2a sin gly == — 2 Ft 
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lop 1 Op, ee 
p, Of g=0, of eS 


Substituting these equations in formula (5) we get: 


___ 20 Sin % 2p, — U4P4 


tga ° 
S & P2— PL (7) 
Formula (7) is not very convenient, since the density is not measured in mete- 
orology. Eliminating the density through the equation of state p= ie and availing 


ourselves of the dynamic condition at the discontinuity surface Pp, = pP,, we obtain 
the so called Margules' formula 


ae 2w sin 4 T\U2 = Tov, 


Tits ° (8) 


ig a 


The air humidity can be accounted for by introducing the virtual temperature into 
formula (8). 


We shall derive a formula for the approximate estimation of the slope of the 
interface, introducing the differences of the temperature and of the wind velocity 


AT=T,—T,; Av=v,—?,. 


Then 
2w sin » Av 
tro = oe 
a e (», Ts 57) (9) 
or 
__ 2 sin» Au 
gay, T, xr) 
(10) 


Thus, the slope of the interface depends on the slope of the isobaric surface 
in any of the air masses considered and upon the discontinuities of wind velocity and 
temperature* Since, as we shall later see, the slope of the isobaric surface is 
considerably smaller than that of the interface, the first term in the brackets in 
formulas (9) and (10) may be dropped. Then we have 


2 sin Av 
gas —— Tea, (11) 


where T is the mean temperature. 


Assuming 0 = 7, 3:> 10°, A 275°, g=10 rae we obtain the following formula 
for the slope angle @;3 


A 
tga=4-10-%sing-<o, (12) 
where Av is measured in m/sec and AT in degrees Celsius. 


For a quick determination of the angle a nomogram can be used, calculated on 
the basis of formula (11). The magnitude of the slope angle of the interface is of the 
order of tens of minutes, rarely as high as 1 degree, while the slope of the isobaric 
surface is measured in tens of seconds, rarely reaching 2'-3'; therefore, under 
normal conditions the slope of the isobaric surface is about 30 times smaller than 
the slope of the interface. This justifies the assumption we made in deriving formula 


(11). 


* [Translator's note. The Russian text has ''velocity and wind", an obvious 
misprint]. 
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$4, Interfaces in the Pressure Field 


We have shown above thatif the y axis is parallel to the front, then 


CPi Ps. (1) 


That means that the tangential component of the pressure gradient is continuous 
at the interface. 


The normal component of the pressure gradient is discontinuous at the front, 


Op, Op 
ed SS She 

ox dx 
depending on whether the angle g is acute or obtuse, i.e., whether the x~axis is 
directed from the (warm) mass of lesser density to the (cold) denser mass or vice 
versa. 


If the angle @ is acute, i.e., if the x-axis is directed from the warm to the 
cold'air mass, we have 


Op, _- Ope 

on oes (2) 
and if @is obtuse 

OP\ ~ Opa 

rear re. (3) 


This means, that the isobars at the front are refracted towards the higher pressure 
so that at the front the isobar has an infinitely large cyclonic curvature. 
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Figure 110, Location of the interface in the pressure field at a 
moving front 

Upper sequence—vertical cross section; 

Lower sequence—horizontal plan . 


In the vicinity of the front one may find isobaric patterns as shown in Figures 110 
and 111. 


It also follows from (5) $3, that the isobaric surfaces bend at the interface, 
forming a trough of an infinitely large curvature. 


It should be pointed out that the slope of the isobaric surfaces is so small, that 


their refraction becomes noticeable only when the vertical scale used is many times 
larger than the horizontal one. 
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Figure 111. Location of the interface in a pressure field at a 
stationary front 

Upper sequence—vertical cross section 

Lower sequence—horizontal plan. 


Different types of isobars and isobaric surfaces which may occur in the neigh- 
borhood of a front are listed in Table 45. 


Table 45 


Types of isobars and isobaric surfaces in the neighborhood of a front 


0<Bi<a<a<g 
0< <<a <ace 
0<acz<hi<hr<e 
F< t<h << 
0<bp<a<tch<e 
0<h< 5 <a<h<s 
0<h<h<a<p 
0S b<a< a ace 


vt 
O<Sadcysch<h<a 


F<t<h<hi<e 


0b a <h<e 


0S << achd<s 


We will consider the frontal equation, obtained from the condition of pressure 
continuity at the interface: 


P(X, Ys 4) — Pe (x, y, 4) = 0. 


Choosing the normal to the front as the x-axis for an individual particle moving to~ 
gether with the front, we have 
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d(pj— Ps) _O(ri— Po) 4, OP Pe) 4 2 — Pe) _ g, 
dt — ot pu Ox aa oy 


but 


Ops OP, 
oy oy 
0 (P, — P2) 
consequently ora Ye 
SS See 
0 (P; — P2) (4) 
Ox 
However, as has been explained in §2, the normal component of the velocity of the 
individual particle contiguous to the front should equal the velocity of propagation 
of the front Ces whence 


Op, __ 9pr 

oa ot at 

{~~ dp, Op, (5) 
Ox Ox 


0 0 
It was shown above, that aot St le ~0, therefore, if the front moves ata 


velocity a 0, the numerator in formula (5) is different from zero. We will 
choose the coordinate axes so that c, is positive, and explain the behavior of the 


f 
barometric tendency during the passage of the front. For a warm front we have: 


Op, 9, i, (OPA — $2) (6) 
ot ob f\Oe ox)? 


and for a cold front 


0 0 ts) OPpo 
Po Gt cy (et — Ee) (7) 


ot ot Ox Ox 
The approach of a type A front will be accompanied by a fallin pressure, which 
will continue at a slower rate or even cease altogether after the front has passed. 


XO mA se 
Figure 112, Behavior of the barometric tendency, due to a transition 
of the pressure field following the passage of a front 


The approach of a B type front will be accompanied by a pressure increase, 
which will be speeded after the front has passed. 


Finally, a type C front will cause a pressure drop before it, which will be 
followed by an increase of pressure in its wake. 


The nature of pressure variations upon passage of fronts of the mentioned types 
is shown in Figure 112. The pressure would have thus varied during the passage of 
a front had its variation been due only to the transition of the pressure field following 
the front. But in addition to this transition, other factors also affect the pressure 
field. Therefore, the curves describing the barometric tendency are considerably 
different (Figure 113). However, in all cases of front passage the characteristic 
downward convex bend is evident on the barogram. 
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Figure 113. Types of barometric tendency upon front passage 
a,b,c,~for a warm front; d,e,f—for a cold front. 


The following discussion relates only to a pressure discontinuity surface of the 
first order, i.e., to frontal surfaces of the troposphere. This does not apply to the 
tropopause. It is easy to show that the tropopause is a discontinuity surface of a 
higher order than the first. Aerologic investigations show that at the tropopause the 
temperature changes in a continuous manner and only its gradient suffers a discone 
tinuity. From the equation of state pF. it follows that the density is also 


RT 
continuous at the tropopause; consequently 01 =, and Ps = ‘ Since 


tga is finite, the numerator in formula (5) $3 must vanish. Consequently 


Ops Oa 
Ox Ox * 
Thus, the isobars do not break at the line of intersection of the tropopause 
with a horizontal surface, but their curvature reaches there a finite cyclonic local 
maximum, At the tropopause the following relation must also hold: 


Op, Pa 
ot ot * 
Only the second derivatives of the pressure will be discontinuous at the tropopause, 
i.e., the tropopause is a discontinuity surface of the second order with respect to 
the pressure. 


$5. Interfaces in the Geostrophic Field of Flow 


We will now explain the distribution of the geostrophic wind in the neighborhood 
of afront. According to (1) $4, we have p,u,==~.4, or Au=-u,—u,~0, i.e., 


the normal component (in relation to the front) of the velocity is continuous. From 
(11) $3 follows 


T,—T 
FO 84, (1) 


ey ee Mee re 
ed a 20 sin? 
i.e. , the tangential component of the wind velocity has a discontinuity, together with 
the temperature (or the density).Consequently, the frontal surface is a discon- 
tinuity surface of zero order with respect to the the wind velocity. 


The quantities g, o, T,—T,, T, , on the right side of equation (1) are positive 


and therefore the sign of Av depends only on the signs of sin ? and tga. Choosing 
the x-axis so that tga >0 for a warm front, we obtain the following relationships: 


Northern hemisphere tga >0 ¥—u,<0 
tga< 0 v,—v,>0. 


y>0 
. tga ->0 v,—v, >0 
eG a tga< 0 v, aspen 0. 
The geostrophic wind at the front is shown schematically in Figure 110. We see 
that the discontinuity of the wind is cyclonic for both warm and cold fronts. We 
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thus obtain results in agreement with the behavior of the isobars in the vicinity of 
the front. One should remember, however, that the rule we derived for the isobars 
is rigorous and hence’ unexceptionally valid for any front, but the corresponding 
rule for the wind has been based on a number of simplifying assumptions and is 
therefore less rigorous. 


In some particular cases the horizontal acceleration may be considerable, 
even to the extent of altering the cyclonic curvature of the wind at the front to an 
anticyclonic one. However, such phenomena are very rare and of short duration. 


Thus, all fronts are characterized by the cyclonic curvature of the wind, inde- 
pendently of the nature of the air masses on the two sides of the front. In the deter- 
mination of the relative motion of air masses at the front one can also be guided 
by the following rule: ''If the observer faces the front, moving together with one of 
the air masses, the second air mass located beyond the front will move to his left!’. 
This statement is true for all air masses and for an arbitrary front. 


We finally note that upon passage of a front, the direction of the wind at 
any point changes in such a fashion, that "the wind veers'! (Figure 114). 


However, the fact that a front is accompanied by a wind rotation does not imply 
that every line of wind rotation is a front. A line of wind rotation is a front only 
in the presence of a discontinuity in density or in the temperature, which amounts 
to the same. 


Figure 114, The wind veers upon passage 
of a front 


$6, Altitude Variation of Gradient Wind in the Frontal Zone 


Formula (1) $5 can also be used for the analysis of the vertical distribution 
of wind velocity. This formula shows that the gradient wind changes discontinuously 
at the frontal surface, whereby the wind velocity vector increment at the passage 
from a cold to a warm mass is directly proportional to the front slope tga 
and to the temperature jump at the front and is directed parallel to the front,so 
that the wedge of cold air remains to the left, and the warm air to the right. This 
rule follows from the discussion of the problem of gradient wind rotation 
with altitude in a homogeneous air mass (Chapter XI). 


In case of a warm fronttg@ > O(Figure 115, A) and therefore Av==v,—v,< 0, 


l.e,, the gradient wind bends before the warm front, veering with increasing 
altitude in the frontal region. In case of a cold front tg @ < Q, and therefore 


Therefore behind a cold front the wind backs with increasing altitude (Figure 115, C), 


If the front is stationary, the gradient wind may increase or decrease abruptly 
with increasing altitude, thereby preserving the direction of the cold stream, or 
it may abruptly reverse its direction. 
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Formula (1) 35 shows, that sharply defined fronts with considerable tempe- 
rature discontinuities and a steep slope are accompanied by strong altitude varia- 
tions of the gradient wind, while those which are ill defined in the temperature field 
and have small slopes cause but minor spontaneous variation of the wind with 
altitude. 


y y 


Figure 115, Wind variation with altitude in the vicinity of a front 
A) warm front; B) warm mass; C) cold front. 


Radiosonde observations can be used to determine the location of the front 
in the free atmosphere. However, as we have already mentioned before, a wind 
velocity discontinuity indicates the presence of a front only where the density (or 
the temperature) is discontinuous. Therefore, the radiosonde observations can 
be used only to supplement the temperature sounding. 
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Figure 116, Wind distributions at the tropopause 


We should note that if the wind veers with increasing altitude, the altitude of 


the frontal surface increases in the direction of the wind (Figure 115, A); if the 
wind backs with increasing altitude, the altitude of the frontal surface decreases in 


the direction of the wind (Figure 115, C). 


We have seen earlier that the tropopause is a discontinuity surface of the 
first order with respect to the wind velocity, i.e., the wind velocity varies conti-~ 


nuously at the tropopause. 


It is known that under normalconditions the tropopause dips towards 
the pole. Figure 116 shows the types of wind distribution with altitude that are 


realizable in the vicinity of the tropopause. 
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<7. Location of the Interface in a Nonstationary Velocity Field 


Let us assume that at the initial moment a certain interface is steeper than 
the stationary interface, whose slope is determined by formula (8) $3, i.e., that 
(Figure 117) 

iga > tg a. 


We suppose that the flow is unperturbed. Elementary but tedious analysis 
shows, that in that case the normal (in relation to the front) components of the 
acceleration are discontinuous, whereby 


' ‘é A 
a, — a, = g- (tga — tga.) > 0. 


In addition, the vertical component of the acceleration is also discontinuous near 


the frontal surface 


° e AT 
W, —W, => g(tga—tga,) >0. 


This means that air masses moving parallel to the interface are nonuniformly 
accelerated in the direction normal to the front, whereby the magnitude of this 
acceleration will be greater ina warm mass than inacoldone. The same applies 
to the vertical acceleration, which will also be greater in the warm than in the 


cold air mass. 


Figure 117, Development of acceleration near a 
nonstationary interface when a> % 


The following three cases may be discerned: 


1) uy > uy > 0; @, > W, > 0; 0, << 0; 
2) 4 >0>4,; w,>0>w; 1,92, 
3) O>4>4, 0S >e 04% 


In the first case both masses move towards the cold mass, the velocity 
of the warm mass increasing whereby faster than that of the cold mass. 


This motion is accompanied by the emergence and build up of vertical velocities 
whereby the vertical accelerations are greater for the warm than for the cold mass. 
Therefore, in both warm and cold masses vertical velocities will develop, the flow 
velocity of the warm air exceeding that of the cold air. From this argument 
follows that in the first case we deal with a warm front. The approaching warm 
air replaces the receding cold air, and in both cold and warm masses develop up- 
ward currents (the rising warm air overtakes the rising cold air). 
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The relative normal velocity components cause tangential accelerations, due 
to the rotation of the earth. In the first case, these additional accelerations have 
che same direction, whereby the acceleration of the warm mass exceeds that of 
the cold mass in absolute value,and the warm air will remain to the right of the cold. 


In the second case the two air masses approach each other, i.e., both masses 
move in the direction of the front. The front itself will not be shifted only when the 
accelerations of the two masses in question are equal in magnitude. However, if 
the accelerations differ, the front will shift either in the direction of the cold mass 
(when|4,|> |4#,), or in the direction of the warm mass (when la, Karan 


The front is correspondingly stationary ( 2, |= |u| ), warm ( \ u, | >| Us| ), 


or cold {| ui, l< |g t). 


In that case, regardless of the nature of the front, an upward flow will develop 
in the warm mass and a downward flow in the cold. 


Accelerations tangential to the front are here opposite in direction and contri- 
bute to the development of a cyclonic motion of the front. 


Finally in the third case both masses move in the direction of the warm mass, 
whereby the absolute acceleration of the cold mass will be greater than that of the 
warm mass. This motion will be accompanied by downward flows developing in 
both air masses, whereby the cold mass will descend faster than the warm. 


The accelerations tangential to the front will again have the same direction, 
whereby the absolute value of the acceleration of the warm mass will be smaller 
than that of the cold mass. 


The aforementioned accelerations will bring about one of the following alter- 
natives 1) the advancing warm mass will overtake and override the (also ascending) 
receding cold mass, owing to its higher vertical velocity. At that, the existing 
velocity difference at the front will be increased, and the slope angle of the station- 
aryinterface will increase too; 2) the warm air will flow along the wedge of down- 
wards moving cold air it has encountered; in that case the existing velocity differ- 
ence will grow, andinturn increase the slope angle of the stationary interface; 


Ml, 
je 


Figure 118. Development of acceleration near a 
nonstationary interface when 2 < 1%. 


3) the receding warm mass will vertically lag behind the rapidly descending cold 
one which will consequently flow under it. The difference in the tangential velocity 
will also increase, which would necessitate a steeper slope of the interface in order 
to preserve equilibrium. 


In all these cases the appearance of acceleration (due to normal velocities ) 


is followed by a decrease in the interface slope, whereas the increased difference 
in the tangential component of the velocity increases the slope, so that the very 
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gentle slope of the interface (Figure 118) no longer corresponds to equilibrium 
conditions. Accelerations will then gradually develop at the interface in the opposite 
direction leading to one of the following alternatives:1) both masses will move in 
the direction of the warm mass, simultaneously descending, whereby the warm will 
overtake the cold mass, or 2) both masses will move in different directions, where- 
by the warm mass will descend along the wedge of the ascending cold air mass, or 

3) both the warm and the cold mass will move in the direction of the cold mass, 
simultaneously ascending, whereby the cold mass will recede faster than the warm 


one, forerunning it along the vertical as well. 


At the same time, in all cases discussed, the tangential components of the 
emergent accelerations have an anticyclonic character; therefore the velocity 
difference at the front gradually diminishes with time and may even reverse its 
sign. The slope angle of the interface will increase while the stationary frontal 
slope angle will decrease. Thus, we have returned to the initial situation of our 
analysis. 


A more detailed study shows that the interface slightly oscillates around the 
position of equilibrium, which does not coincide with the position of the stationary 
surface, but is displaced from it in the same direction as the initial position of the 
interface. 


§ 8 Classification of Fronts 


The above described properties of fronts, concerning their position in the 
pressure, velocity, and temperature fields, are applicable not only to stationary 
(immobile) but to moving fronts as well. On the base of these properties one can 
settle the question of the presence or absence of a front on a synoptic chart or in 
a vertical cross section. 


However, a number of additional properties can be found which are charac- 
teristic of the different types of front, related to the stability of fronts and their 
motion with respect to the position of the warm and the cold air masses. 


Thus, fronts may be classified according to their properties. Such a classifi- 
cation facilitates the determination of a front as belonging to a certain type. 


Fronts may be classified according to their geographical position. This usage 
is adopted to distinguish between four basic types of air masses: arctic, polar, 
tropical and equatorial. 


Polar air is often separated from arctic air by an arctic front. Tropical 
air is separated from polar air by a polar front. 


Tropical air approaching the equator is gradually converted into equatorial 
air. Therefore no front exists between the tropical and the equatorial air. How- 
ever, when equatorial air of the summer hemisphere meets the equatorial air 
of the winter hemisphere an intertropical front is formed. 


Thus, on the basis of the geographical classification, one can establish three 
main categories of fronts, which are constantly in existence: the arctic, polar and 
intertropical fronts. 


Besides these main types, from time to time there may appear secondary 


fronts within a major air mass, if the distributions of temperature and velocity are 
favorable to frontogenesis (the formation of fronts). Arctic, tropical and equatorial 
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air masses are usually characterized by a highly uniform horizontal temperature 
distribution, and hence secondary fronts do not appear within these air masses. 

In polar air, on the contrary, secondary fronts very often appear between "mature" 
and "fresh" polar air, and also between continental and maritime polar air. 


Everyday synoptic practice shows, that most of the fronts detected on synoptic 
charts are connected with the major fronts. A synoptic chart showing numerous 
secondary fronts is usually indicative of an incomplete analysis. 


Besides the general frontal characteristics(discontinuity of the temperature, of 
the tangential component of the wind velocity, etc), which have been discussed in the 
foregoing sections and which apply to all fronts, no special features exist which 
might determine the geographical type of fronts. Nevertheless, the usefulness of 
such classification is obvious. Since the major fronts predominate over the second - 
ary in the frequency oftheir occurence, the vastness of territory they overlie and the 
duration of their existence, the adopted synoptic procedure in the analysis of any 
weather characteristic related to fronts is to attribute it first of all to the major 
fronts. Only when the studied weather feature cannot be explained by the major 
front, one turnstothe secondary fronts. Thereby, it is advisable to pay special 
attention to the explanation of the processes which have led to the build-up and dis- 
solution of these secondary fronts. The most important classification of fronts 
is based on the nature of frontal migration and the motion of air masses. In this 
classification one distinguishes between the following four front types: 


1) warm front, i.e., a front moving so that warm air replaces the cold; 
2) cold front, i.e. , a front moving so that cold air replaces the warm air; 


3) stationary front, 1.e., a front that does not move at all: in this case there 
is no replacement of one air mass by another; 


4) occluded front, i.e., a front due to air masses of a cold front overtaking the 
warm masses of the slower warm front. An occluded front forms on condition that 
the temperature is discontinuous between the cold air retreating before the warm 
front, and the cold air following in the wake of the cold front. 


It can be shown that the velocity of the front is determined by the formula 
C,— 4, —w, clyq=u, — w, cig a (1) 


If the vertical velocities w are very small, one can assume as an approxima- 
tion, that the frontal velocity equals the normal component of the wind velocity. The 
velocity in question is, of course, not the wind velocity at the earth's surface, but 
the velocity of the geostrophic wind, observed above the friction level. Consequently 
a fast moving front should intersect the isobars almost at a right angle and the iso- 
bars themselves must be quite densely spaced. 


Stationary fronts must parallel the isobars. Strictly stationary fronts are 
rarely encountered in the atmosphere. Very slow fronts are much more common; 
these, called quasi-stationary fronts, greatly complicate the prognostic task, since 
their residual motion is determined by accelerations which are extremely difficult 


to evaluate. 


Warm and cold fronts are easily distinguished from each other on synoptic 
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charts, even when the temperature difference according to ground based observations 
is not sharply defined. The systems of clouds and hydrometeors are different for 
the two classes. The difference between the warm and the cold fronts can be noticed 
also in the field of the barometric tendency and in the pressure field. 


An occluded front has a more complicated structure, due to the superposition 
of the warm front on the cold one. If the air is colder behind the cold front than 
before the warm front, the occlusion resembles a cold front, and under opposite 
temperature conditions, the occlusion is similar to a warm front. Usually an occlud- 
ed front results in an unstable cyclonic wave. 


Finally, fronts may be classified according to the nature of the vertical distri- 
bution of the velocity and the conditions of stability of the air masses adjacent 
to the front. 


Observations have shown that frontal cloud systems usually develop in warm 
air, probably owing to the fact that the velocities of ascent are greater in the warm 
than in the cold mass. This is due to the cold air having more rigid kinematic boun- 
daries than the warm air, being limited from below by the surface of the earth 
and from above by the frontal surface. 


Therefore fronts or atmospheric interfaces are classified with respect to the 
behavior of the warm air masses. 


We distinguish between surfaces of sliding ascent or anafronts, where w.> 0, 


1 


and surfaces of sliding descent, or catafronts, where wi< O. Discerning also the 


warm (c <0), cold (c~0) and stationary (c, = 0) fronts and taking into consideration 


the relationship (1), we obtain a great number of theoretically possible fronts, 


We have seen above, that if the actual interface ascends more steeply than the 
stationary surface, the cold air starts to flow beneath the warm air, displacing the 
latter. We call such a surface, a surface of passive sliding ascent. It is natural 
to relate this surface to the cold front, since in this case the cold air actively flows 
beneath the warm air, lifting the latter upwards. 


In case of a warm front the warm air actively accumulates on top of the cold, 
dislodging and replacing the latter in its ascent along the interface. Therefore, a 
warm front is a surface of active sliding ascent. 


We have also seen above, that if the slope of the interface is smaller than the 
slope of the corresponding stationary surface, the cold air starts flowing out from 
under the warm air which descends and replaces it, while the receding cold air 
descends. This interface is called a surface of passive sliding descent. Obviously, 
the surface of passive sliding descent may be associated with the warm front. 


Finally, if the surface of sliding descent is related to a cold front, the warm 
air moves in the same direction as the cold, overtaking it and descending along 
the interface. This surface is called a surface of active sliding descent. 


The mentioned four main types of sliding surfaces differ fundamentally from 
each other in certain properties, above all by their slope angles and also by the 
system of clouds and precipitations associated with the front. 


It follows from the foregoing argument that a surface of a passive sliding ascent 


should have the largest slope angle, and that of passive sliding ascent — the smallest. 
We arrive at this conclusion not only by considering accelerations developing at 
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the interface as a result of its deviation from the position corresponding to sta- 
tionary conditions; the influence of friction with the earth's surface, which we have 
ignored till now, has the same effect. In fact, in case of a cold front, the friction 
between air and ground surface will retard the motion of the cold air advancing in 
contact with the earth's surface; consequently the interface will have a slope steeper 
than in the absence of friction. Occasionally, the slope of the cold front on the lower 
layers of the atmosphere may be greater than 90° owing to the effect of friction, 

and hence the invasion of cold air in that case starts aloft and only later reaches the 
earth's surface. In such cases the wedge of cold airis blunted. In case of a warm 
front friction reduces the slope of the interface. A thin layer of cold air, several 
tens or hundreds of meters high, passes in this case at a considerable altitude 
behind the warm front. 


From the preceding examination of the slopes of sliding surfaces one may 
conclude that the surface of passive sliding ascent should possess the largest 
slope. Aerologic soundings show that these slopes may reach values of the order 
of 1/25—1/80. Next come surfaces of active sliding ascent with a slope usually 
between 1/50--1/200, and after them the active surfaces of sliding descent. The 
smallest slop2 should be found in surfaces of passive sliding descent, whose slope 
is usually very small. It is in the range of 1/400-1/1000. 


A warm front is in most cases an anafront, i.e., a surface of sliding ascent. 
Only in rare cases is the warm front a catafront, i.e., a surface of sliding descent. 


There are two kinds of cold fronts. The first kind are anafronts up to high 
altitudes. The cold fronts of the second kind are anafronts in their lower part and 
from the altitude of 1—2 km upwards turn into catafronts. The anticyclonic inversions 
of compression, not reaching down to the earth's surface,are catafronts too. As a 
rule catafronts do not reach down to the earth's surface. Usually the lower 
parts of the catafronts are either ill-defined at the earth's surface as 2 result of 
flow divergence,or they become anafronts, owing to the increase of the slope. 


In Table 46 are given the different air motions realizable at suding surfaces. 
One can see from this table, that at surfaces of sliding ascent and descent both 
ascending and descending air motions are possible. 


§9. Frontogenesis and Frontolysis 


Frontogenesis is the process of formation of a discontinuity or the increase 
of an already existing one. Frontolysis is a process of breakdown or weakening of 
a discontinuity. 


The main feature of discontinuity surfaces in the free atmosphere is the tem- 
perature discontinuity. We shall now discuss the potential temperature or equiva- 
lent-potential temperature (in case of saturation). 


Not every temperature discontinuity testifies to the presence of a surface 
separating two different air masses. A temperature discontinuity may sometimes 
be due to local transient condition. A mere temperature discontinuity is thus in- 
sufficient for the formation of an interface significant for atmospheric processes. 


Helmholtz has already pointed out in his treatment of the general circulation 


of the atmosphere, that an interface is formed when two air masses of different 
origin and temperature meet. 
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Table 46 


Possible motions of air at a sliding surface 


Sliding ascent Sliding descent 
Surface (w, > 0) (7, < 0) 


1) °F ee , 
if |w e,tga 
Warm front] “1 uy >ey > 0 2) <0, ¢ 


if |w,| > ¢, tga 


1) wu, > cs > 0, @_ > 0 
2) cy > Ug > 0,2 < 0, 

cy > 0 Ug, We if |@,|< cy tga 
3) Ug < 0, WW, < 0, 

if'|@|>c,tga 


! ; 
- zo > tgs > 500 400 > 2° >T00 
Active Passive 
Cold front u>O>ec, if 


ty w, >\le,l|tga 
Ug< 0, if m<le,ltge 


1) ug > 0,w_, > 0, 


a 
c¢<0 Uo, We 2) ee 0. 
| wel < |e,| tga 
3) ug<. 0, wv <0 
1 ' 1 
a 25 > ig 30 Active 
Passive 
Guaeie uy u,—w,ctga>0 uU, =w,ctga<0 
stationary 1) wu, > 0, w. > 0, 
front a Ug = We ctga is > 0, w_ > 0 
cy=0 a 2) ug< 0, mw, < 0, Ug <0, WH, <0 


Uo = &, Ctg a 


In order to isolate the major frontogenetic factor, we consider the equation 


d T dé 
of heat balance “i= C55 ae? solving it with respect to the partial local deriva- 
09 
tive Ae 
oo sy) Me al 6 | dq 
ot Ox oy ' T ¢, at 


p 


(we restrict ourselves to the discussion of two-dimensional motion). 


Let us assume for the sake of simplicity that the isotherms of the potential (or 
equivalent~potential) temperature are rectilinear. Orienting the x-axis parallel to 
the isotherms, we obtain: 


0, dg 
of V5 Fp dt’ 


The variation in the temperature difference between two neighboring points will be 
determined by the formula 


0 (6,—~ 9) 06, 06, 6 dg, dq 
ot (2, ap 2 apt) + Fp (ge — Be) (1) 
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E:quation (1) shows’ that the variation in temperature difference between two 


neighboring points is determined by two factors — advection and heat influx. Let us 
assume that advection is absent or is so very weak that it may be disregarded. 

Then the variation in the temperature difference between these points will be deter- 
mined only by the difference in heat influx to the surrounding air masses. Let us 
consider all three forms of heat transfer: radiation, eddy transfer of heat, and 
latent heat conversions. In a free atmosphere the radiation conditions at two neigh- 
boring points cannot differ appreciably. Therefore, in a free atmosphere fronts 
cannot form or break down by the action of radiation. On the contrary, when there 
are Sharp contrasts in the underlying surfaces, the radiation conditions near ground 
level may vary considerably (at the sea shore, for instance). 


However, such differences are short-lived and in the course of the day they 
change their sign. Besides, they are limited to the lowest few hundred meters of the 
atmosphere. The corresponding temperature discontinuity is not accompanied by a 
discontinuity in the velocity, the pressure gradient and other frontal characteristics. 


Since a temperature discontinuity caused by difference in the radiation conditions 
is locally limited and is of no general importance, the heat influx by radiation cannot 
lead to frontogenesis or frontolysis. 


Turbulent heat exchange results, as is well known, in equilibration of tempe- 
rature; consequently it cannot lead to frontogenesis; frontolysis, on the other hand, 
greatly depends on turbulent heat exchange. 


Temperature difference caused by evaporation or condensation in a free atmo- 
sphere cannot attain considerable magnitudes. Only at the earth's surface might 
obtain conditions favorable to the appearance of a considerable temperature difference. 
This difference, however, will also not be representative, being only of local signifi- 
cance. 


Thus, frontogenesis can be attributed only to advection of air. 


Let us assume for the sake of simplicity, that at the initial moment the tempe- 
rature is a linear function of the ordinate ¥, whereby 
09, 04, 
dy = dy ay 


If the Y-axis is directed towards the high temperatures, we have 


o (9, — 44) 09 
mgr ~~ Oy (UY) — U2), 


i.e., in the linear temperature field the time variation of the temperature difference 
between two neighboring points entails a discontinuity of the normal(to the isotherm) 
component of velocity which is directly proportional to this variation. 


Thus, frontogenesis will develop only in a flow field in which the isotherms 
converge. In the opposite case, frontolysis will develop. 


Therefore,the most vigorous frontogenesis and frontolysis will take place 
in a deformation field, when two air masses move towards each other, spreading out 


laterally. 


In the simplest case of a plane purely deformational field the streamlines are 
equilateral hyperbolas (Figure 119). Such a region corresponds to a saddle in the 
pressure field. The point in the center of the hyperbolic field is called the neutral 
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or hyperbolic point. The wind velocity at this point is zero. The axis, along which 
the :wo air masses approach each other is called the compression axis, and the 
gecond axis—the expansion axis. 


Figure 119. Frontogenesis in a deformation field 


Figure 119 shows that the most favorable conditions for frontogenesis ob- 
tain when the isotherms are parallel to the expansion axis. Then they must approach 
each other, remaining parallel to their previous direction. If the isotherms are 
parallel to the compression axis they must move apart, remaining parallel to their 
original direction. 


Let us evaluate the order of magnitude of the velocity of frontogenesis and 
frontolysis for these simple cases. Assuming UV, ==—v, = 10 m/sec, we obtain 


the following variation per hour of the temperature difference between two air 
particles belonging to different streams: 


a 19/1000km = 19/500km 19/10 km 
Yl av 


d (8, — 4) 


° ° ° 
Fy. 0°.7 1°.4 7 


This table shows, that the velocity of frontogenesis and frontolysis is especially 
high in those cases, where a frontal zone already exists. Consequently, a front may 
become considerably more pronounced or diffuse in a very short time — of the 
order of several hours, 


If the isotherms form with the expansion axis an anglea, smaller than 45°, 
the isotherms will approach each other under the influence of the deformation 
field, i.e. , frontogenesis will set in, though at a slower rate, than in the case when 
@ equals 0°, whereby the isotherms will turn in such a manner, that qa—+ 0. 


If the isotherms form with the expansion axis an angle a, greater than 45° 
(Figure 120) they first move apart, i.e. , frontolysis develops, and turn so that a—> 
45°, Upon further rotation the isotherms will again move closer to each other, i.e., 
frontogenesis will recommence. Thus, only isotherms perpendicular to the expan- 
sion axis will consistently move apart. All the other isotherms in the deformation 
field will end by getting closer to each other. 


As already indicated above, a saddle in the pressure field corresponds to such 
a field of deformation, the saddle being formed by a crosswise position of two cyc- 
lones and two anticyclones. Therefore, frontogenesis takes place mainly in those 
regions, where such a pressure field is most frequent. 
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It is obvious that atmospheric deformation fields are by no means two-dimen- 
sional. Besides the two horizontal axes of deformation,usually athird deformation axis 
also exists, located in the vertical plane and inclined towards the horizon. We will 
consider the deformation field in the vertical plane. 


If the horizontal axis is the compression axis, the inclined one will be the 
expansion axis (Figure 121). Repeating the above considerations, one can easily see 
that in this case the isentropic surfaces will approach each other, which corresponds 
to frontogenesis. If however, the horizontal axis is the axis of expansion (Figure 
122), the isentropic surfaces will move apart, which corresponds to frontolysis. 


The kinematic conditions for the formation of inversions of precipitation differ 
from the frontolytic conditions in that in case of frontolysis the compression axis 
is almost horizontal, while in case of precipitative inversion it is nearly vertical. 


Figure 120. Frontolysis in a deformation field 


Figure 121, Frontogenesis in Figure 122. Frontolysis ina 
a vertical plane vertical plane 


Therefore in case of precipitative inversion the isentropic surfaces, 
drawing closer and closer together,form an almost horizontal inversion layer. 


The above consideration involves simple schemes, which nevertheless 
illustrate sufficiently well the frontogenetic role of the mutual position of the tem~- 
perature field and the flow field. These schemes will be brought somewhat closer 
to reality, if the effect of simple transfer will be excluded, also recalling that 
allthe aforesaidrelates to a coordinate system that moves together with the current. 
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Chapter XIV 
KINEMATICS OF THE PRESSURE FIELD 
$1. Characteristic Curves and Singular Points of the Pressure Field 


In the present chapter we shall discuss the very important practical problem 
of the regularity of variations in the pressure field, the explanation of which does 
not require the introduction of physical and dynamical concepts, butis entirely based 
on a given instantaneous pressure distribution and its temporal variation. 


Atmospheric pressure in the only meteorological element which is unconditionally 
representable and whose measurement is performed with great precision in the 
meteorological stations. Air pressure representing the state (weight) of the entire 
air column at the point of observation, is subject to accidental variation less than 
any other meteorological element. On the other hand, the pressure andits horizon- 
tal distribution are decisive for the distribution and variation of a number of meteo- 
rological elements. The singular formations of the pressure field and their dis- 
placements are related to the characteristic features of the weather and its variations. 


Thus, for example, the wind speed and direction depend to a great extent on the 
pressure gradient; in layers located above the friction level, where the effect of 
friction with the earth's surface becomes negligible, the pressure field corresponds 
quite closely with the velocity field. The cyclonic and anticyclonic nature of the 
isobaric curvature and the divergence of the isobaric gradient affect the vertical 
flow in the atmosphere. Frontogenesis is connected with the generation and growth 
of discontinuities of the pressure gradient, etc. 


The extensive experience accumulated by synopticians over the last decades 
shows, that all major features of the synoptic chart are reflected in the characteris- 
tic curves of the pressure field corresponding to the same chart. 


It is therefore natural that the study of the pressure field, its singularities and 
evolution should occupy a central position in meteorology. 


The aim of this chapter is to derive the principal relations determining from 
a given pressure distribution its subsequent variation, with an eye to their prognostic 
value. 


The pressure field on a synoptic chart drawn for any instant of time t, can be 
best represented by a family of isobars. In the next moment the isobars, generally 
speaking, will shift, deform,and assume new positions. The isobar shift can be 
quantitatively determined, if one knows their distribution and the pressure variation 
at some instant. 


The equation of the isobar family may be written thus 


p (x, Jy, ==, 
where ais the parameter characterizing aparticularisobar. Theisobars are curves 
characterizing the distribution of pressure; they may therefore be called character— 
istic curves. All points located on some isobar are ordinary points of the pressure 
fleld. But beside the infinity of ordinary points, which lMeon any of the isobars,the 
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pressure field generally also possesses a finite number of singular points, isolated 
among the other points of the pressure field and characterized by not lying on any 
isobar. These so-called isolated singularities of the pressure field may be centers 
of high or low pressure. In addition, the pressure field there may include also a 
finite number of singular points, at which the isobar intersects itself. These are 
the so-called neutral, or hyperbolic points. 


The variations in the pressure field necessitate the introduction of characteris- 
tic curves of a higher order. Let 


Op __ 


represent the pressure variations (or barometric tendencies). The lines of equal 
barometric tendency 


Op 
Bt ToT Tas 


(the so-called isallobars) are also characteristic curves of the pressure field. 


In the pressure field may be observed also more complicated characteristic 
curves, on which certain derivatives of the pressure functions are constant. 
Instances of such characteristic curves are the axes of pressure troughs and highs, 
being geometric loci of points of maximal isobaric curvature, the lines of maxi- 
mal curvature of the pressure profile, fronts, i.e., HMnes characterized by a dis- 
continuity of the pressure gradient, etc. 


In the following section we shall derive the general formulas, determining 
the velocities and accelerations of the characteristic curves. 


§2, The Motion of Curves 


Let us consider in the (x, y) plane, a family of curves 
S(x,y, =a, (1) 


depending on two parameters ¢ and @. The first parameter stands for the time and 
the second indicates the particular curve of the family in question. 


After a time ¢t elapses, the curve corresponding to a certain value of the para— 
meter a will shift and deform. In order to determine the new position of the charac- 
teristic curve in the (*, y) plane it suffices to substitute the corresponding time in 
equation (1). Let us point out that we are not interested in following the change in 
position of a particular physical particle moving along our curve since the correspon- 
dence of the points on two curves belonging to the same value of the parameter a 
is not governed by any physical law. 


£22 


Figure 123. Characteristic curves (family a) and directing 
curves (family 8) 
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The characteristic curves in question are not material lines at all. They are not 
permanently constituted of the same physical particles, being merely geometrical 
manifolds joining geometrical points at which the pressure or the tendency, etc, are 
equal. But even in case the lines are material (for instance, vortex filaments) they 
will not consist continually of the same particles. Only in case of a barotropic fluid 
ig it possible to determine a well-defined relationship between the physical particles 
for two positions of the vortex filament. 


However, for the determination of the displacement of the characteristic 
curves we must follow their line elements on synoptic charts in such a manner as to 
afford the identification of these curves in passing from one chart to another. 


Therefore we must label the points on the curve so as to be able to trace the 
motion of its separate line elements. To do this we may use the following method. 
We introduce ancther family of curves 


© (x, y,t) == 9, (2) 


ry, 1 


where # is constant for any particular curve. Let us call the new family of curves 
the "directing" family ( Figure 123). 


Thus, there are two families of moving curves undergoing deformation in the 
(x, y) plane. Giving definite values to the parameters a, b, t, we obtain two curves: 
a characteristic curve of family (1) and a directing curve of family (2). These curves 
will generally intersect each other at one or several points. 


Let us follow the motion of one of the points of intersection. The point we 
pick out on the curve ais "individualized". In contrast to all other points on the 
curve a it possesses the additional property, that during the entire motion it stays 
also on the given curve b of the directing family (2). 


In order to determine the coordinates of the intersection point of the curves a 
and k we have to solve the system of equations 
f(x, y, t) =a, 
¥ (x, y, 4) =O. 
This system (3) has a solution only if the functions f and y satisfy the following 
conditions: 1) these functions should be continuous in the neighborhood of (x,. Vg 
Of Of dg dg 


f,); 2) they should have continuous partial derivatives ~,~,~' “! in the same 
Ox’ ay’ ox’ oy 


(3) 


nelghborhood; 3) the functional determinant 


af of 
Ox’ oy 
Ox’ oy 


should differ from zero at (9; Vo, f). 


These conditions are uniquely fulfilled by one pair of functions 
x= x(a, b, 2), 
y= y(a, 6, t), 


corresponding to the system of equations (3) and equal to x) and y,, for f=). 


(5) 


This result has a definite kinematic meaning. 


We shall regard equations (5) asthe "laws of motion" of the individual point. 
dx dy ax dy 


The derivatives at’ di? da’ ae may be regarded as components of the "velocity" 
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and "acceleration" respectively of this "individualized" point of the curve. We 

use these terms with the proviso that the "individualized" point of the character- 
istic curve is still not a physical particle and that the above analogy with a 
physical particle is only necessary in order to enable us to use the appropriate 
mathematical apparatus: this analogy may be lacking in some cases, especially 
since the ''individualization'" can be accomplished by a great variety of methods. 


For the calculation of the components of velocity and acceleration of the 
"individualized" point, which we shall denote by c¢ Aa, A,, respectively, we 


x? Cys 
use the rule of differentiation of implicit functions. 


Differentiating (3) with respect to f, we obtain 


df __of of 
“omar e+e, ZF =0, ta 


whence 


—_—— © ae aoe—m = 86 o—— 


Oy ot oy ot] 
=+(2 of of . 32) (7) 


Ome a 


Ox ot ax ot} 
Differentiating (6) again with respect to ¢f, we get 


of __ Of of 
=o Tt 2 beat aya t Ms ody a 


of 
+o ey! of oy Sb A As Ay 5 = 9 


Jy 


d3p (8) 


dt2— = Fit 2, poi + 20 y aro teal y arog t 


ace cee, tA gtAag= 
whence 


a Bl (Ge +2 cdeeet 2 vee Tf 20,6 dese 
arc se (a0 + 2 arak ty at 
$200, 55 bee E+ cy5h) S| 
Ay = | (Gat? 0, PE + Dey 5 +20 Lyge5y + (9) 
Tes Sate y Sage (ab + Moree yet 
“f 2 * ty sea be x ‘Sete y st) sel, 


We have now computed the first and second time-derivatives of the coordinates 
of the "individualized" point (regarded as ''velocity’’ and ''acceleration’’ components 
of an individual particle); to ensure the existence and continuity of these derivatives, 
the functions fand ‘ must fulfil the following two conditions, in addition to those 
listed above: 

OF | 
ol ’ 
existence of continuous partial derivatives of the second order of the functions f 

and ¢ with respect to all the independent variables in the neighborhood of (Xo, Yo. t,). 


O 
4) The existence of continuous partial time-derivatives wh and 5) the 


We have thus obtained formulas determining the components of the instantaneous 
acceleration of the individualized points of the characteristic curves. These formu- 
las seem rather complicated. However, in certain cases they can be considerably 
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simplified. The formulas can be put in a particularly simple form when the given 
family of curves is the family (1), characterizing the distribution of some 
meteorological element or its derivatives, and the second ''directing"' family can 
be chosen at will, to fit the conditions of the specific problem. 


In that case the ''directing'' family generally has a purely geometrical mean- 
ing, but nevertheless, a case may occur where this family is associated with certain 
physical properties of the field as well. Thus, for example, considering the 
axis of a pressure trough as a characteristic curve, we can take another such axis 
(e.g., the pressure high axis) for the directing curve. The point thus individual- 
ized will have a definite physical significance as a node, i.e., a netural or hyper- 
bolic point. 


We shall consider only the first case, where the choice of the directing family 
is arbitrary. 


We assume that the directing family is a set of fixed straight lines, running 
parallel to the x-axis. 


Then we have 


f(x,y, t)=a; gp=y=d, (10) 
and all the partial derivatives of 9, except 
oy 
dy |) 
must vanish: d 
A Sc asd Oc OR, YO 
‘ Ox Ox? ax Oy” dy? Ot On — 
consequently D=—= = . Equations (7) give 
x 
of 
ot (11) 
Cy eae Of 2 Cy = 0, 
ax 


and from equation (9) we obtain: 


of e2 32 
A at eter SE A 
ecm of ’ y — 0. (12) 
Ox 
By the foregoing, we clearly do not impose any restrictions on the function 
f except for continuity, differentiability and the condition D=A0, and therefore 


formulas (11), (12), (14) and (15) are applicable to a very wide class of functions. 


We shall now apply the formulas obtained for the velocity and acceleration 


to examine the motion of the more important characteristic curves of the pressure 
field. 


$ 3. Velocity and Acceleration of the Isobars 


Let the isobar 
P(x, Jy; t) =a, (1) 


be the characteristic curve, whose motion we study. Orienting the x-axis along 
the isobaric ascendent (Figure 124) at a given point, we obtain: 


eeu (2) 


Op op O2p 
are tt Seat oe (3) 
Op . 

Ox 
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Figure 124. Computation of the velocity of an isobar 


Formulas (2) and (3) determine exactly the instantaneous values of the velocity 
and acceleration of the isobar at an arbitrarily chosen point, i.e., these formu- 


las establish the instantaneous kinematic state of the pressure field. 


But formulas (2) and (3) can also be used for the extrapolation of the pressure 
distribution over a small time interval f. The displacement S, of the isobar in the 


direction of the normal will be determined by the following approximate extrapolation 
formula: 


t2 
S,=¢t-+Az, (4) 
where 8S, is the displacement of the isobar along the original normal, and tis the 
prognostic period. 


Let us write formula (2) in another form. We recall that we have chosen the 


O 
coordinate axes so that =~ 


is a pressure ascendent. Working with individual iso- 
bars we may write 

Op ] 

jx | WI=F 
where h is the distance between two neighboring isobars. [If we also assume that 
2 = T, where T is the barometric tendency, formula (2) becomes 


Thus, the velocity of the isobar along its normal is equal to minus the tendency, 
multiplied by the distance between the individual isobars. From (5) it follows, that 
in the region of positive tendencies (T>0) the isobars move along the pressure 
gradient (c.< 0), and in the region of negative tendencies (T<0), they move along the 
pressure aScendent (c, > 0). If the acceleration determined by formula (3), is small, 
then for a not excessively long period of prognosis the interpolation formula (4) has 


the form 
S; = ¢;t. 


However, if the isobar is accelerated we have 


h=h,+(¢,.—¢,)¢. (6) 


h=hyH(q—e)tt+(4,—A)e, (7 


i 
and the pressure gradient equals 7 
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Since the wind velocity is usually proportional to the pressure gradient, 
formulas (6) and (7) allow to forecast it. 


However, temporal variations involve not only the density of the isobars and con- 
sequently the magnitude of wind velocity, but also their orientation and therefore 
the wind direction. Restricting ourselves to the case of uniform isobaric motion, 
we obtain the rotation velocity in the form 


Oc; _ Oh 

oT = @ ym (Ate Ss): (8) 
where == wat is the component of the isallobaric ascendent tangent to 
the isobar. Thus, the instantaneous velocity of rotation of the uniformly moving 
isobar depends upon 1) the isobaric density #, 2) the isobaric divergence 


oh 3) the barometric tendency, and4) the relative position of isobars and isallobars. 


Oy’ 
If the isobars are all parallel to each other, = 0, whence 
Oty 
a= — Ih 
Oc 
As can be seen from formula (8), the sign of ay is opposite to that of ly. 


Therefore, in the region where the component of the isallobaric ascendent is 
positive(/, > 0) andthe isobars rotate to the left, andviceversa. Thus, in the region 


of the isallobaric minimum, the isobaric curvature becomes cyclonic and at the 
isallobaric maximum, it becomes anticyclonic. 


If the isobars are parallel to the isallobars, L,= Q and consequently, 


Oc, Oh 

—f—— __ JT 9 

In case of isobaric divergence the isobars deviate towards the depression 
and in case of convergence — in the direction of the elevation. 


The foregoing argument demonstrates the importance of the relative position 
of the isallobars and isobars for the determination of the changes in the pressure 
distribution. 


We will now discuss formula (3), determining the acceleration of the isobars. 
With the chosen coordinate axes, the terms entering in formula (3) have the following 


0 
meaning: AA is the presure ascendent, encountered already in formula (2); 
Cp oT 


ott oe is the curvature of the barogram, or the local change of the barometric 
0 0 /(¢@ 
tendency; sont ox a) aay is the component of the isallobaric ascendent 


Op _O /dOp\ ,; 
Se = an (3) is the normal variation of the 


pressure ascendent, or the curvature of the pressure profile. 


along the normal to the isobar; 


All the quantities entering in formula (3), with the exception of can be 


ll 4 
F ot?’ 
taken from a simple synoptic chart. Only for the determination of xo is it neces- 
sary to have either a barogram, or two adjoining synoptic charts taken at a 3 

hour interval, with the values of the barometric tendency marked on them. 

We should note, that the barogram curvature greatly influences the value 

of the acceleration of the isobar. Expressing the pressure gradient, as before, by 
the distance between the individual isobars, we obtain: 


op __\. Op __ dh, 
Ox h’ Ore” aR’ 
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recalling that oe —=/,. we write formula (3) in the form 


Ox ot 
___&p cP? Oh 
Bia pg eed ee (10) 
Thus, one can consider the acceleration of the isobar to consist of three 
parts ? ” me 
A, =A +A +A ? (11) 
where Oo? 
foe 
A= —h are? (12) 
A" = — 2¢,1 fh, (13) 
ese: e;* oh 
~~ ho Ox? te) 


Most difficult isthe determination of the first component A’ of the acceleration, 
because it is expressed by a magnitude neither measured directly, nor calculated 
by the use of a single chart. This magnitude ©” is the barogram curvature. 
Typical barograms are shown in Figure 125. iS 


Figure 125 shows, thatif the barogramisastraight line, i.e. , whenthe pressure 
varies gradually and has therefore a constant tendency, or when a point of inflection 
occurs in the recording curve, we have 


O*p ' 
72 == YandA == (). (15) 


If the barogram is curved cyclonically (Figure 125 a, d, g), whichis possible 
at an accelerated pressure rise (a), at a decelerated pressure drop (@), or when 
the pressure Starts rising after having fallen (g), we obtain 


2> 0 and A' <0, ae) 


If the barogram is curved anticyclonically (Figure 125, h, e, A), which is 
possible at a decelerated pressure rise (5), at an accelerated pressure drop (é), or 
when the pressure starts falling after having risen (4), we have 


0? . 
53 <0 and A > 0. (17) 
Anyhow , the barogram facilitates the determination of the sign of the deriva- 


tive — (by the nature of its curvature). The magnitude of this derivative cannot 


be obtained from the barogram, and for its determination one can use any of the 
following three methods. 


1) This magnitude can be obtained as the difference between two consecutive 
three-hour barometric tendencies, if we adopt a 3 hour interval as the time unit, 
as is usually done in practice; we have 


i 7, (18) 


Whereby these tendencies should be taken for consecutive times, 3 hours apart. 


2) Since the tendency is in itself a difference between two consecutive 
pressure values 


Op 
or — T=p, — Py: 
2 
the value of sa can be obtained from three consecutive pressure observations 


by the formula 
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Cp 
Ott = (P2 — Pi) — (P, — Po) = Ps — 2p, + po. (19) 

32 
For greater accuracy of the determination of a one should use barometer readings 
and not barographrecordings, since the former are more reliable, being much less 
gubject to all kinds of random fluctuations, which distort the value of the barometric 
tendency as recorded by the barograph. 


Figure 125. Different types of barograms 


2 
The difficulty in the determination of the derivative - consists also in 


the necessity of knowing the tendencies at two consecutive moments, not more than 
3 hours apart. Incidentally, the precise sympiezometers widely used by the 


Soviet weather service eliminate the difficulty in the determination of 

2 

oe . By the use of these instruments one can obtain with sufficient 
2 

precision the pressure differences necessary for the calculation of ; 


Q2 
3) Finally, we would like to point out, that ae can be calculated from the 
igallobar velocity, if this has been determined beforehand with satisfactory accuracy. 


In fact, applying formula (11) § 2 to the isallobar, we find 


oT 
__ at __ tp 
a OF — on! (20) 
Ox 


where c, is the velocity of the isallobar in the direction of the pressure ascendent, 
and #7 is the distance between adjacent individual isallobars. 


Formula (20) is completely analogous to the formula (2) for the velocity of 
isobars. The isallobar velocity is positive, if the barogram is curved anticycloni- 
cally (Figure 125, b, e, h),and negative if the aren curves cyclonically 
(Figure 125, a,d,g). If the tendency is uniform = 0, the isallobar is static 


(cp =), except in the center of the isallobaric region, where = Q, being a 


singular point, for which Cr is of the indeterminate type 7: 


By the aid of two consecutive synoptic charts drawn at 3 hour intervals, the 
isallobar velocity of the ¢, can be determined. Knowing the distance H between 


adjacent individual isallobars, we obtain 


Cp Cr 
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and the corresponding component of acceleration will be determined by the formula 


h 
A'=c,.— (22) 
“T° 
Thus, the first component A’ of the acceleration can be expressed by any of the 
f ing f 1 
ollowing formulas —(T,—T,)h 
A'= — (Pp, — 2p, + p,) h 
h (23) 
Cry 


Formulas (23) show that other conditions being equal, the acceleration of the isobar 
willbe greater, the farther apart are the isobars spaced (largeh), the denser are the 
isallobars (small) and the greater their velocity (large ¢y). 


Tis, the component A’ of the acceleration will be greatest where the region 
of rapidly moving isallobars overlaps the region of dense isallobars. A’ vanishes, 
or approaches zero only for a uniformly or almost uniformly varying pressure, 
which corresponds on the synoptic chart to zero or very small isallobaric gradients, 
i.e, , to stationary isallobaric regions. This situation is encountered in the centers 
of isallobaric systems, and also in the warm sector of the cyclone. 


Let us also note, that A’ and c, have the same sign. The isobars are accele- 
rated if the isallobars move along the isallobaric ascendent, and decelerate if 
the isallobars move along the isallobaric gradient. 


We shall now turn to the study of the second component 4’ of the acceleration, 
determined by the relationship (13). 


Writing I= 7 , where Hf, is the distance between adjacent individual 
x 


isallobars, measured along the normal to the isobar, we obtain: 
” h 


(24) 


All the quantities in formula (24) are obtainable from one synoptic chart. 


The sign of the acceleration component A” is determined by the sign of the 
product of the tendency and the component of the isallobaric ascendent, according 
to the scheme presented in Figure 126. This is positive, if the pressure and isal- 
lobaric ascendents form an acute angle in the region of positive tendencies or an 
obtuse angle in the region of negative tendencies. 


The acceleration component A” vanishes in each of the three following cases: 

1) When the tendency vanishes. This happens in the vicinity of the axes of 
symmetry of troughs and highs. In these regions the velocity of the isobars also 
vanishes and the motion of the isobars is determined exclusively by the value of Aj. 

2) When the isallobaric gradient /==0, i.e., in the centers of isallobaric regions. 


3) When the igallobars are orthogonal to the isobars, i.e., when cos (/, x)= 0. 


Finally, the third component Ay can also be calculated by the use of data 
obtainable from a single synoptic chart: 


tr On pap Oh 25 
Ay EM pH (25) 
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= : Oh 
gure . Scheme of the signs Figure 127. Calculation of = 
of acceleration 


component A"' 


0 
For the calculation of se we denote the distance between the isobars (p,— I) and 


Py by #, and the distance between the isobars py and (py-+ 1) by #, (Figure 127). 


I 
For the middle isobar p, we may put | z (A, + h,), 


oh gh 

Ox Shy Saji (26) 
Substituting (26) in (25) we obtain after reduction: 

Aj = T? (hk, — hy). (27) 


Consequently the acceleration will be positive, if the isobars move apart in the 
direction of the pressure ascendent and vice versa. The acceleration A''' vanishes: 
1) inregions, where the isobars are uniformly spaced, which happens in the 
anterior and posterior parts of moving cyclones and anticyclones, and also in the 

warm parts of cyclones; 


2) in regions, of vanishing tendency. 


On the synoptic chart we often find regions, for which the motion of the iso- 
bars can be calculated without acceleration, or without taking into account certain 
terms in the expression of acceleration. Therefore, in order to avoid complicated 
and cumbersome calculations, one should look for such regions and perform the 
calculations for them. 


* 4, Velocity and Acceleration of Troughs and Highs 
In the preceding section we have shown, that the motion of the isobar 
greatly depends on the curvature of the barogram* ae i.e., on the 


local change of tendency, since this magnitude enters in the equation of the accele- 
ration of the isobar. At points where the barogram curvature reaches high values, 
its determination turns out to be technically rather difficult. The barogram 
curvature is observed to be especially great at highs, troughs or pressure centers. 
Postponing the discussion of the motion of pressure centers until the next section, 
we will deal here with the motion of troughs and highs. It should be stressed 
again that in principle one could predict the position of troughs and highs by pre- 
calculating the motion of the isobars, and only the practical difficulties in the 


determination of cB force us to look for some other way to precalculate the 
velocity and the acceleration of troughs and highs. For the sake of brevity we 
shall apply the term "baric axis’, since the formulas for troughs and for highs 
are gimilar. The task in which we are engaged naturally consists of two parts: 


*(Translator's note: The Russian text reads barometric tendency , an obvious 
misprint. ] 
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1) to precalculate the motion of the baric axis, and 
2) to precalculate the pressure changes on the baric axis. 


We shall treat only the first part of the problem. The baric axis ig the geo- 
metric locus of points of maximal isobzric curvature. We now introduce the 
equations of this axis. 


If the equation of the curve is given in the explicit form 
Y= y(x, t), 


with fas parameter, its curvature 3 is determined by the formula 


o= TE ya 
If, however, the equation of the curve is given in the implicit form 


f(x, y, t)==const., 


then, since of 556) —2 Of Of. se +54( of)? 
, Ox OK? OY oxdy dx dy ' dy?\Ox 
scree) I daca af\s 
35 (55) 


pears Oy * dy? \ox 


ot (sf)— 9 &f | of 6 +54 (3)" is 
(ZH) + (2) a, 


The curvature of the isobar 


p(x, y, t)==const, 


will therefore be 


(By 2 Be Ba ga) 


0x dxdy Ox dy ' dyt\ox 


me Te 


We look for the points, where the curvature of the isobars has a maximum; 
but these points also lie on the isobars. Therefore, their coordinates should also 
satisfy the equations of the corresponding isobars. To be definite, we take «as 
the argument of the function y, satisfying the isobaric equation 


p ==const, (4) 
The necessary condition for the magnitude a(x, y) to be maximal, is given by the 


alit 
equ y - Oc dy 0 
eT Oy ae : 


% dy (5) 
+z et 
And this is possible only if 
Oo Os 
came (6) 
ap ap| = 
Ox oy 
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This relationship is satisfied by points of maximum isobaric curvature which 
lie on the corresponding isobars. Relationship (6) is the equation of the baric axis. 


Designating the left-hand side of (6) by F, we obtain the equation of the baric 


axis in the form ee 5 
at By 
 — —) 
ee (7) 
Ox’ oy 
According to (11) § 2, the velocity of the beri axis is: 
Cc, = __ at 
oe (8) 
Ox 


where we. Oe oe eee 
OF __|oaxot’ oy Ee ox’ dyoat 
cae a8 UP Op o2p ’ 
Oxot’? ody ax’ dyat 
Qo ds} (do as (9) 
OF _|dx?’ oy Ox’ Ox dy 
Ox |p op 5 Op Op 
ax?’ dy ax’ dx dy 
Formula (8) may be somewhat simplified by a special choice of the coordinate axes. 
Namely, we direct the ¥-axis along a tangent to the isobar so that initially 


oP —0; obviously, the ¥-axis will not necessarily be normal to the baric axis 
Xx 
(Figure 128). The instantaneous velocity of the baric axis will then be expressed 


by the formula 


sc Op Op ds 


(10) 


Figure 128. The baric axis and the characteristic line 


Differentiating (3), we get a correct but practically unapplicable formula, 
determining the instantaneous velocity of the trough in the direction of the tangent 
to the isobar 


foe fo CP: OP op. O'p Cp Ap 
LA Ox at | dx? at dy — +o axe gyt} | 
—% | Hp op, dp wp p 3 %p_ dp _}\ (11) 
Oy |ax3ot dy ' ax8 Oyot — ie, t dxdy 3 ot dx dy al 


where 


__ Op (ap 8p 2 /dép op 
~ Oy (5 _ 25 ae Py +3 (5a) ° (Se —3) ° 
The formula for acceleration of the baric axis will be even more complicated. 
Thus, precise formulas for the extrapolation of the motion of troughs and highs 
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neue be used for practical purposes. We shall therefore try to derive approximative 
ormulas. 


Let us consider the case of a progressive movement of baric acs. By the 
previous choice of coordinates, all the points lying on the baric axis will in 
this case move parallel to the x-axis, the equation of the baric axis will have 
the form 

LP 0 

Ox (12) 
throughout the whole motion and not only at the initial moment, as in the general 
case. 


Considering (12) as an equation of a characteristic curve, we get 
O%p 
c, a= Oe ot 
L 2p > (13) 
Ox? 
o3 
son | aCy sant Ci oa 
®p (14) 
Ox? 
However, also in case of rotation of the baric axis there will be in the neighborhood 
of the trough such a characteristic line, for which the condition = = 0 will be 


A= 


constantly fulfilled. But this line will coincide with the baric axis only at the 
initial moment, and will gradually depart from it. 


Figure 128 indicates the position L of the baric axis at the initial moment and 
its position L’ after time t. L' describes the position of the characteristic Lne 
0 
determined by the condition - = 0 and coinciding initially with the trough. If the 
baric axis is rather pronounced, the # 0 line lies very close to it. A conside- 


rable difference appears in case the baric axis is not clearly defined. But this 
case is not of practical importance. 


$ 5, Motion of Pressure Centers. 
Other Formulas for Extrapolation of the Pressure Field 


At a center the pressure has a relative maximum-or minimum. Generally 
speaking, one can draw two baric axes through the pressure center, one of them 
through the points of maximal curvature of the isobars and the second through the 
points of minimal curvature. Therefore, the problem of the motion of the baric 
center reduces to the determination of the motion of the point of intersection of the 


two baric axes. 


We shall limit the discussion of the motion of pressure centers to their 
representation by points, remaining for a certain period of time stationary points of 
the pressure field, i.e., points for which the following relationships continually 


hold Op (x, y, t) —0 Op (x, y; t) —0 
Ox 3 oy ~? (1) 


although the pressure at these points changes with time. 


It is well known that a function of two variables which satisfies condition (1) 
has a minimum if 


op 02p dap 
4 > 05 a> eb. OB (aes <5) — ~ Ox8 * Gye C9 " 
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and a maximum, if 


op ; __ { op \?__ op Mp 
xt S 9 F< s= (35) —- Ox? * gyi SO (3) 


Let us assume, that the function p(x, y, ¢) has continuous derivatives of the first 
and second orders with respect to all arguments. Applying the rule of differen- 
tiation of implicit functions, we obtain from (1) the following expressions for the 

components of velocity of the pressure center: 


_.4x_ 1 rE Sh ee gee] 
©. = Gt — 0 \axdt dy” dyat’ dxdy)’ 


_ ay * Op tp op a). 
~ dt Oy ot Ox Ox Ot O oy 


(4) 


If the baric axes which pass through the pressure center do not rotate, then 


e 
ino = and formulas (4) are simplified: 
op Op 
5 Op ’ ‘= “ip . 
Ox? oy? 


In this simple case the components of the acceleration of the pressure center 
also have a relatively simple form: 
o3p Op Op dp_ 
Ox ot? Ox? “~ dxdt dx®et 


ap ap 9 Mp ap 
Ae oyoti oy? Oyot dydt 
| aa (pi 
(ss) 
Analogous formulas can be derived for the motion of a front, fcr pressure 


variations on the axis of the pressure system and at the center, for fronto- 
genesis and frontolysis and also for the generation and dissolution of pressure centers. 


50, for example, by the use of generalformulas, it is easy to obtain the velo- 
city and the acceleration of the front, the equation of which may be written in the 
following form: 


Py (x, y; t)— p, (x, y, t)=—— 0. (7) 


If the y-axis is parallel to the front and the x-axis orthogonal to it, then 
according to the preceding chapter 


Op) (x, y, th = Opalx, y, ) 9 (8) 
oy oy 
and 
Op, (x, y, t) — Patt *: f) 
2 £0. (9) 
Therefore, the front velocity c, will be given bas 
OP1 _ Ope 
ot ot 
eee 1 aed 
Ox Ox 
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and its acceleration by the formula 


Op, Op, ( Op, pr Op, py 
(F — Se) a Ph — sh) bey (a - 5a) 
Op, _ Op, 
Ox Ox 


A,= rad 


In case of occlusion of a cyclone the cold front overtakes the warm one, 
displacing the warm air mass. Therefore, the occlusion process may be quanti- 
tatively estimated by the shortening of the distance between the cold and the warm 
fronts along the *-axis: 


4 


Sap Sw = (Cy ¢— Cos) t ae (Any Ay) 9? (12) 


where the index k denotes the magnitudes referring to the cold front and the index w 
those which refer to the warm front. 


For a more detailed study of the kinematics of the pressure field we refer 
the reader to the handbook ''Methods of Pressure Field Extrapolation" 
(Hydrometeorological Publishing House, 1940) and especially to the detailed papers 
by A.F. Dyubyuk and E.S. Kuznetsov. 


The extrapolation formulas derived in this chapter and others of the same 
type are purely kinematic. Therefore, on the basis of these formulas one can 
deduce nothing as to the causal connections between the different variations in the 
pressure field. The synoptician, of course, has often recourse to extrapolation, 
for inferring future variations of the pressure field from those already observed. 
The extrapolation formulas given and similar ones, allow to base the extrapolation 
on a better theoretical foundation. They permit the forecaster to take into account 
the structure of the pressure field in his evaluation of future variations. 


However, the essence of extrapolation is namely this, that on the basis 
of infinitesimal variations occurring at acertain moment, wetry to predict the value of 
gome function in the more or less distant future. But is this infinitesimally 
gmall variation more accessible than the finite variation in the remote future? The 
answer is, no. First, because the instruments we use are not perfect, and second, 
which ig the main reason, because this statistical regularity, which we ascribed 
to the extrapolated function (continuity and differentiability), is true as long as we 
consider its broad features, and is invalidated for the finer details. Therefore, 
formal extrapolation can never enable us to penetrate the future. 
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Chapter AV 
TURBULENT EXCHANGE, SPECTRAL STRUCTURE OF TURBULENCE 
$1, Fundamental Formulas of Turbulent Exchange 


The first experiments in the field of turbulence have already shown that as 
soon as the Reynolds number exceeds a critical value, the flow ceases to be lami-— 
nar, The trajectories of the individual particles are no longer regular and 
become increasingly tangled and mixed up. Hereby only the mean velocity of the 
flow preserves a well-defined value and direction, while each air particle acquires 
its own additional velocity. 


In Euler's representation turbulence is expressed by temporal fluctuations of 
the velocity and other quantities. In the Lagrange representation, turbulence is 
expressed by chaotic motion of particles along very complicated trajectories, 
whereby the particles are constantly mixed. This macroscopic motion recalls the 
chaotic motion of molecules, 


The most characteristic feature of atmospheric turbulence is the turbulent 
mass exchange and the corresponding mixing of air. In the macroscopic transfer, 
the "turbulence element", or the individual eddy does not simply penetrate the sur- 
rounding air mass, but is carried along with it. Therefore, in the course oftime the 
element of turbulence dissolves, so to speak, in the surrounding air. This is the 
principal difference between a vortex in the atmosphere, being a real viscous fluid, and 
a vortex in a perfect fluid. A vortex formed in a perfect fluid moves without mixing 
with the surrounding fluid and persists indefinitely, hence the notion of *mixing” 
is out of place as regards perfect fluids, whereas for the real atmosphere itis a 
basic and most characteristic property of motion. 


Thus, exactly as the chaotic motion of molecules causes the development of 
relaxation phenomena~viscosity, heat conduction and diffusion, so the chaotic 
motion of the elements of turbulence—moles [sic] or eddies—results in analogous 
relaxation processes. These, in distinction from molecular processes, are called 
the " eddy viscosity® (or ® exchange coefficient®), "eddy conduction of heat® and 
Reddy diffusion®. 


The effect of turbulent mass exchange, or mixing in the atmosphere, is con- 
siderably greater than the effect of molecular exchange, and hence the latter can 
very often be disregarded. 


The mathematical theory of turbulent exchange has been developed over the 
last 30 years. We shall discuss the theory of turbulent exchange on the basis of a 
very strict and systematic presentation, published in 1931 by the Soviet scientist 
L.V. Keller, 


For the sake of simplicity we shall consider a flow of air over a horizontal 
surface, caused by the pressure gradient. We assume that the motion of the air 
is likewise horizontal, but only on the average. We direct the x-axis along the 
mean current. The components of the mean velocity along the y-and z-axes vanish 
in this case, 
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As regards the components of the additional local velocity, they all differ 
from zero. We will limit our discussion to plane motion. 


We consider certain properties of air, which we would call substances. This 
is an arbitrary term, since it covers not only substances in the proper sense of the 
word, (dust, water vapor,etc), but also quantitative characteristics of air. 


We assume that a substance displays the following three features, distinguish— 
ing it from other characteristics: 


1) Substance is not destroyed during its transference together with the elemen— 
tary particles of air, i.e., it remains constant as long as the particle in question 
does not mix with the surrounding air. 


2) The total quantity of substance is preserved when two masses of air are 
mixed [additivity]. | 


3) A substance is "passive®. This means that its admixture with the air 
does not greatly affect the development of turbulence. 


Substance is a quantitative characteristic of air, as opposed to other charac- 
teristics which are qualitative. The difference between them is based on the behav- 
ior of these properties upon mixing. If we mix two air masses M? and M® posses- 
Sing acertain characteristic to the amounts Q' and Q® respectively, the substance of 
the mixture will be: 

MQ = M'Q' + M'Q", (1) 


and the qualitative characteristic of the mixture will be: 


7 M'Q" + M"'Q" 
O° eM (2) 


Examples of quantitative characteristics or substances, are: momentum, 
enthalpy, electric space charge, and kinetic energy. 


Among the qualitative attributes we mention: density, velocity,and tem- 
perature. 


One should especially emphasize that upon mass exchange of air, not the 
temperature and velocity are exchanged, but the corresponding enthalpy and momentum. 
Only in case of an incompressible fluid may one speak of exchange or mixing of 
temperature and velocity. 


Let us denote the specific substance, i.e., the amount of substance referred 
to unit mass, by s, and the density of the substance, i.e., the amount of substance 
per unit volume, by 9. Between s and 6 exists the following obvious relationship: 

==p-s. We shall refer in our discussion to the density of the substance, and 
write the results for the specific substance by analogy. 


Let us consider a sufficiently large horizontal surface f, moving together 
with the mean air current (Figure 129). Each element of turbulence, moving on 
the average together with this surface, will cross it, ascending or descending with 
its own vertical velocity. Together with this vertical mass exchange of air, the 
gubstance will also be transferred along the vertical. 
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nt Re IT 
Figure 129. Determination of the eddy flux ofa 
quantitative characteristic 


The quantity of substance transferred across a surface element per unit time 
will equal 3:w-df, and the total amount of substance @ passing through a unit area 
per unit time equals 


Om 7 | ea (3) 


We shall consider the substance of a particle as a function of its position 
and the time: o(x, y, z, t). However, the fluctuations in the distribution of the 
substance over the surface f are smoothed out in averaging, so that ¢=6 (z,t). 


The vertical velocity of a particle is also a function of its position and 
the time w(x, y, zZ, t). 


It is important to point out that the surface f over which the product ¢-W, 
i.e., the vertical flux of the substance is averaged,should be very large. At any 
rate,it should be large enough to ensure a sufficiently comprehensive totality of the 
values of ¢@ and w to afford the selection(with respect to some auxiliary character- 
istic) of a subset large enough to possess a stable average. 


Let us make this selection with respect to two characteristics: the initial 
altitude Zg at which the substance was located before its transfer to the surface f 
and the initial value of the velocity w., Itis obvious that at the initial altitude Z, 
the velocities can possess any value whatsoever, Therefore,to each value of w may 


correspond a large number of different values of 6 oS y, Za? ty). The integral 
0 


(3) will then split into a large number of integrals, each extended over a surface 


belonging to the corresponding values of 20 and Wo: Integrating over such a surface 


and dividing by the surface area we obtain a certain average value of 6 (Zt 0) 


whereby we retain the previous designation for brevity. Thus we obtain a certain 
averaged field of the substance g whereby,in contrast to the previously formed 
time average, we in this caSe average over the area. 


We further assume that the distance(z-z_) covered by the particle trans- 


ferring the substance and the time interval (t-to) are sufficiently small. We ex- 


pand the area average of the substance in a Taylor series and retain the first 
order terms only: 


a(2, t)= 9 (2, £4) +S le — 2) +S (t— th), (4) 
whence: 
0 g 
O(2, £,) = 9 (z,, fF) —> (2—2)—¢ (¢—f,). (5) 


Multiplying (5) by w and integrating over the surface f, we obtain: 
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Q=F7 ca ty) w-df, 
(f) 


or, taking (5) into account, 


1 Oo Os 
a= 7 | [ot t) — 53 (2-2) —F (t—t)| w- af (6) 


Os Os 


In the integral (6) the following terms are constant: @, 32’ OF 


being mean 
values for the whole area, tg being a parameter independent of the position of the 
surface element df on the horizontal plane f, andt, since the integration over the 
area is performed for a fixed instant of time. 


For each element of f the variables are: the vertical velocity w, with which 
the air particle moves across the surface, and the distance (2-2, ) from the level 
on which the particle was initially situated. 


Putting the constants in front of the integral sign, we obtain: 
Oa 1 Oc | 
O= lez, )—F(t—t)| 5 (waf—. 7 { wle—2eaf. 
f Y/) 
Assuming that the volume of air crossing the surface f downwards equals the 


volume of air crossing it upwards, the first integral vanishes. Then we obtain for 
the flux of the substance: 


A=: ~% 4 | wiz—z,)af, (7) 
in 
Introducing the notation: 
K= 7 | w(z—2) af. (8) 


(f) 


we have the eddy flux of the substance expressed by the formula: 
Os 
ae K 2 9 


We shall call the magnitude K the coefficient of turbulence. As can be seen 
from (8), K is the mean value of the product of the values w and (Z-Z)): 


K=w(z—z,). (10) 


Let us remember that z and Zz are coordinates of one and the same particle 


at the times t and ty and that w = = the averaging is carried out at one instant of 


time over a sufficiently large area. We usually assume that such averaging may 
be replaced by averaging over a sufficiently long time interval at a certain fixed 
point Zo: 


Further we have: 


were—————EE eee eee 


——s d d Je—a\s 
K=w@—2) = (z — 4) Gle—20 = F (=F) - (11) 


If K is a time-independent, the differential equation (11) can be easily inte— 


grated: cue 
2K (t — t,) = (z—z,)*. (12) 


On the right-hand side of f12) stands the mean square of the distance of the 


particle from its initial level pe For constant K this mean square is directly 
proportional to the time t-tp. Thus, the magnitude: 
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Ts oe >? 
fee et eens Lat (13) 


is half the mean square of the distance, referred to unit time. 
The coefficient of turbulence K may be yet differently expressed: 
K=w (z—2)="2,2,-2,, (14) 


where r is the coefficient of correlation between the vertical velocity w and the 
distance (2-2), 2. and > eae being the mean squares of w and zz, respectively. 
0 


having the dimension of length, the 


We will term the product l!’=r 2 a) 
0 


tmixing length®, Evidently, 
..—— {' . Dis (15) 


This somewhat arbitrary length is probably connected with the mean distance 
covered by the transferred particle in the exchange process. However, the notion 
of mean distance of transfer, as we shall see in the following, is also quite arbitrary. 
Therefore, the introduction of the "mean mixing length" is necessitated chiefly by 
the impossibility of measuring the mixing length itself. 


Repeating the reasoning which has led to the derivation of formula (9) for 
the specific substance s, we obtain the following result: 


ete A (16) 
where 
A= pw (z —2Z,) (17) 


is the so-called exchange coefficient, first obtained by Schmidt, but in a somewhat 
different form. If we ignore the density variations which are extremely small in 
comparison with the variations in w and (2-2), the following simple relationship 


between the coefficient of turbulence K and the exchange coefficient A will obtain: 
A= 0K. (18) 


It follows from the foregoing, that the values of the coefficients of exchange 
and of turbulence are completely independent of the nature of the particular sub- 
stance and its distribution, and are exclusively determined by the extent of turbu- 
lence in the atmosphere. Therefore, the flux determined by equations (9) or (16) 
is also completely independent of the particular substance, being determined solely 
by its gradient and by the extent of atmospheric turbulence. 


That means that having somehow determined the exchange coefficient, we 
can calculate the flux of any substance. For this purpose it is sufficient to know 
only the mean value of the vertical component of the gradient of this substance. 


This circumstance greatly increases the usefulness of the exchange formula. 
Incidentally, we shoud not overestimate the importance of the obtained result. 
In the derivation of formulas (9) and (16) we have imposed a number of restrictions, 
some of which are very severe. We mention the most important: 1. Formulas 
(9) and (16) are applicable only to indestructible substances which are conserved; 
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therefore its application to the transfer of momentum, for instance, is not entirely 
justified, since momentum is gradually destroyed by the action ofinner friction, and 
also varies under the influence of other forces (pressure gradient). 2. Formulas 
(9) and (16) are obtained by averaging over a very large area, which may be replaced 
by averaging over a very long time interval. They are therefore applicable only to 
very slowly varying processes. 


Numerous calculations of A and K from observations on the transfer of differ- 
ent substances in the atmosphere have shown that A (and consequently K too) 
greatly varies with altitude and time. Therefore, the assumption that A = const., 
K = const. , is too crude and sometimes completely distorts even the broadest 
features of the phenomenon. 


Vertical transfer of substance leads to a temporal variation of the surface 
average of the substance in a turbulent air flow. We will derive formulas determin- 
ing this variation. 


Consider an elementary parallelepiped of a unit base and height Az, moving 
without rotation with the mean air current. Due to turbulent exchange the substance 
will flow into the parallelepiped through its bottom and flow out through the top. 

The flux through the the lower and upper bases will respectively be: 


Oc 


Q(z) == — K (2) (52) and Q(z+-A2) = — K(z-+-Az) (Se) aac’ 


The difference between the amount of substance flowing in and out per unit 
time will be: 


Gs , OKas __9@ Oc 
(KE +55) Az=>5, (Kz) Az, 
whereby we have neglected the terms of second order. This difference equals the 
change of substance per unit time within a moving volume element ay Az: 1, 


Equating these expressions and cancelling Az, we obtain: 


do 0 Os 
ee cece odie 9 
dt az (KS). as) 


If K does not depend on altitude, we obtain: 


OS gps (20) 


ds_N oO (AZ (21) 
t 9 Oz oz} ' 
and when A is independent of z, 
gece (22) 
at ¢ Oz?" 


If we neglect the variations in 9, equation (21) for the specific quantity of 
substance coincides with equation (19) for its density. 


Equations (20) and (22) are called the equations of eddy diffusion or Fick's 
equations, because they are completely analogous to Fick's equations for molecular 


diffusion. 
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d, ; 
Let us note that the individual differentiation dt in the left-hand side of the obtained 


0 : 
equations can be replaced by local differentiation Gr» since we are interested in 


the surface average of the substance, which by assumption varies only with altitude, 
but not horizontally. In most cases this assumption may be taken to hold in the 
atmosphere, 


Concluding this section we may say that in case of horizontal motion the ex— 
change coefficient essentially expresses the atmospheric turbulence. The value 
of the exchange coefficient includes the average intensity, as well as the average 
size of local motions in the atmosphere. It is remarkable that the value A can be 
found from observations on almost any meteorological element. 


§ 2. Momentum Transfer 


In the previous section we have derived exchange formulas for an arbitrary 
substance. We shall now apply these formulas to real substances, starting withthe 
momentum. 


Strictly speaking, momentum is not a passively transferred substance. It also 
does not possess the basic property of substance-—its indestructibility. In reality 
momentum is destroyed by forces of internal friction and also destroyed or produced 
by its transfer into layers having other values of the pressure gradient. 


We may assume, however, that in a not very thick layer, in which the process 
of momentum transfer occurs, the pressure gradient does not change with altitude 
and the variation of momentum under the influence of friction is so small thattoa 
first approximation it may be neglected. We turn first of all to the analogy between 
turbulent and molecular transfer of momentum. Molecular transfer of momentum 
is expressed by Newton's law of viscosity: 


ray 44 
=p dz » 
] : ; 
where h= — ple is the coefficient of viscosity, ?—the density, 1—the molecular mean 


free path, c— the mean molecular velocity. 


During turbulent flow, stresses caused by momentum transfer develop in the 
fluid,in addition to those due to the gradient of the mean current velocity. For 
plane-parallel flow, the additional stresses will equal pu'w', 


The molecular stress does not disappear at that, and the additional turbulent 
stress is superimposed upon it, so that: 


tp Se — pu'w, (1) 


Since the additional turbulent stresses is considerably greater than the molecular 
stress, one can always ignore the latter. The additional stress can only increase 
the total stress, but not diminish it; therefore: 


t= —pu'w' = —rt 2, > 90, (2) 
and the coefficient of correlation between u' and w' should be negative. 
For precise calculation of the additional stress, it is necessary to find all 
the separate values of u' and w' and then determine the mean value of their product 


u'w', However, the values of u' and w' cannot be directly measured. Therefore, 
the determination of the additional stress reduces to the discovery of the relationship 
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between u' and w' on the one hand, and determining the (measurable) mean flow 
velocity on the other hand. 


Prandtl postulated a number of fruitful though not very rigorous hypotheses on 
the nature of these relationships, and in 1925 elaborated a theory of the transfer 
of momentum. 


Since each fluid particle possesses, together with the horizontal velocity compo- 
nents, also a vertical component w', the particle trajectories in plane-parallel 
flow are sloping lines. According to Prandtl, a certain additional momentum pu‘ 
is transferred from layer to layer with velocity wt along these trajectories, 


Let us assume that a particle brings from a certain level z, a momentum 
consistent with the mean flow velocity us at that level, and carries it over to 


another level Zo» where the particle mixes with the surrounding fluid, acquiring a 


velocity u The segment of the vertical projection of the particle's trajectory en- 


9° 
closed between these two levels is called the ''mixing length" after Prandtl. We 
shall denote the mixing length by 1'. 


Thus, at t'e levels Zy and Zo the individual air particle possesses a momen- 


tum equal to that of other particles moving with the mean flow velocity, and con- 
sequently its motion does not differ from the average motionof other particles. Only 
upon passage from the z, to the z, level does the particle exhibit its specific 
character, which it acquires at the Zy level and loses at ‘he Zo level. 


If the mixing length is short in comparison with the dimension of the flow 
system, we can assume: 


ey (3) 
lo ™~ dz* 
Prandtl puts: 


ar A 


i.e., he identifie: the difference between the mean velocities at the different levels 
with the pulsation velocity at a fixed point. Consequently, following Prandtl, 


yay (4) 
if one substitutes u' in (2), the additional stress will be expressed by the formula: 
ange yr OU 
t= — pw'u' = — pw'l’ —. (5) 
On the other hand, the momentum flux density is expressed by the formula: 
ee 7 ee a (6) 
Q=—pwu=—A Prk 
We therefore obtain the following expression for the exchange coefficient A: 
A= pw'l'. (7) 
Evidently the exchange coefficient is obtained similarly to the viscosity coef- 
ficient }#t. However, the numerical factor 1/3 is missing in the exchange coefficient, 
since we introduced 1' only for one direction—perpendicular to the flow, while in 


the consideration of three dimensional molecular exchange, the molecular mean 
free path was used. Instead of the average molecular velocity, the exchange 
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coefficient contains the vertical component of the pulsation velocity, perpendicular 

to the mean flow velocity Instead of the molecular mean free path, the mixing length, 
i.e. , the segment of the vertical projection of the trajectory, traveled by the par- 
ticle up to its complete mixing with the surrounding particles, is introducedinformula 


(7). 


But formula (7), determining the exchange coefficient, still contains the addi- 
tional instantaneous pulsation velocity w', which can be expressed by the mean 
velocity in the following manner. It is natural to assume that w' ghould be connected 
with the rotation of the fluid particle, or, which amounts to the same, with the 
vorticity, which after averaging can be expressed by ow. 


Prandtl applies a proportionality law also in this case: 


wal’ a (8) 
Combining (8) and (5), we finally get: 
reo] 0 (SE \ (9) 
where i =1']''. The exchange coefficient will now be expressed by the formula: 
A= pit |. (10) 


Prandtl's theory is not rigorous, for, as we have seen in the process of its 
derivation, Prandtl makes use of a number of assumptions which are not obvious 
at all, some of which even contradict experimental data. 


1. Assuming u, - u,= u!, Prandtl identifies the difference between the mean 


2 
velocities at points located at different distances from a rigid wall, with the pulsation 
velocity at a given point. The pulsation of velocity is thus considered as a variation 
in the mean velocities, transferred between different points of the flow. This 
assumption is unfounded and contradicts the experimental results obtained in wind- 
tunnels, which have shown, that while the mean velocities away from the walls do not 
differ greatly among themselves, the pulsation velocity may reach 20% of the mean 
velocity. 


2. Prandtl assumes that mixing is a discontinuous process, At the beginning 
the velocity is simply transferred without any variation at all, and then, after the 
particle has covered a distance equal to the mixing length, it spontaneously mixes 
with the surrounding particles and acquires a velocity equal to the mean flow velocity 
at this point. It is not clear how the process of mixing can be discontinuous, how 
a particle can preserve the velocity it transfers without being affected by viscosity. 
We are even more baffled, noting that, according to Prandtl,the particle transfers 
not the instantaneous velocity it possessed at the outstart, but a mean velocity. 


3. Prandtl assumes that the vertical pulsation velocity w' serves only for the 
transfer of the horizontal momentum, while in reality this velocity itself is being 
transferred, whereby the order of magnitude of wf and u!’ is the same as confirmed 
by measurements. 


4. Prandtl introduces the length through a differential expression referring to 


the final point of the path, although the mixing length is determined by a known 
integral expression including the initial as well as to the final points of the path. 
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Regardless of a number of inaccuracies and obscurities, Prandtl's theory 
is widely applied in hydrodynamics and aerodynamics. This can be explained by the fact 
that the magnitudes 1' and 1'' entering in Prandtl's formulas can be considered 
not the proper mixing lengths, but only proportional to them. By such a general= 
ization the theory loses its geometrical visuality but becomes more rigorous, where= 
by it becomes possible to draw certain other conclusions from Prandt]'s formulas. 
We mention the simplest of these conclusions, based on the method of dimensions. 


We look for relations of the type: 
Ter ee du 
[veo] = (2). (11) 


2-2 
The left-hand side of (11) has the dimension L T and on the right-hand side 


stands a function of a quality whose dimension is oy, Evidently one has to introduce 
into the right~hand side some length 1. Let us search for a function f in the form 
of a mononomial: 


\wrao'| =m (-2E)" (12) 


where the exponents m and n are still undetermined. Equating the exponents of L 
and T on the right and left sides of equation (12), we obtain m = 2; n= 2, hence: 


—. 2 
u'w' = l? (=) e. (13) 
az 
This is Prandtl's formula, but the coefficient 1 igs yet undetermined. It follows 
from the foregoing that the introduction of the mixing length is not formally obliga- 


tory, but it is still very tempting due to its physical (or rather geometrical) vis— 
uality. 


Expressing the shear stresses and velocities at different points of the turbulent 
flow by the formula: 


iy \2 
t= P? (4) ‘ 


we find the value of Prandtl's mixing length: 


= ee (4 as (14) 
Pp \ dz 


Measurements performed in cylindrical tubes have shown that the magnitude 1 varies 
with the distance from the wall, within the limits of 0-14% of the tube radius. It 

is usually considered that 1 is a linear function of the distance from the wall | = kz, 
whereby k=0.4. 


The above results are of special importance for the study of air currents in 
the lowermost atmospheric layer, adjacent to the earth's surface. 


However it is not always possible to apply these results to the free atmosphere. 
Thus, for example, in the free atmosphere the mean velocity very often does not 
vary with altitude, i.e., u= const. In that case according to (10), the exchange 
coefficient vanishes, i.e., there should be no, turbulent exchange at all in the free 
atmosphere. The observations on temperature and humidity variation in the free 
atmosphere show that when su = 0 the turbulent exchange by no means ceases. 


The notion of the mixing length has the advantage of direct geometrical visuali- 
zation. The notion of the exchange coefficient is not so obvious, since it depends 
not only on the purely geometrical quantity 1, but also on the velocity and the density, 
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However, only the foreknowledge of the exchange coefficient permits to use direct 
calculations in the numerous problems of atmospheric turbulence, or rather in the 
problems of turbulent exchange. 


Incidentally, the foregoing argument is valid only for conditions obtainable in 
a free atmosphere, far from the earths surface. For the friction layer adjacent to 
the earth's surface, the concept of mixing length as a measure of turbulence is of 
immense importance for meterology, owing to the simple geometrical relationship 
the mixing length bears to the altitude and also to the roughness of the underlying 
surface. 


$ 3. Vorticity Transfer 


Almost simultaneously with Prandtl, Taylor developed a theory of vorticity 
transfer. Taylor thinks that the erratic nature of turbulent fluid motion is con- 
nected with the irregularities in the distribution of hydrostatic pressure. There—- 
fore, upon transfer of a finite fluid mass from one layer to another,one should not 
ignore the fluctuation of pressure and the associated formation of pressure gradients. 
One cannot assume that the momentum of a fluid mass is preserved during the 
transfer of this mass. 


Restricting himself to the consideration of plane-parallel motion, Taylor argues 
that upon transfer of a fluid particle, not the momentum is preserved, but the 
vorticity. 


Taylor's reasoning is quite convincing. In fact, the vorticity in a turbulent 
stream is preserved for a longer time than the momentum of the transferred mass, 
although the vorticity does vary eventually, owing to the influence of viscosity. 


Let us write the equation of motion of a perfect incompressible fluid, taking 
place in the plane XOZ, in the form: 


Ou Op lo., 
Mm oe ogee oe eh, a 
where 
_0u Ow 
~ Oz Ox 


Averaging equation (1) and assuming that the mean values i, fie and a are 
constant with respect to x, we obtain: 


Ou lep — (2) 


Comparing equation (2) with the averaged Reynolds equation, previously ob- 
tained (cf. § 12 Chapter VII), which in our case has the form: 


Ou (3) 
G= —+$- Za), ; 


see that the variation of momentum can be expressed either by—w' 7! %, or by 


uw w’), consequently, 
a (= 


Since, following Prandtl, 
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we have, 


wT = 5 {? (3)'I ; (5) 


On the other hand, recalling that the eae vorticity is a and applying the 
hypothesis of Prandtl to the eddy velocity w’ = ay rE ~ and to the eddy vorticity: 


he ay Se 
yo=l s dz’ 
we obtain: 
TRA du dn du du 
W — phe eek me Ee ee ye eS 6 
7 f dz dz : dz dz? (6) 


Thus, for the transfer of vorticity we get two different results. Starting from 
equation (3), drawn from the theory of momentum transfer, we obtain (assuming 


gar s-(8)", 


and starting from equation (2), drawn from the theory of vorticity transfer, we 
obtain: 


du _ du atu 9 
=i... (8) 


Therefore, introducing the exchange coefficient A = prea or rather the 


A u : 
coefficient of turbulence K = oe le oe we obtain: 


du__d du (9) 
roa (KE) 
du, du 10 
oe = K ae 


where,for the sake of simplicity,we omit the absolute value in the expressions 
for A and K, since in the cases discussed the velocity always increases upwards, 


du 
ee O. 
so that az > 


We will compare equations (9) and (10), writing equation (9) in full: 
Ou Ke OK. a (11) 
gm aataE 
The right-hand side of (11), by the considerations of § 2, stands for the net 
influx of momentum per unit volume. The first term on the right-hand side, 


KS ; ,according to (10) represents the actual increment of momentum. Therefore, 
the second term on the right-hand side of (11) a is the momentum lost as a 


result of pressure pulsation. 


: OK __ Q 
Equation (9) and (10) coincide only in one case: when 37 =¥, and consequently: 


K= l/l? a = const. 
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Since in general K depends on Z, the considerations of momentum and vorticity 
transfer should generally lead to different results. Since neither of these theories 
is rigorous, the final choice between them can be made only asa result of com— 
parison with experimental results. However, experiments carried out so far do not 
favor any of these theories. 


$ 4. Transfer of Other Characteristics of Air 


We obtained the general expression for the flux of substance in the form: 


0 
Q,= —A,>. (1) 


This expression is, strictly speaking, valid only for substances 
which are indestructible, preserved upon mixing, and ®passive® (see $1). These 
conditions hold for the material admixtures suspended in the atmosphere (water 
vapor, smoke, fine dust, etc). However, this equation is usually applied also to 
such substances as momentum, heat, and vorticity which, strictly speaking, do 
not fulfil all these three conditions, particularly the condition of passivity. 


As we have seen above, the exchange coefficient A does not depend on the 
substance transferred, but is a merely statistical magnitude, characteristic of the 
turbulent atmosphere. However, the nature of turbulence changes from point to 
point within a wide range. Turbulence depends upon lapse rates, distribution of 
wind with altitude and, in the friction—layer, also upon the distance from the under— 
lying surface and upon its roughness. 


In eddy transfer of momentum,the momentum current density is identified with 
the shearing stress, and the coefficient of eddy viscosity y» should coincide with 
the exchange coefficient A. 


In eddy transfer of heat the enthalpy per unit mass, i.e 


e 3 


s=c,6, (2) 
where § is the potential temperature, is considered as the unit of transferred 
substance. Consequently, the eddy flux of heat will be determined by the equation: 


V. Schmidt postulated the validity of the general equation of turbulent exchange 
also for heat transfer. Accordingly we have: 


A,y=A,= A. (4) 


However, the assumption that the coefficients corresponding to momentum, 
heat, and material admixtures are all equal is not well founded. Momentum and 
heat are undoubtedly conserved when two air masses are mixed. But momentum is 
not indestructible. Masses of air, passing from one layer to another, may move 
under the action of other forces, such as local pressure gradients. Under the 
action of these forces momentum may be produced or destroyed, Heat, however, 
is not a passively transferable substance, since its transfer leads to variations in 
the lapse rates and this factor plays a major role in the development of turbulence. 
There is there:ore no basis for the assumption that A », A . and A are all equal, 


One can only claim that the orders of magnitude of these constants cannot 
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differ greatly, but their numerical values are generally not identical. 


The coefficient of eddy viscosity A as well as the coefficients A_ and A, have 


a 
the same dimension [L T and in the absence of turbulence all of them 
vanish. Therefore the ratio: 


A 
44s (5) 


is a dimensionless parameter, being a function of dimensionless constants of the 
turbulent flow. If the fluid is incompressible (or only slightly compressible), the 

only characteristic constant of the turbulent flow (in the absence of a free boundary) 
is the Reynolds number. Therefore, the parameter a, can only be a function of Re. 


As was shown before, atmospheric Re numbers are very high. The above— 
developed semi-empirical theory of turbulence can accordingly be applied to 
a region with very high values of the Re number. In this case all functions of the Re 
number equal approximately their limiting values as Re— ovo.In that case a = const. , 


AY = aA and the basic equation of turbulent exchange, according to Obukhov, 


assumes the form: 
Q=—aAss (6) 
or, substituting for A its values pl a | 
2 


os (7) 
oz' 


du 
= — apt? dz 


wherea,, is a dimensionless parameter, depending on the nature of the substance 


transferred. For momentum a. = 1. For other substance as. though of the order 


of unity, is not actually equal to it and has different values for different substances. 


The expression of the eddy flux of heat will be written in the following form, if 


we take (3) into account: 
ed (8) 
dz 


Qa = — aape,f? dz’ 


§ 5, Influence of Temperature Stratification on the Development 
of Turbulence. Richardson's Number 


So far we have studied the development of turbulence in a homogeneous incom- 
pressible fluid and taken the dimensionless Reynolds number Re = ul/y as a criterion 
of turbulence. However, the Reynolds number is not very suitable for the study of 
atmospheric turbulence. 


In establishing his criterion of turbulence, Reynolds started from the premise 
that the flow is physically homogeneous and that only its boundaries and velocity 
change. In the atmosphere, however, the development of turbulence depends in the 
most fundamental way upon the lapse rate. Large lapse rates enhance the turbulence 
while small lapse rates and inversions hinder its development. 
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Experiments conducted in wind tunnels, where the lapse rate is zero, are therefore 
comparable with each other, but not with atmospheric conditions, 


Recently, special tunnels of rectangular cross section, in which the top and 
bottom sides can be heated or cooled, were introduced in aerodynamic laboratories. 
This allows to create different temperature gradients in the air stream. The first 
experiments conducted in these tunnels have already shown, that when the isothermal 
flow pattern is replaced by one with a stable stratification, the critical velocity of 
transition from laminar to turbulent flow changes from 20 cm/sec to 100 cm/sec. 
For a stable stratification it was also observed that the flow is turbulent in the 
lower part of the tunnel and laminer in the upper part. 


Thus, the Reynolds number is insufficient for the characterization of turbulence 
in the presence of nonhomogeneous temperature distribution, 


Prandtl has shown that a new dimensionless parameter, which was subsequently 
called the Richardson number Ri, is a criterion for turbulence, in the presence of a 
nonhomogeneous’ density distribution. 


We shall derive the Richardson number, starting from dimensional considera= 
tions. 


Let us first explain what factors determine the development of turbulence. 
These are: 1, the vertical component ofthe gradient of the current velocity 
O° 


Ou 9 the fluid density p 3, the vertical component of the density gradient F 


Oz’ 
and 4, the acceleration of gravity g. 


We compose from these terms an expression: 


Ri = o*(5t) (Saye 


and stipulate that the expression be dimensionless: 


peso (BY 8)" (4) 


Comparing the exponents, we find that they must satisfy the following conditions: 


atp—=o0, 
— 3a— 48-+6=0, 


Expressing all undetermined exponents by 2: 
= 0}. Ba 0; YS 20 


we get; 


1 oe}? 
poz | , (1) 


7 5a\%| ' 
(52) 
6 can be any number, It is simplest to equate @ to unity. Then the Richardson 
number will have the form: 


Ri=— 


1 a 


ab Ze 
Cn (2) 
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Inthe atmosphere the development of turbulence is influenced by: 1. the 
vertical component of the current velocity gradient, 2. the lapse rate of the 
potential temperature, 3. the potential temperature § itself, and 4. the force of 
gravity. 

Repeating the foregoing argument, we obtain the turbulence criterion for the 
atmosphere in the same form as established by Richardson in 1920, proceeding from 
energy considerations: 


a4 
oe eee Oz (3) 


(Ge) 


or 


Wee at ras) (4) 


‘g Ou\2 ° 
Oz 
The number Ri also determines the dimensions of atmospheric turbulence. 


One should distinguish three cases: 


6 
1. Ri>0; then pad >> 0. The stratification of the atmosphere is stable. Devel- 


opment of turbulence is impeded. The greater Ri, the more stable the stratification 
of the atmosphere. Consequently, at Ri above a certain critical value, atmospheric 
turbulence dies out completely. The critical Richardson number Ri. pit was 


repeatedly and variously evaluated by various authors, who reached different re-— 


sults. Thus, according to Richardson, R_., = 1, according to Prandtl, Ri... =i, 
crit crit 


_..* 4, and according to Tollmien, Ri ., = 1/24. Reliable 
rit crit 


can be obtained only by a careful interpretation of specially prepared 


according to Taylor, Ri. 
values of Ri__. 
crit 
and selected observations. Thereby, as can be seen from the formula for Ri it’ 
it is necessary to determine simultaneously the distributions of temperature and 
wind with altitude. According to Sverdrup, interpretation of such observations 


leads to the estimate Ri... = 1/11. 
crit 


; 0 
2. Ri< 0, az 0. In this case, the stratification of atmosphere is unstable, 
The energy of the turbulence increases at the expense of the diminishing 
energy of instability. 


3. RiI=0O, a =0. The stratification of the atmosphere is indifferent. In that 


case turbulence develops in the same manner as in a homogeneous fluid, that is to 
say, the above-derived semi-empirical equations of turbulence are applicable here. 


A. M. Obukhov generalized this theory to include the cases of a nonhomogeneous 
atmospheric temperature distribution. Starting from considerations of dimensional 
similitude, Obukhov assumes that all the dimensionless constants of a variable— 
density—fluid flow are functions of the number Ri. In addition, Obukhov assumes 
that all the exchange coefficients of the different substances are proportional to 
each other as in the case of a homogeneous fluid. Then, for the description of the 
various processes of turbulent exchange in a nonhomogeneous atmosphere it is 
sufficient,according to Obukhov, to know only the "universal® function of the Ri 
number, which enters as a corrective term in the equation of exchange. 


Let Ay be the exchange coefficient in an adiabatically stratified atmosphere, 


when Ri = 0. Then, at the same distribution of wind velocity the exchange coeffi- 
cient for a nonadiabatic atmosphere will be expressed by the formula 
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A= (Ri): Ap. 


As to the nature of the function (Ri), Obukhov argues as follows. By defini- 
tion, the function y(Ri) fulfils the condition Ri=0 y(0)=1.As Ri increases, the stratifi- 
cation of the atmosphere becomes more stable and the intensity of turbulence de- 
creases, Consequently, (Ri) is a monotonously decreasing function. Ata certain 


critical value Rio it turbulence ceases altogether. Consequently 


9 (Ri) = Ofor Ri<Ri . 
crit 


Introducting the universal function into the equations of eddy flux of momentum 
and heat, we obtain: 


t= — g (Ri) - pl? a a (6) 
Qy = — ay (Ri) -c,- ple] 2 |. (7) 


§ 6. Surface Roughness 


Experiments in wind tunnels have shown that the critical value of the Reynolds 
number Re is a function of the temperature distribution, or, in other words, of the 
Richardson number Ri. 


However, observations show that atmospheric currents are always turbulent, 
even when the atmosphere is comparatively stable. Therefore,in that case,the 
decisive factor for the development of turbulence is the local unevenness of the 
particular underlying terrain which can be united under the statistical notion of 
roughness, 


In the preceding sections we discussed flow patterns which can be reproduced 
in the laboratory, in smooth-walled tunnels. The unevenness of the walls 
essentially distorts the flow pattern, leading to development of turbulence at 
velocities for which the flow would have been laminar, had the walls been even, 


Two types of roughness are distinguished in aerodynamics and hydrodynamics: 
1. angular roughness characterized by sharp angular protuberances of a very 
irregular form; 2. undulatory roughness, characterized by gentler and more 
regular wave-like protuberances. 


The roughness of the natural earth surface has different forms and it cannot 
be included in any of the above-mentioned types. 


Dense grass is one of the extreme examples of such roughness. While the 
stream of air penetrates quite freely into the upper part of the vegetation growth, 
the densely growing stems are impenetrable to wind, which therefore cannot reach 
the ground, 
In the forest, on the other hand, the wind quite freely penetrates into the space 
between the tree trunks, while there is almost no air movement among the tree 
tops. 


The surface of the sea is wavy, but this is a mobile undulation. 
Not being able to study separately the effect of each type of flow obstruction, we 


adopt a statistical approach to roughness, assuming that the individual protuberances 
are very numerous and have a great diversity of forms. 


386 


We will characterize a surface by the degree of its roughness, evaluating 
its total effect by a certain number which we shall call the coefficient of roughness 
or measure of roughness. 


The main effect of roughness is that even in the immediate neighborhood of 
the wall the mean mixing length has a certain finite value different from zero. 


This fact, according to Prandtl, is taken into account by the following procedure. 
We shift the origin of the coordinates underneath the surface in question to such a 


depth, that the observed mixing length will obtain at the surface. Thus, 
i= + 
x (z Zo) (1) 


where z is the distance from the point to the rough surface, the constant *= 0.4,and 
Zo 18 a certain length, depending upon the linear measure of the roughness. From 


experiments in tunnels ,having even walls on which sand particles have been glued, 
it was found that Zo = 302° where ho is the mean diameter of the particles. 


However the coefficient 35 is not constant even for tunnels. 


For natural surfaces, whose roughness differs essentially from the roughness 
obtained by the use of sand grains, such as that of a grass cover, we may take 


z. to be sore of bo where h 


: is the mean height of the grass. 


0 
The influence of roughness and altitude on the atmospheric mixing length is 

noticeable only at low altitudes, whereas in the free atmosphere this effect is absent. 

Therefore the mixing length cannot increase indefinitely with altitude. This law is 

valid only for the friction layer characterized by the absence of variation in the direc- 

tion of the wind. The distribution of wind velocity in this layer will be discussed in 

§ 1 Chapter XVI. 


Thus, the generation of turbulence in the atmosphere is favored by the non- 
homogeneity of the temperature field and the extremely diversified boundary condi- 
tions at the earth's surface, i.e., its roughness. 


The heterogeneity of the temperature field engenders "thermal" or "static" 
turbulence, due to the variability of heating of the different parts of the underlying 
surface. Thermal turbulence has been earlier described as the ‘‘flotation"' of isolat- 
ed, more or less overheated masses of air in the form of "bubbles", whereby the 
space they evacuated was filled by air, flowing under these ''bubbles" from all 
directions. 


In recent years another scheme has been suggested to explain thermal turbu- 
lence. Thermal turbulence is being connected with the development of bounded closed 
cyclical air circulations in the atmosphere. In this case a cumulus will develop in 
the ascending branch of this closed cycle, while in the descending branch the clouds 
will evaporate, and a rift will form in the overcast. 


The "dynamic" turbulence is generated mainly by the flow past obstacles at 
the earth's surface. Since the dimensions and form of these obstacles vary widely, 
so should the vortexes "obstructing" the atmosphere also vary in form and strength. 


However, the nature, dimensions and form of these vortexes are still unknown, 
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§ 7, Horizontal Eddy Exchange of Mass 


We have seen above that the flux of any substance is proportional to the 
gradient of this substance and to the exchange coefficient. If the eddy exchange of 
mass is equal in all directions, the flux of substance takes place chiefly in the verti-~ 
cal direction, since all the meteorological elements change vertically much faster 
than horizontally. The exchange coefficient in the vertical direction is of the order 
of 10~10° een gee 

However, the horizontal coefficient can be considerably greater than the vertical 
exchange coefficient. Therefore, in spite of the small values of horizontal gradients, 
the horizontal flux may play an important role in the consideration of large-scale 
atmospheric processes. 


Owing to the great gravitational stability of the atmosphere, manifest by in- 
crease of potential temperature with altitude, the turbulent exchange will take place 
along isentropic surfaces, i.e., surfaces of equal entropy or surfaces of equal 
potential temperature. 


For the study of turbulent exchange along isentropic surfaces, which we shall 
call, for brevity, "lateral mixing” meteorologists have devised a method, the so- 
called "isentropic analysis”. 


In order to follow the trajectory of an air particle, the distribution of specific 
humidity is plotted on the charts of the isentropic surfaces. The values of the 
potential temperature and specific humidity, being conservative characteristics, canbe 
regarded as Lagrangean coordinates of the air particle. For complete determina- 
tion of the air particle one has to introduce a third generalized coordinate, i.e., a 
third conservative parameter. In the capacity of such a parameter we introduce the 
so-called "potential vorticity". 


Let us write the equations of motion in the following simplified form: 


OU Ou Ou __ 1 Op 
oF on coy ee = ax? 
1 oO 
set eiete% paws — PB p 
1 Op 
S—=——F 02 


We select in the atmosphere some layer of air and assume for the sake of 
simplicity that this layer is barotropic 


= (p). 
Noting that: oe 
5 (>) =— pa Op 
Oy\ep/  — p dp Oy’ (2) 
en 
Ox\p/ = gt dp Ox’ 


we differentiate the first of equations (1) with respect to y and the second equation 
with respect to x and subtract the second from the first. Then taking into 
account the relationship (2), we obtain 


dt O O ; 0 0 
a (ux +02) 2 sing + (2 sin y + €) (se+3y) = 0, (3) 
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where: 
— 70 ou d__oa oO G 
b= a5 Oy and aoa Cae oy 
Since: 
O ‘ 
5; (2 sin y) = 0, 
we have: 
(uo +08 5) 2 sing =F (2w sing), 


and the relationship (3) will assume the form: 


& (6+ 20 sing) + (f-+ 20 sin g) (Se+55) =0. (4) 


We write the equation of continuity in the form: 


Opw __ 
ate (5 +5) oF 2) 
Multiplying equation (5) by gdz and integrating between the limits from Zz to 


Zs we find: 


z, 
{ ¢faz+ ( ou )bpars fete dz==0, (6) 
=o 


where z, and z, are regarded as functions of x, y, t. Consequently, 


0 1 
d 
fe ga dete (Gt — ag) » 


jr dzZ=p,— Par (7) 


d d 
jet dz= gl(pw), -- (pw))] = 8 @ Tt — Po i) 


Combining equations (6) and (7), we get: 
d Ou 
5 (Po— Px) + (Po — Py) (52+ 55) =O. (8) 


.. Ou, oO 
And finally, eliminating the horizontal divergence of velocity ae tay: between 


equations (4) and (8) we obtain: 
Sa ee 
Po Pi 
The expression (9) remains constant, although the relative vorticity changes 


with latitude and mass of the layer. Consequently, if we reduce the air to a standard 
latitude 2 and a standard pressure difference Po Py: the corresponding vorticity may 


= const, (9) 


be considered as a conservative characteristic or parameter of the air particle. This 
parameter is called the potential vorticity. 


Studying on isentropic maps the motion of lines of equal specific humidity and 


considering this motion to be associated with lateral mixing, or which is almost the 
same, with horizontal exchange, we can evaluate the order of magnitude of the 
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a) 7 saat C =21 
horizontal exchange coefficient. Its value lies between 4-10 and5-10 gcm_ sec . 


Thus, the coefficient of horizontal exchange is at least 10° preater than the 
coefficient of vertical exchange. But vertical gradients of wind velocity and tempera- 
ture are approximately 10% times greater than the corresponding horizontal gradients. 
Consequently, the horizontal exchange is not less important than the vertical ex- 
change. We should note, however, that the order of magnitude of the coefficient of 
horizontal exchange must not be taken as finally established. 


$ 8. Spectral Structure of Turbulence 


We will consider in greater detail the internal structure of turbulent flow. 
The pulsative motion, superimposed on the laminar flow, can itself be regarded as a 
superposition of turbulent motions due to eddies (elements of turbulence) of 
different size. 


The scale of motion is the order of magnitude of those distances over which the 
flow velocity varies appreciably. It was experimentally established that the appear- 
ance of eddies of different scales is connected with the Reynolds number, or specif- 
ically, as the Reynolds number increases the scale of the eddies decreases; at 
very high Reynolds numbers occur eddies of the most different scales—from very 
large to infinitesimally small. 


Eddies of different scales play different roles in turbulent flow; the eddies of 
maximum scale, of the order of magnitude of the characteristic linear dimension L 
of the flow,have the greatest effect. These large scale eddy—pulsations have the 
largest "amplitudes" — of the order of the variation Au of the mean velocity over a 
distance L. The "frequencies" of the large~scale pulsations are of the order u/L. 
The small-scale pulsations possess larger "frequencies® and smaller "amplitudes", 


Thus we may speak of turbulence of different scales, and of the spectral struc- 
ture of turbulence. In connection with this we mention the spectral distribution of 
the kinetic energy in a turbulent flow. The main part of the kinetic energy belongs 
to the large-scale turbulence, and only a small residual part of the kinetic energy— 
to the small-scale turbulence. 


The spectral resolution of turbulence allows to clarify the peculiarities of 
pulsation velocity variation from point to point in the flow pattern, at a given instant 
of time. Changes of pulsation velocity over large distances are due to larze-scale 
turbulence. Therefore, they are of an order comparable with Au. Changes of pul- 
sation velocity over short distances are due to small-scale turbulence. Therefore, 
they are small in comparison with Au, though large relative to the changes of the 
mean velocity over the corresponding distances. 


Similarly, in observations performed at different times at a fixed spatial 
point, considerable velocity variations of the order of Au are recorded if the time 
interval is comparable with the characteristic time T = L/u for the main flow, due 
to large-scale turbulence. On the other hand, the small changes of velocity at short 
time intervals t<T are due to small-scale turbulence. 


We have seen above that the Reynolds number characterizing the flow pattern 
depends greatly on the mixing length 1. In order to determine the properties of the 
flow associated with the spectral structure of the turbulence, we heuristically in—- 
troduce the Reynolds number Re 4 characteristic of the various scales of turbulence. 
Let } denote the magnitude of the scale of turbulence and v,- the order of magnitude of 
the pulsation velocity; we define the corresponding number Re, by the formula: 
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vz, A 
Re, = 
The number Re is greater the larger the scale of motion. But at high Reynolds 
numbers, the Re, for large-scale turbulence is also high. HighReynolds numbers cor- 
respond to low viscosity. We therefore obtain the following results. 


For large-scale turbulence, of essential importance in turbulent flow, viscosity 
does not play any significant role. It can therefore be ignored, and regarding the 
fluid as perfect, we may use Euler's equation to study its motion. It is obvious, that 
at a large-scale turbulence there is no noticeable dissipation of kinetic energy. On 
the other hand, the less the scale of turbulence, the smaller become Re} and con— 
sequently, the more pronounced the effect of viscosity. 


These considerations lead to the following conclusion about the process of 
transformation" and dissipation of kinetic energy in turbulent flow. 


The kinetic energy of turbulence ona large-scale, comparable to the dimensions of 
the entire flow pattern, is due to the instability of the main laminar motion. As the 
large-scale eddies disintegrate, a part of their kinetic energy is gradually converted 
into kinetic energy of small-scale eddies. This conversion is effected with practically 
no dissipation of kinetic energy. Thus, in the turbulent stream energy is incessantly 
transferred downwards in the scale of turbulence: And only in the microscale 
elements of turbulence,of the orderi\y SA is the kinetic energy dissipated, i.e., 


directly transformed into heat energy, 


Therefore, all the quantities pertaining to turbulence of the order A>Ag can- 


not depend on the viscosity v. Strictly speaking, these quantities cannot vary with 
v, if the other conditions determining the motion remain unchanged. 


Consequently, the number of parameters characterizing the turbulent flow 
is reduced. This allows to use considerations of dimensional similitude and to 
obtain several important results. 


Ags an example we shall evaluate the order of magnitude of energy dissipation 
in turbulent motion. We denote by ¢ the amount of energy dissipated per unit 
time in a unit volume of fluid: 


[ Ej = = —_4_,— 
cm~sec cm.sec 
Although the final analysis shows that dissipation is caused by viscosity, the & can 
be expressed only through the magnitudes 9, f, Au, characteristic of small scale 
turbulence. The only combination of these quantities having the dimensions of the 
dissipation ¢, is e(4e% Therefore: 
d ® 


However, the expression (2) for the dissipation of kinetic energy is not conve- 
nient for comparison with the expression for energy dissipation derived earlier 
(§ 8 Chapter VIII). 


As was indicated above, the semi-empirical theory of turbulence maintains 
that the motion of a turbulent fluid is governed by the equations of motion of a viscous 
fluid if the coefficient of kinematic viscosity v in these equations is replaced by the 


coefficient of ''kinematic eddy viscosity" y a We shall evaluate y turb’ using 


the values of Au,and1, characteristic for large-scale turbulence. 
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There is only one way to combine these values in order to get an expression 
having the dimensions of the kinematic viscosity: Au-/. Hence: 


N ‘ 3 
Vs Au-l. (3) 


The ratio between the coefficient of eddy viscosity and the coefficient of 
molecular viscosity gives the Reynolds number: 


Au-t 
YVturb??— - — Re. (4) 
Consequently, ene increases together with Re. We shall now substitute 
Yarb in expression (1), by the aid of (2); we obtain: 


t~ tun? (7) a 


This expression corresponds to the usual expression of energy dissipation 
(§§ 8 and 14 Chapter VIII), namely: 


The coefficient of kinematic eddy viscosity y determines the dissipation of 
energy as a function of the derivatives of the mean current velocity with respect to 
the coordinates. 


$9. The "Two-Thirds'' Law of Kolmogorov-Obukhov 


The hypothesis of homogeneous and isotropic turbulence introduced in the 
statistical theory enables the elucidation of certain important characteristics of 
turbulent motion. This hypothesis is well substantiated by measurements conducted 
in wind tunnels, on turbulent flow artificially produced by passing the stream 
through a grid. 


However, in most of the partically important cases, especially in the study of 
natural turbulent flow, this hypothesis gives merely a very rough approximation to 
reality. In fact, assuming a completely fortuitous nature of turbulent pulsations, 
it is reasonable to expect a tendency to isotropy in the turbulent flow. However, na- 
tural flow always occurs in the field of gravity. The field of gravity is not isotropic, 
therefore the presence of the force of gravity prevents the establishment of isotropy 
in a turbulent flow. Besides, isotropy is also disturbed in the proximity of boundaries. 


But the role of the volume forces decreases with the diminution of the scale of 
the phenomenon, according to the general considerations of similitude. Therefore, 
for a sufficiently small scale the volume forces may be ignored, 


Starting from the above considerations A.N. Kolmogorov assumes that in 
a sufficiently small region of an arbitrary flow pattern which is not located in the 
neighborhood of a boundary, the hypothesis of "local isotropy" is valid to a good 
enough approximation, for sufficiently large Reynolds numbers. 


By a ''small region" Kolmogorov means a region whose dimensions are small 
in comparison with the characteristic dimensions of the flow system L and whose 
characteristic time is small in comparison with the characteristic time T = L/u. 


Thus, Kolmogorov considers a flow on a scale 1, sufficiently small in compa-— 
rison with the scale of the principal motion to be free of the influence of any external 
forces as might hinder the establishment of isotropy in the flow 1<L. At the same 
time this scale is quite large in comparison with the dimensions of the smallest 
eddies which dissipate their energy into heat: 1<Ao 
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The turbulence on this scale possesses the following properties: 1. itis 
isotropic; 2. the kinetic energy gain of turbulence on the considered scale is sur— 
rendered by the large-scale kinetic energy; 3. the kinetic energy is spent 
by its transformation into turbulent energy of a smaller scale, and not by its dissi- 
pation into heat. 


This simple scheme allowed Kolmogorov to establish a very important law of 
the structure of turbulent flow, the so-called "two-thirds law". 


Let us first explain which parameters may characterize turbulent motion in 
the chosen re“ion of scale 1, fulfilling: 


Ag KIEL 


The overall dimension of the flow L, Au and the mean velocity of u at a given 
e-and » do not influence the local properties of turbulence, owing to the magnitude of 
the scale 1 chosen. For the same reason the viscosity v is not a parameter of 
turbulence on the 1 scale. 


The relevant parameters are , 1, and €--the dissipation of energy per unit 
time, in a unit volume. Although energy dissipation is connected with microscale 
turbulence, the value of €¢ characterizes turbulent motion of a larger scale as well. 
This can be explained by the fact, that the value of: €, as has been shown above, 
represents an "energy flux" from the large-scale to the small-scale eddies. 


Let us now consider the quantity: 
Ry = [9,(M') — 9, (Mf, 


i.e, , the mean square difference between the values of a velocity component along the 
straight connecting the points M* and M®. In case of localisotropy the function R 


depends only on the distance r between the points M' and M", and on the dissipation 
e€and density 9. 


Let us compare the dimensions of the quantities: 
(R,J= LT; [2] == ML“ T-%; fp} = LT-3;  [r7) =L. 
Their only possible combination yields the following relationship: 
Ry C (4) 70, (1) 
Formula (1) expresses the ''two-thirds law’ of Kolmogorov and Obukhov. 
An analogous formula is obtained for: 
Ry, =, (2) 


i.e., for the mean square difference between the values of velocity components 
normal to the straight segment connecting points M' and M®, 


This law means that the mean square difference of a certain velocity compo- 


nent Ve between two points is directly proportional to the 2/3 power of distance 


between these points. 


The law of two-thirds established by Kolmogorov on the basis of dimension- 
al considerations, was also derived by Obukhov on the basis of analysis of turbulent 
energy balance in turbulence flow. 
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Chapter XVI 
WIND VARIATION WITH ALTITUDE IN A TURBULENT ATMOSPHERE 


§ 1 Variations in the Wind Velocity and the Exchange Coefficient in the 
Earth's Surface Layer 


The problem of wind variation with altitude, one of the most important in 
meteorology, is quite old. We shall not discuss the numerous empirical studies, 
and only note that the first theoretical studies devoted to this question date back 
to the eighties of the last century. 


The altitude distribution of the wind is subject to the effect of turbulent ex- 
change and friction with the earth's surface in the layer extending up to 500 - 1,000 m. 
However, the wind distribution in altitude over the entire thickness of the atmosphere 
is also affected by the Coriolis force and the altitude dependence of the pressure 
gradient. The effect of the latter on the variation of the geostrophic wind has already 
been discussed (cf. Chapter XI) and the role of the Coriolis force will be explained 
in 33 of this chapter. 


In the present section we restrict ourselves to the study of wind distribution 
in altitude, or briefly, to the study of the wind profile in the lowermost atmospheric 
layer, afew decameters thick, which is characterized by the constancy of the wind 
direction in altitude, indicating that the earth's rotation exerts only a negligible 
effect on the wind distribution in this layer. For the sake of brevity we shall refer 
to this as the "lowermost" layer. 


In the lowermost layer the majority of the meteorological elements (wind velo- 
city, temperature, humidity), are most susceptible to altitude variations; the effect 
of turbulent exchange is therefore especially pronounced in this layer. 


Observations show that the wind velocity distribution in the lowermost layer 
sometimes resembles the velocity profile of a flow in rough-walled tubes. This 
resemblance, however, holds only for thermally uniform flow. Upon temperature 
stratification the wind profile in the atmosphere differs considerably from tle velo- 
city profile of the flow in tubes. 


In the lowermost layer one may ignore the inertial and Coriolis forces and 
the horizontal pressure gradient, since these forces are small in comparison with 
the forces of friction. We shall regard the air motion in the lowermost layer as 
plane-parallel, and consider the tangential shear stress to be constant both in 
masnitude and direction. Then we have, 


y) 
t= 9 ¢ aE) = const., (1) 
hence 
du 
As — const. (2) 
and 
du iy 
ee == const, (3) 
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where 
du 
Senge Oe 
is the exchange coefficient and u* - a constant, the so-called friction velocity. 


Let us further assume that the mixing length in the lowermost layer depends 
linearly on the altitude 


=x (2 - ra (5) 
Where *%=0.4 andz, istheroughness parameter. Eliminating the mixing length 
1 between (3) and (5), we get: 


du u* 
ig eee cee 6 
dz x(z-+2,)' S 


Integrating (6), we obtain: 
—_ ut, z+ 25 
“== — In gee (7) 
(the boundary condition is taken in the form u = 0, at z = 0). 


The logarithmic law of wind velocity distribution in the lowermost layer has 
been empirically confirmed more than once. The corresponding empirical formula 
nas the form 


u==a-+t bin(z-+-c). (8) 


However, only the introduction of the mixing length allows to grasp thorough- 
ly the mechanism of the phenomenon and find the relationship between the coefficients 
of the empirical formula (8) and the surface roughness.Writing formula (8) in the form 


z+e 
u==a-+blne-+ bln— 
and assuming: 
u* 
C==2,, b==>—; a=— — Inz,, 
we obtain formula (7). 


We ghall now determine the exchange coefficient (under the same conditions 
ag before) for the lowermost layer. Taking into account (4), (5) and (6), we imme- 
diately find, that 


d 
A= pl? = == plu* == u*x (2 -4- Z,). (9) 


Thus, owing to the logarithmic wind distribution in the lowermost layer the 
exchange coefficient increases linearly with altitude. 


Since the real mean wind velocity u is proportional to u*, the exchange coef- 


ficient is directly proportional to the wind velocity, and we may therefore write the 
following relations for A: 


f= K=a,+a,2, (10) 


A iy: (11) 
P 
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The result obtained is of great importance for the proper understanding of the 
processes’ taking place in the lowermost layer. 


We have repeatedly mentioned the analogy between irregular turbulent flow 
and chaotic molecular motion. But this analogy is Umited. In fact, we have seen 
above that the coefficient of molecular viscosity is constant, depending neither on 
density, nor on flow velocity and determined solely by the nature of the gas. The 
exchange coefficient, however, which is the analogue of the coefficient of viscosity, 
depends, as we have just seen, on the following: 1) the density p, 2) the distance 
z from the underlying surface, 3) the mean velocity u, and 4) the roughness para- 


meter Zo 5 


Therefore, the equations describing the processes connected with turbulent 
exchange are more complicated than those describing processes due to molecular 
exchange. Only in special cases can these equations be simplified by the assumption 
A = const. However, such simplification is ruled out for the lowermost layer. 


The mean value of the exchange coefficient for an average wind and average 
roughness at the altitude of 2m, is 1- 2g cm7lgecu1 | while the mean value of 


-4 -1 -1 
the molecular viscosity of airis 1-2%X10 gem sec . Consequently, at this 
altitude the exchange coefficient is approximately 10,000 times greater than the 
coefficient of viscosity. 


The exchange coefficient A and the roughness parameter z can be calculated 


from the wind velocity at two given levels in the lowermost layer. Writing formula 
(7) ior some definite level z 


1 
__ 4") 2+ 29 
sf ae Lame (12) 
and eliminating the au::iliary quantity u* between (7) and (12), we obtain: 
ut (13) 
In =L “0 
du 40 
substituting for oF in (9) the expression 
du yd 
dz” z+t2, In Zt 20" 
ad 
we find the following expression for the exchange coefficient: 
] 
A= px? (z +. 2,)z, ———_ 
In At Ze (14) 
0 


These results remain valid for a uniform flow of an incompressible fluid; 
under the conditions prevalent in the lowermost atmospheric layer they are true only 
in the absence of temperature stratification. In that case,the nature of the flow is 
determined solely by viscosity and surface roughness. The only characteristic 
constant of the flow is the Reynolds number. Inthe lowermost layer, however, Re changes 
very little and it is of no importance in characterizing the atmospheric turbulence. 
Besides, temperature stratification occurs as a rule in the lowermost layer, and is 
a very important and often a decisive factor determining the nature of the flow. 
Therefore, the nature of the flow in the lowermost layer is determined not only by 
the Reynolds number Re, but also by the Richardson number: 

din0 


& 
Riese, (15) 


du \2 
Gs) 
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The Richardson number Ri in the lowermost layer may vary over quite a 
wide range, including positive as well as negative values. In case of adiabatic 
stratification of the atmosphere, Ri = 0 and the nature of the flow is determined solely 
by Re. In that case the previously derived formulas are correct. When the strati- 
fication is stable Ri->0 and when unstable Ri< 0. 


It is worthwhile to note that,owing to the small thickness of the lowermost 
layer, the adiabatic stratification is practically indistinguishable from the iso- 
thermal one. We therefore distinguish between the following types of temperature 
distribution in altitude: isothermality (adiabatic stratification), inversion (corres- 
ponding, of course, toa stable stratification) and temperature reduction, sometimes 
called convection, corresponding to superadiabatic lapse rates. 


The fact has been repeatedly stressed that the logarithmic distribution of 
wind velocity in the lowermost layer is only a particular case of the more general 
power law (law of the 1/p power). It has also been noted many times that the 
logarithmic law is valid only for the adiabatic state of the atmosphere and that for 
inversions this law should be substituted by the power law in the form 


uu, (2)". (16) 


2} 
where pis some dimensionless parameter. Observations have shown that formula 
(16) holds only for strong inversions. 


The Soviet researcher D,L. Laikhtman has proposed more general expres- 
sions for the wind velocity distribution and the exchange coefficient in the lowermost 
layer. Let us assume, following Laikhtman, that the mixing length is given by: 

pate 
: = 7s (17) 
where n is the yet undetermined exponent depending on the nature of the atmospheric 
stratification, i.e., on the Ri number. For n = 1 we have the particular case dis- 
cussed above. Substituting (17) in (3), we obtain: 


integrating, we find: 


| 
ux 27 
0 (18) 
ie lm 1—n). 
Oe fs [2 2 |; 
since 
wa 25 1—n 1 
—e ee 8 eee as ee —-fn 
of ima ae ct 257", 
we finally obtain: 
1l—n l-—a” 
a4, a (19) 


Let us determine the value of the exponent n. In the lowermost layer" >0, 


But 


therefore, 1-n>0, orn< 1. 
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In addition, it ig known from observation that the vertical velocity gradient 
decreases with the distance from the rough surface, i.e., 


au = ujz—A~l 
7 aaa n) fam paa\% 


consequently, n>>0. Thus, nis a proper, positive fraction 


O<ncil. (20) 


For the expression (17) to correspond to the 1/p power law, expressed by 
equation (16), we introduce a new parameter p instead of n, which is related to it 


by: 


l—a=—. 


(21) 
Obviously, p varies between the following limits: 
l=<=p=x=m, (22) 
Thus, the following formulas of Laikhtman are obtained : 
1 
Tes 
is 23 
—_— ( =) (23) 
z0 
1 4 
z? —2~ (24) 
UU, 7 1 
z?—2z§ 
i} 
As yp A 
or ee a 20) 
zP — 2)? 


Formula (24) reduces to the logarithmic law as p—+oo,!t.e., as n—+0Q, and to 
the linear law as p—~l, i.e., as n—+0O. 


The correctness of Laikhtman's formulas was proved by the numerous observa-~ 
tions on the layer extending up to 6 m altitude, performed at the Central Geophysical 
Observatory. The results agree well with Laikhtman's theory. 


The ratio between the wind velocities at two different levels in the lowermost 
layer depends only on the parameter p, i.e., ultimately on the Richardson number. 


Numerous observations have shown that the exchange coefficient in the lower- 
most layer rises rather rapidly with altitude; at a certain altitude its rise is usually 
almost checked, and sometimes it even starts decreasing. Such behavior of the 
exchange coefficient is qualitatively fully understandable. In the lowermost layer 
the proximity of the solid boundary interferes with the process of exchange; therefore, 
the exchange coefficient is very small near the earth's surface. With increasing 
distance from the solid boundary, the exchange effect becomes more pronounced, 
and the exchange coefficient increases with altitude. However, this increase cannot 
go on indefinitely. Since the vortexes "obstructing" the atmosphere originate mainly 
on the uneven surface of the earth, the exchange coefficient after having attained a 
maximum should decrease with further increase of distance from the earth's surface. 
However, this is often not the case, due to the unevenness of the earth's surface 
being not the only source of the mentioned "obstructing'’ vortexes. Vortexes are also 
generated far away from the earth's surface by the discontinuity surfaces present 
in the atmosphere. Therefore, the exchange coefficient, which ig a characteristic 
statistical parameter of turbulence, does not fall to zero with altitude, but assumes 
a definite almost constant value. 
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Consequently, one can assert for the majority of cases that the exchange coef- 
ficient varies linearly with altitude up to a certain level h, and then becomes constant. 
This altitude h, which, generally speaking, does not coincide with the upper boundary 
of the lowermost layer, is not constant. It depends upon both the atmospheric stra- 
tification and the mean flow velocity. For an unstable stratification and at high flow 
velocities the level his higher than for stable stratification and low velocities. 


§ 2. Distribution of the Exchange Coefficient in the Boundary Layer 


A.M. Obukhov has theoretically investigated the problem of the altitude varia- 
tion of the exchange coefficient. 


The boundary layer plays a dual role in the atmosphere. First, it transmits 
the friction shear stress into the atmosphere, a stress caused by the interaction 
between the underlying surface and the moving air mass. Second, through the 
boundary layer, heat is exchanged between the active layer of the soil and the free 
atmosphere above. 


This dual role of the boundary layer is used by A.M, Obukhov for the theoreti- 
cal determination of the altitude variation of the exchange coefficient in the boundary 
layer. In the present section we shall report on the investigations of Obukhov. 


We shall denote the friction shear stress at the ground by +, and the heat flux 
passing through a unit area of the horizontal surface per unit time by Qo: We shall 


assume that in the boundary layer a certain stationary state has been established. 
Let all the external forces be extremely small in comparison with the forces of tur- 
bulent friction. We also assume that internal heat sources (heat of condensation, 
radiation) are absent. Assuming all this, the momentum flux and the heat flux do 
not vary with altitude: 


T(z) —=t, = const., (1) 
g (Zz) = 9, = Const. (2) 


Evidently, within the boundary layer, for small z values, these assumptions 
are well enough fulfilled. 


Let us write the equations of turbulent momentum exchange and of heat ex- 
change in the lowermost layer: 


== — » (Ri) of? a . = = t= const., (3) 
oo : du| dQ (4 
q==— ag (Ri)c,- pl?| | + a = Go = const. ) 


Instead of T and q, Obukhov introduces the "friction velocity" u* and ‘heat 
transfer velocity" q*, defining them by the equations: 


oon: V Be 
. pe’ (5) 
gt == 4 (6) 


—~ oper’ 


Ignoring small changes of ? and T within the lowermost layer, Obukhov 
assumes: 


399 


* 


u* =u, =const., (7) 


q* = 4, = const. (8) 


We eliminate ? (Ri) between (3) and (4). Dividing (4) by (3), we get: 


1 dé du q* 
F de) de ag Oost, (9) 


Integrating (9) with respect to z and ignoring the small changes in T, we find: 


wy bi 
6 (2) = 1, -u (2) const. (10) 
ae 
Since oj2™ const., the distribution of temperature in the lowermost layer 


is similar to the velocity distribution. 


Let us turn to the derivation of the relationship determining the Richardson 
number. Introducing into formula (5) the values of t from formula (3), determin- 
ing the transfer of momentum, we get: 


ut = Vo(R) eS. (11) 


Substituting in formula (6) the expression (4) for the velocity of heat transfer, 
we obtain: 


du 


_9_ __ 2P (RI) 9 
dz 


. 4 
q ~ epet T— 


d2° 


Dividing all terms of this expression by the third power of the right and left sides 


of (11), we obtain: do 
Pot il da 
we VER) a) (12) 
dz 
Multiplying both sides by g and recalling: 
dé 
_ £& 42 
as Tr ($)" 
we obtain the equation for Ri: as 
Ri 1 fa" (13) 


where (= xz. 


It was shown above (§ 5 Chapter XV), that ?(Ri) is a monotonically decreasing 
function, Therefore, the left-hand side of (13) is a monotonically increasing function 
of Ri. Hence, equation (13) has only one solution for Ri. 


Obviously, at the earth's surface, i.e., for] =0, we have Ri=0. We ghall 
evaluate Ri near the ground. For this purpose we will find the value of the deriva- 


tive (5) - we rearrange equation (13) as follows: 
2z2=0 
s 


Ri=+.g. V9 (Ri). 


ute | 


(14) 


Differentiating equation (14) with respect to z, we obtain: 
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2V 9 (Ri) (15) 


hence 


ORi “ee 
(SF) note & : (16) 


since * (0) = 1. Consequently, near the earth's surface Ri = 0. On this basis 
Obukhov maintains that, for an arbitrary temperature distribution, a sublayer 
exists within the boundary layer, in which the effect of temperature stratification is 
exceedingly small, and the nature of turbulence ig determined by dynamic factors 
only. This is called by Obukhov the sublayer of dynamic turbulence". 


Obukhov goes on to evaluate the height of the sublayer of ''dynamic turbulence" 
or rather a certain characteristic dimension L of this Sublayer, defined as follows: 


__ ) __ 1 a 
ng (a) ee (17) 
Oz z=0 
or, going back to t and q, 
pod ls 
* 2Ve-g ste) 


This characteristic length does not depend on the form of the universal function 
¥% (Ri), but is determined only by the momentum flux density t and by the heat 
flux q. 


Introducing instead of t , the wind velocity Uy at a certain altitude (=30 m) 


2 
depending on the surface roughness, through the empirical formula 7 = 0.0025pu,, 


Obukhov calculated the following values of the height of the dynamic-turbulent sub- 
layer (Table 47): 


Table 47 


Height of the sublayer of dynamic turbulence (in meters) 


Uy = 20u* i 
sec |[Cm/sec 

ae 91] 0.036] 0.018] 0.120] 0.008 

3 | 0.29 | 0.14 | 0.10 


0.78 


0.182} 0.0 
1.4 0.7 
11.6 0.8] 
39.2 | 19.6 
93.0 | 46.5 
90.8 


0 
J 
2 
3 
4 
5 
6 
0 


tom 


As can be seen from the table, in the region of the likeliest values of u, and 
q the height of the sublayer of dynamic turbulence changes within the range of 8 to 


50 m. 
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Obukhov has further studied the altitude distributions of the Richardson number 
and of the coefficient of turbulence. For convenience we introduce the following 
designations; 


i i a 
ie ESS ORI, (0) B= Rect (19) 


where @ is a dimensionless altitude, § - a constant of the first order. 


Since oO), 2: 
g’ (Ri) <0, 
y (Ri)==0 (for Ri > Ri crit). 


the function P %,) satisfies the conditions: 


Y, (0)=1, 
1(n) <0, 
9(9)=9 (for > 1). 


For definiteness we consider the case of stable temperature distribution, when 
Ri > 0 and the heat flux is directed from the atmosphere to the soil. In this case q 


and q* are regarded as positive: 


Ri——z oe ey o (Ri) = =V o (Ri). (20) 


a “U 


Then equation (13) is written in the following dimensionless form: 


a Tap =e 
#1 (1) La(Riorit > ™ oa 


Further, a new function is introduced: 


n= (&) 
defined by the solution of equation (21) for 4. 


Returning to the former variables, Obukhov obtains the following expression, 
determining the altitude distribution of the Richardson number: 


Ri (z)= Riga? (BY). (22) 


On the basis of the properties of the function y, established in 8 5 Chapter XV, 
Obukhov demonstrates that the functions e) possess the following properties: 


P(O)=0; $(6) <1; $'(s) 0, 
g(S)—+1 as §—++0, 


o(§) 1 (23) 
g 


as §—+0. 


Thus, Obukhov obtains theoretically a very interesting result, namely, that 
in the boundary layer, for z ila: the Ri number asymptotically approaches Ri. it 
in a stable atmosphere. = 

Obukhov also studied the altitude variation of the coefficient of turbulence K. 


Since 


__ yp, du 
ee oF Pe (24) 
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we have 


_ t _ a 
Km a = a 
P az dz (25) 


Introducing the height parameter L of the sublayer of dynamic turbulence, Obukhov 


obtains: 
K=u*V 9 (Ri) xz== Lxu*y 9 (Ri) F (26) 


or inthe variables 4 and ¢: 


K = xLu* V o(y)-6. (27) 
But Wea = Bo, consequently V p (HE = and 
Kier (87) . (28) 


The behavior of the function } is known in its broad outlines; it is therefore 
easy to study the changes of K(z) for relatively small (in comparison with L) and 
relatively great values of z. 


$ (6) 


Since =“-—+ las £&—0, for z << L we have 
Bz\ __ Bz 
a 


K (2) == 4u*-z, 


therefore: 
(29) 


Furthermore: (£)—+ las  &—+-boo, hence for z>L 


Thus Obukhov theoretically obtained the following result; for small z values 
the coefficient of turbulence K increases linearly with altitude, and for high z values 
it asymptotically approaches the limit: 


xa E 


Ke ,* (30) 
If the length L is eliminated between (30) and (17), Ke will be expressed as follows: 
1 u*4 
ee (31) 
ve Bu ge 


Obukhov has compiled a table of the limit values Agog en eee 
(Table 48). 


As can be seen from this table, the theoretically obtained values of the para- 
meters of turbulence are of the same order as their empirical values. 


Obukhoy gives the following example, demonstrating the close correspondence 
between the theoretical and empirical values of the turbulence parameters, 
2 
When u. = 5 m/sec,u* = 0.25 cm/sec and q = 0.1 cal/cm . 


0 
2 ca | -1 
K.. = 1.82 m/sec, Ax = 22.4 g/em sec , L= 18,2 m, 
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08 : | ° 
Spo 0-31 °C/100 m, G>= — 0.69 °C/100m. 


This example shows that the value of the lapse rate calculated from the theo- 
retically derived values of K, agrees well with the observed values. 


Table 48 


. =] -1 
Limiting values of the exchange coefficient Ao gcm sec fora 
stable atmosphere 


cal 
q 2 0.01 | 0,02 | 0,05 | 0.1 | 0.15 | 0.2 | 0.3 
cm min 
20u*| u*® 
m/sec {cm/sec 
0.5 2°55 | 0.02241 0.0112 0.00443) 0.00221 0.000738 
i 4) 0.3567} 0.1722) 0.0738 | 0.0369 0.0123 
2 10 5.7195) 2.8536} 1.1439 | 0.5658 : ; 0.1845 
3 15 : 14.514 | 5.781 2.829 : ; 0.98 
4 20 1.512 | 45.756 }18.327 | 9.102 y 3.08 
+) 25 111,684 {44.895 |22.386 : : 7.38 
6 30 93.111 |46.371 : . 15.38 
10 90 119.19 


We mention that for Ri it Obukhov adopted in his calculations the empirical 
1 


value obtained by Sverdrup: (Ri) it = TT: 


35 Wind Variation with Altitude and Turbulent Exchange in the 
Planetary Boundary Layer 


One of the best known manifestations of the effect of turbulence in the atmos- 
phere is undoubtedly the variation of wind velocity and direction with altitude in the 
lower layer of the atmosphere. In a homogeneous air mass the increase in wind 
velocity with altitude manifests itself quite clearly, as well as a as well as a veering 
of the wind in the Northern Hemisphere and a backing in the Southern 
Hemisphere, 


Such wind variations start at an altitude of 10-20 m and extend at our 
latitudes up to about 1 km. Below 10-20 m the wind direction remains constant 
and the velocity changes either according to the logarithmic law, or according 
to the power law. 


Altitude variation of the wind direction in a higher layer is probably caused 
by the joint action of the deflective force of the earth's rotation and of turbulence, 


Higher up, the variation of the wind directions is probably caused by the joint 
action of the deflective force of the earth's rotation and of turbulence, and the layer 
in which this effect is significant is called the planetary boundary layer. 


The most important parameter of this layer is the angle 8, formed between 
the wind direction v and the pressure gradient (Figure 130). This angle is called 
the angle of deviation . Theangle § between the wind direction and the isobar, 
which complements the angle of deviation to 90°, ig called the "angle of 
inclination'’ of the wind. Within the planetary boundary layer 
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inclination angle differs to some extent from zero, and the deviation angle is always 
acute. The value of the deviation angle is a function of the altitude z., 


~p 


4 


pel 
Figure 130, The angle of deviation $8 and angle 
of inclination 9% of the wind 


As shown by numerous inveStigations, the inclination angle of the wind depends 
not only on altitude, but varies also with time (possessing an annual and a diurnal 
cycle), with latitude and local orography. Thus, for example, at the earth's surface 
the inclination is usually smaller in the summer than in winter, smaller at high 
than at low latitudes, smaller above sea than above land. 


Let us consider theoretically the problem of altitude variation of wind velocity 
and direction under the influence of turbulence and the deflective force of earth's 
rotation. Regarding the motion as horizontal and the velocity fleld as horizontally 
uniform, we base our calculation on the averaged equations of atmospheric motion, 
which can be written in the following form: 


due 1 dp A Ou 
Ge oe ee a ) a) 


We also make the following simplifying assumptions; 


1) The flow is uniform and rectilinear, whence 


du du 


dt dt~* 
2) The pressure gradient does not change with altitude. Therefore, directing 
the x ~- axis along the isobar and the y - axis along the gradient, we obtain: 
op 


OD sg, OR 
ies Q; ay = const, 
3) The density does not vary with altitude ; 7 = const. 


4) The exchange coefficient does not vary with altitude: A = const. 


The equations of motion will take the form: 


2p0,-0-+ATS=0, 
d?y op (2) 
—220,-4-+A,= aye 


Let us define the boundary conditions: 


1) The air adheres to the earth's surface, therefore: 


u =v =0for z= 0; 
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2) At high altitudes the wind velocity becomes geostrophic, equals ar and 


consequently, aS z—+ 0O u-—~> uo v— 0. 


The problem of integrating the system of equations (2) with two unknown func- 
tions u and v can be reduced to the integration of a single equation for a complex 
function w = utiv. For this purpose we multiply the second of equations (2) by 
i= \ — 1 and add it to the first: 


dnw 
dz? 


A 200, -i-wai F (3) 


r4 dy * 


Thus, we obtain an ordinary linear differential equation of the second order 
with constant coefficients, which can be written down as follows: 


1 dw 


3 +w=u4,, (4) 
where 
2pw,-f 1 op 
2 ae © = .— 
a ) uy 220, oy ® (5) 


The general solution w of the inhomogeneous equation (4) is obtained as the 
sum of a particular solution Wi of this equation and the general solution Wo of the 
homogeneous equation: 


— = a°w,. (6) 


As a particular solution of equation (5) we can take: 


sso U OP -_ 
W, =u, == — og: dy Const ., (7) 


i.e., the geostrophic wind velocity. The general solution of equation (6) will then 
be: 

W, == Cie + Cie, (8) 
where C, and Cy are arbitrary constants of integration. 


Adding (7) and (8), we obtain the general solution of the inhomogeneous equation 
w= Ce% +-Cie-% + u,, (9) 


The constants of integration are determined from the boundary conditions, 
Since with a limitless increase of z the wind velocity remains bounded, we have 


C,=0. (10) 
In order to fulfill the first boundary condition u = v = w = 0 for z = 0, we put: 
C, = — Ugo (11) 
Consequently, the final solution of equation (4) will have the form: 


w=u,[1—e-*], (12) 


We now Separate the imaginary and real parts of the solution (12). 
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According to (5): 


2pw,f = 
a= Yf Seay & .VU=ali+y, (13) 


where 
=f; 
since 
(1 +-j)?—=1 +- 2i — t= 2, 
consequently, 


w = u, [1 —e-%.e~!2) (14) 


Employing Euler's formula: 
e—"2 — cos az —isinaz, 
we find 
w=u-liv=u,(1—e-* (cosaz—/sinaz)} (15) 


and finally 


U—=4u,-e—™. sin az, (16) 


We have now the components of the wind velocity as functions of the altitude z. 
Let us find the absolute value of the velocity ¢=Vu? + viand the inclination angle §: 


cu, V1—2e—* cos az + e= 2%, (17) 


ee ed (18) 
ae ~ | —erez.cos 2z° 


uu, [1 —e-*cos az], 


Formulas (17) and (18) show, that with increasing altitude the velocity in- 
creases and the inclination angle decreases, so that the wind approaches the geostro- 
phic, both in magnitude and direction. This process is faster the greater is 


w sin : 
a= eS , i,e., the smaller the turbulent exchange and the higher the lati- 


tude of the locality. 


It follows from (1s) that at certain altitudes the wind assumes the direction of 
the geostrophic wind, sothat §=Ofor a@az= 2m, ....nm, The lowest level: 


peas: V A 
DG posing ’ (19) 


at which the wind becomes geostrophic in direction is called the friction level. 
Although with further increase of altitude the wind will somewhat diverge from the 
geostrophic, these deviations are so small as to be practically unnoticeable, as 
shown in Table 50. Therefore, the friction level determined by formula (19) may 
be regarded as the upper border of the terrestrial boundary layer. Table 49 gives 
the thickness of the boundary layer corresponding to different values of the exchange 
coefficient and latitude for @ = 1.25 - 1073¢-cm~ 
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Table 49 
The friction level for a constant exchange coefficient 


As can be seen from formula (19) and from Table 49, high friction levels 
correspond to large exchange coefficients and low latitudes. 


The velocity at the friction level, expressed by the formula: 


Cp== U,V 1 2e-2"-} e-2*® = uw (1 fe") Du, (20) 


is higher than the geostrophic velocity, since e~* is a positive constant. Thus, 
the wind velocity reaches the absolute value of the geostrophic velocity somewhat 
below the friction level. 


Asz—OM, e “—+0 and the wind becomes geostrophic. 


0 
For z = 0, formula (18) becomes indeterminate like a Applying 1'Hospital's 


rule we obtain: 
d =» 

as (e—22 sin az) 
lim tg 4 = lim 


ad 
s+0 220 _ (]— e-az cos az 
dz ( ) 


= 1, 


Thus, at the earth's surface the deviation angle equals 45° under all conditions , 


Using the values found for @, from (17) and (18) one can calculate the corres - 


ponding values of § and =" . Assuming that ? = 45°, p= jo “elenr: A= 
-1-1 E -1 
= 25.2 g¢cm sec andconsequently @ = 0.004775 m_, we obtain the following 
table of values of 9 and re for different altitudes (Table 50). 
& 


Table 50 


Change of wind velocity and direction with altitude in the terrestrial 
boundary layer 


= 10 20 40 100 200 400 800 11200 m 
= 0.075} 0.145} 0.286 0.584} 0,893} 1.068! 1,005} 0.999 
£ 
_ 43 42 39 3! 20 5 a 0 


Drawing a diagram of the wind velocity as a function of the altitude z, accord- 
ing to Table 50, we obtain a curve known in geophysics as the Ekman spiral (in 
honor of Ekman, who first solved the problem of the deflection of sea currents 
under the joint influence of turbulence and Coriolis forces). 
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The Ekman spiral (Figure 131) is an equiangular logarithmic spiral with an angle 
of 45°. It passes through the origin of coordinates and asymptotically approaches 
the point c =u_.. Thus, even though we used simplifications, we have shown that 


the joint action of the Coriolis force and turbulence increases the wind velocity in the 
planetary boundary layer, causing at the same time its veering (in the 

Northern Hemisphere), At a certain altitude the wind equals the geostrophic, first 
in magnitude and then, continuing to increase, becomes at a certain altitude equal 

in direction too to the geostrophic wind. At the earth's surface the deviation angle 
is always 459, 


ua 


Figure 131, The Ekman spiral 


It is evident from the vast empirical material extant that the actual mean 
wind distribution in altitude at a large enough distance from the earth agrees well 
with what may be expected on theoretical grounds, but in the lowest few tens of 
meters this correspondence breaks down. Thus, at the earth's surface the inclina- 
tion angle is considerably less than 45° and, besides, does not remain constant, 
but varies over quite a wide range, diminishing over the sea in the summer and in 
daytime,and increasing over land in winter and during the night. The actual value 
of the wind velocity at weathervane level is considerably higher than the theoretical. 


Further efforts of the investigators have been aimed at the perfection of the 
theory of wind variation with altitude, whose foundations have been laid in the 


work of Ekman and Akerblom. 


JIG 
L000 


ii) 


ee oe oe ee a ea, 
QO é@ & 6 € OM NW bath 6 8 19 [A NW rytth 


Figure 132, The Ekman spiral for the Figure 133, Absolute wind velocity as 
layer above anemometer as function of height above 
level. Solid line - average anemometer level. Solid 
empirical value, broken line - empirical, broken 
line - computed value line - computed 


Hesselberg and Sverdrup have taken into account the altitude variation of the 
pressure gradient, considering this variation to be linear, but assuming, as before, 
that p and A are constant. However, they completely excluded from their 
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consideration the layer below the weathervane level, correctly assuming that in 
this layer the conditions of turbulent exchange are rather different from those pre- 
valent in the higher layers. 


On these assumptions, Hesselberg and Sverdrup obtained a model of wind 
distribution in altitude, conforming quite well with observation, In Figure 132 is 
given an Ekman spiral corrected according to Hesselberg and Sverdrup, for the air 
layer above the anemometer level. In the same figure, for comparison, is drawn 
a spiral, based on 99 observations conducted in Lindesberg (Sweden). Figure 133 
gives the theoretical altitude distribution of the magnitude of the velocity, versus 
the observed distribution. The agreement between the two curves is close indeed. 


The studies of Hesselberg and Sverdrup improved the Ekman-Akerblom 
theory. However, their solution is far from being final. The question of change of 
the inclination angle with the season and orography still remains open. 


Soviet research workers have made substantial contributions to the solution 
of the above-discussed problem, which will be dealt with in the next section. 


S$ 4. Wind Distribution in Altitude with a Variable Exchange Coefficient 


The state of turbulence at any point is determined by one magnitude - the 
exchange coefficient. Regarding, as in the foregoing section, the exchange coef- 
ficient as constant for all altitudes, we by the same token considered the state of 
turbulence to be the same at any altitude. 


Atmospheric turbulence, and consequently the exchange coefficient, are 
subject to considerable changes. The main factors determining the magnitude of 
the exchange coefficient are: geostrophic wind velocity, (or the pressure gradient, 
determining it), roughness of the underlying surface, stability of atmospheric 
stratification (lapse rate), and altitude above the earth's surface. Since the exchange 
coefficient is not directly measured, but is calculated from the measurements of 
other meteorological elements, a knowledge of its precise variation is essential in 
performing these calculations. The assumption of its constancy for different 
altitudes sometimes does not allow the correct evaluation from observations even of 
the order of magnitude of the exchange coefficient. 


On the other hand, the assumption that the exchange coefficient increases 
linearly throughout the whole planetary boundary layer leads to incorrect results, 
namely, excessive values of the exchange coefficient. 


In their recent works the Soviet scientists usually employ one of the two most 
widely used models of the altitude variation of the exchange coefficient. 


Model A: the exchange coefficient increases with altitude, asymptotically 
approaching a constant value: 


Y= Veo (1 +-¢ — e-*), (1) 
where ¥:€ is the molecular viscosity. This model was suggested by B.I. Izvekov. 


Model B: the exchange coefficient increases linearly with altitude up to a 
certain level h, and then remains constant, i.e. 


y==cz for z<h, (2) 


yvesch for z>A. 
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Model A suffers from the disadvantage that its use involves rather compli- 
cated calculation. Model Bis more convenient, though it involves the solution of 
a two-layer problem. 


In the present section we shall consider the problem of wind variation with 
altitude, using model B for the exchange coefficient. This model was first 
proposed by M.E, Shvetz and M.I. Yudin, who also gave a simple and quite accurate 
solution of this problem. 


Yudin and Shvets, assuming a uniform motion , proceed from the following 


equations: 5 
($ ae +) 420 2 ue, 


a, Opu 


(3) 
eal of) 20 es 
Oz\ Oz zu Oy" 


Multiplying the second equation by 1, subtracting from the first and introducing 
the complex velocity: 


W==U— IV, (4) 
the two equations (3) are unified: 


iy yee) + 2ie, po = Sh 7 P (5) 
Introducing a new function - the complex momentum 


M= M, — iM, = pw, (6) 
equation (5) can be written in the following form: 


0 Op 
Z("5 ae) + 20, Mais. (7) 


It is assumed that the pressure gradient does not change with altitude. 


For a layer with linear change of the turbulence coefficient, located below 
the level h, equation (7) will assume the form: 


; 0; y 
¢-2-55 be om tia, M Mae — i (8) 


This is one of the forms of the well-known BesSel equation, which is integrated 
by the aid of the well-known cylindrical functions: 


M=D.-1I,(2kV i-z)-- EN, (2k V iz)-+G, (9) 


where D = D, + iD, and E = Ey + iE, are arbitrary complex constants of integration, 


to be determined by the boundary conditions; Igis the Bessel function of order zero, 
2 1 /o . 0 

Nj - Neumann's function of order zero, k? = <4 y Ces (Se i) is 

the geostrophic wind velocity. 


For a layer above the h level we obtain the solution of Akerblom, discussed 
before: 


M=Ae~-” —izt. B.en V—-iz1.G, (10) 
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where A and B are integration constants, determined by the boundary conditions, and 


aes oer, 
he 


Yudin and Shvets propose the following boundary conditions; 
1) At the Zo level the air adheres to the surface, therefore: 
w=0 at z=2. (11) 


2) At infinity the force of friction is bounded: 


oM 

oh (TE) <0 at Z==00. (12) 
3) For z— 0 the Prandtl relation holds: 

l Zz 

M=— V Topol as z—-0 (13) 
and the Kibel! relation,too: 
om % 
an ae 88 z—0Q. (14) 


Furthermore, at the level z = h the solution obtained for the lower layer should 
continuously pass into the solution obtained for the upper level. That means, that 


at the level z = h the function M and its derivative oM are continuous: 
Oz 


_ (aM 
neo \OZ/n-0 (15) 


oM 
Mp 4.0 = Mp0! (=) 


The boundary conditions formulated give 10 equations for the determination 
of 11 quantities: c, h, Ty and 8 arbitrary constants of integration. Taking one 


of these quantities as a parameter, we can express all the other by it. 
Introducing yet another new variable: 
x=2RVz ; 
we use for the functions I, and Ny the following representations: 
I, (x V i)=berx-+/bei x, (16) 
N (« Vi) ner «+ inei x. (17) 


The Bessel and Neumann functions have been thoroughly studied. Thus, 
when x—+0: 


ber x — lt, 

hei x — 0 
9 9 

ner.x —+ — — In — , (18) 
a ea 

ae ] 

aaa 


—_ ow we we we iw ow we we ww we oe = = oe 


* [Translator’s note - the "'ber'' and "bei", "ner", and "nei'' symbols obviously stand, 
respectively, for the real and imaginary parts of the Bessel and Neumann func- 
tions of complex argument ]. 
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Then we have: 2 
|M| —+ =InV2z | E|. (19) 


Substitution of (19) in (13) gives: 

x 

a lEL=V t65, (20) 
and from the Kibel' relation (14) follows; 


|El= 2. (21) 
Eliminating fT 0 between (20) and (21) we get: 

| E| == 5 C4. 22) 
For further calculations Yudin and Shvetz assume: 


~=20 (x==0,395). 


x2 
Then they introduce a new parameter @ - the inclination angle of the wind, 
i.e., the angle the wind direction forms with the isobar: 


2 (9) __ Ey - (23) 


— 


&2—= 7) E,° 


Equation (22) can now be rearranged as follows: 


|E|=y E+ E,=V Ei (1 -- tg? a) = 20¢9,, 


E, = 20cp, cosa, 
E, == 20cp, sin a. 


hence: 
(24) 
According to the boundary conditions (13), we obtain: 


DI,(x,.V i) + EN, (x, Vi) +G=0. (25) 


Since Xo is very small, the authors use approximate expressions for the 
cylindrical functions of small argument; with regard to (18), they obtain: 


9 9 
D+ (—=In— 3 i) +G=0. (26) 


T Y*o 


In order to satisfy condition (12) it is necessary that B= 0. Finally, fulfilling 
condition (15) they find: 


Aen —1 — D], (x, Vi) + EN, (x, Vi), (27) 
— AnVmi eh At = ae [DI (x,V7)--EN (x,Vi)}. (28) 
Since 
vn" 


we get, combining (27) and (28): 


DI, (x, Vi )+il (x, Vi )] +E IN, (x, Vi) + iNo (x, Vi)) = 0. (29) 
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The authors proceed in the following manner. Assuming for the sake of brevity, 
that: - 
Ny (x,Vi) +: tlo (x, Yi) =f t+ es 
Ny (x,V i) + iNo (x, Vi =m + in, 
and eliminating D by the use of (26), they get: 
. a ae eee ee ee ee 
E(n, in) =|G+E(—fh +5 i) | +i) =9, (30) 
and separating the real and imaginary parts: 
oe. Oe. Oe cg A 
En, — Estas; E = In or + Eo| — 
a ee 
ae E = In a 7A, = Gj, 
: , 2 2 l 
E\no +E, h, E = in vx) 2 Eq| a 
, i Oe _ 
Js (E, = In aor x FE.) = Ge. 


Dividing both sides of the equation by 20 @ and taking into account equations 


(24), the following are obtained: 
: | ee Lx 
c (1m, cosa--n, sina —z /, sina +- > J_ 608 a) 
2 2 e e a G € 
+ —eln mea cosa tj, sina) = 50p, 


: | One | reer 


(31) 


(32) 


De ADs is er eee cae 
+ — eln a (j, cosa— /, sin 2) = 30p, * /2" 
Thus, the following parameters enter in equations (32): 


1) The velocity of the gradient wind at the earth's surface 


2) The inclination angle @ for z = 0, 


3) Quantities, determined by the law of variation of the coefficient of 


turbulence c 
Bw, pe 


4) The value of x)= V awe Zy, Characterizing the roughness of the earth's 


surface. 


Equations (32) allow to solve two very important practical problems. 


A) Given: geostrophic wind U, inclination angle @ and roughness parameter 
z.. We wish to determine the altitude variation of the turbulence coefficient, i.e., 


the parameters c and h. 


B) Given; geostrophic wind U, roughness z_ and one of the parameters, 
determining the variation of the turbulence coefficient. We wish to determine the 
other parameter and the inclination angle @. 


To illustrate the solution obtained and to perform the calculations, the authors 
compiled a number of auxiliary tables. 
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After having determined the law of altitude variation of the turbulence coefficient, 
one can determine the velocity components at any altitude. Thus for the layer 
Z<=h 


Ma — [e(—Zin te) +] lo (eV7)FEN(VE)O, (83) 
Separating the real and imaginary parts, we find: 
== — 20¢ (= In = cosa-t 5 sin a) ber x +- 
+2008 ( + cos a= In = sina ) bei x 


UU —ber x) + 20c 7 cosxner x-+20c® sina. -nei x, 


eee £0 7 ark ea FO ‘ 
v= 20¢ = nt na) bet x ff one 


— 20c £2 cosanei x+20c = sina: ner x. (34)* 


For a layer where z > h: 
M == Aew" Viz 4-G, (35) 
whereby the arbitrary constant is determined by the condition (27). 


Shvets and Yudin calculated a number of examples of wind distribution in 
altitude, adopting the following parameter values (see following table). 


3.88 Seer ES 12.8 : 10.52 m/sec 


0.1 QO,1 0.1 0,1 ° 190 m 
2 
0,077 3.44 3.82 42,3 , 1,77 m /sec 


On the basis of the tables they have compiled, the authors were able to reach 
the following conclusions, which agree well with observations: 


1) The wind inclination angle increases over a rough surface. 
2) With the increase of the pressure gradient, eddy viscosity increases, 


3) Wind velocity at weathervane level is about half of the geostrophic wind 
velocity. 


4) With increasing altitude the wind approaches the geostrophic, both in mag- 
nitude and direction, attaining geostrophic speed sooner than geostrophic direction. 


5) To a larger eddy viscosity correspond smaller inclination angles. 


6) The altitude at which the wind reaches the geostrophic values, is higher 
for strong than for weak winds. 


7) The ratio between wind velocity at weathervane level and the velocity of 
the geostrophic wind depends on the former velocity, on the roughness and on the 
inclination angle. When any of these quantities decreases the considered ratio 


increases. 


* { Translator'’s note - see note to equations 16, 17, 18, this section}, 
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8) At certain altitudes the wind speed exceeds the geostrophic wind speed at 
the earth's surface. 


§ 5. The Diurnal Wind Cycle 


At the earth!s surface, if it is plane, the wind velocity displays a definite 
daily (24 hourly) cycle, unless disturbed by weather changes. The velocity usually 
attains its maximum in the early afternoon. At night a shallow and wide minimum 
is observed. The angle of wind deviation from the isobar attains a minimum during 
the day and a maximum at night. The diurnal cycle of the wind velocity depends on 
the season, the underlying surface, and the air mass. There exists almost no 
diurnal wind cycle above the sea. 


Above a certain level the wind velocity undergoes an opposite diurnal cycle: 
maximum at night and minimum by day. The altitude of reversion of the diurnal 
cycle changes within a wide range, depending on the season and the wind force, In 
summer, for example, at a highly developed turbulence, the altitude of reversion 
rises sometimes up to 300 m, and in winter it drops to 30 ~ 50 m. 


Calculation shows that the diurnal wind cycle cannot be explained by the 
pressure cycle, since the wind velocities due to the latter never exceed 10 cm/sec, 
while the actually observed daily amplitudes of wind variation are many tens of 
times greater, 


On the other hand, the above enumerated characteristics of the diurnal wind 
cycle clearly show that it is connected with the diurnal cycle of turbulence. 


The first attempt to explain the diurnal wind cycle on the basis of hydro- 
mechanical equations was made by B.I. Izvekov. He considered the coefficient of 
kinematic eddy viscosity to be constant at all altitudes, but a periodic function of 
time: ; 


y= ¥, + ¢ sin wf, 


where y, is the coefficient of kinematic eddy viscosity averaged over 24 hours, 


¢ -— the diurnal amplitude of this coefficient, and # — the angular velocity of 
the earth, 


However, assuming that the coefficient of eddy viscosity does not vary with 
altitude, Izvekov obtained unsatisfactory results. Thus, according to Izvekov the 
wind velocity does not tend with increasing altitude to the velocity of the gradient 
winds. The condition of air adhesion to the earthis surface is also not fulfilled. 
Finally, the reversal of the diurnal wind cycle at the higher levels of the boundary 
layer is not accounted for. 


M, E, Shvets solved the problem of the diurnal wind cycle, assuming that v 
increases linearly up to a certain altitude h and then remains constant. In addition, 
Shvets regards V as a periodic function of time with a 24 hour period. 


Writing the equations of motion for a turbulent atmosphere in the form: 


Ow, , O  Opu Op 
aa sa” + 20,00 + 5 er eae 
Ov 0 y 00 Op 
ae ot —~ 20, pu as =5y 
and introducing the complex velocity w = u — iv, Shvets reduces the problem to the 
integration of a single partial differential equation: 


0 ) ee j OP 
_ 05 ot tbo ~— 210 pw = ae a oy’ (2) 


(1) 


Shvete further assumes, that in equation (2) one can disregard the term 
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er “= , since the amplitude of oscillation of the wind velocity does not usually 


exceed 10 — 20% of the mean velocity. Therefore, instead of equation (2) the 
following equation is used: 


: , Ow _ Op . Op 
2iw pute y= 50 —t as (3) 


whereby yy, w, and p depend parametrically on the time t, so that: 
y=c(t)-z2 at z<h(t), 
v=c(t)h(t) at z>hit 


The boundary conditions were formulated by Shvets as follows: 


(4) 


1) At the level of the rough underlying surface the wind velocity vanishes: 


w= 0 at 2256 


(5) 
2) The friction force is bounded at infinity: 
yt—-< oc at 2=-00, (6) 


3) At the level z = h the condition of conjugation of the two solutions is ful- 


O 
filled, i.e., the function pw and — are Continuous. 


4) For z— 0 Prandtl's boundary condition holds: 


ae se S| CO 7) 
Lo wlz+o0— - Vt, oP In = Pete y aor ( 


A solution of equation (3) that satisfies the given boundary conditions was 
obtained above (cf. § 4): 


y) 2 : | 
gw — [E(— Fin 4 Fi) +Gl-M(eVIFEN (VIG ¢9) 
Zh, 


where I, and Ny are Bessel and Neumann functions ar and 


= 8w,-Zy | a ae Op ie) ; 
ca | Sila goo Bee se ( dy ‘dx}? (9) 
E is the integration constant, { = 1,17811 - Euler's constant, and 

pw = Ae Yc +G for 2>A4, (10) 
where A is a constant of integration. 


It was also shown in the mentioned work that after determination of the integra— 
tion constants, two equations remain, involving three functions: c(t), h(t) and 
a(t), where 2 is the angle between the wind direction and the direction of the iso— 


bar at the earth's surface. 


These equations can be written in the form: 


si sels G 2 
— — SING, 
+s 2 ~ 20¢ Ao 
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ged an ah ee < = — me cos a} (11) 
J, tJ END Po 


where: 


: he A. ee 8u,A . 
Atin=ls| - i) +a, ( Beat) 


/ / (12) 
n, + in, == WN, ( we i} -- iN, ( eet i) , 


Eliminating 2 from (11), we obtain a single equation, connecting c(t) and h(t) 
ny Jo — Mof 1\3 ny fit nos y 2\2 G \2 
3 iy ca ear re — \ 30¢ : (13) 
fi the . Ji +h 1*0 Po 
Imposing on the coefficient of eddy viscosity ¥ above the level z = h the con- 
dition: 


y== c(t) A(t) =v, (1 + sin wf), (14) 


Shvets determines c(t) and h(t) from equations (13) and (14) and then finds the wind 
distribution in altitude from the tables he has constructed. 


Notwithstanding the schematic nature of the time~dependence (14) of the 


coefficient of eddy viscosity, the theoretical deductions of Shvets conform well with 
observation. 
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As aresult of absorption of radiation, internal and potential energies are ac— 
cumulated, which can be further converted into kinetic energy of large-scale currents 
(U +II)—E, or eventually into eddy kinetic energy (U+II)+E*. The transformation 
of the potential and internal energy into kinetic energy is of utmost importance in 
modern dynamic meteorology. This is due to the fact that the general atmospheric 
circulation and the development of cyclones and anticyclones are closely connected 
with the mechanism of such transformations, Kinetic energy may be converted 
into potential or internal energy either through its direct transformation into 
potential energy E-+(U +l), or through dissipation of the mechanical energy in 
the form of heat. In the latter case kinetic energy is "degraded" through the dis— 
integration of vortexes, The kinetic energy of large-scale currents is converted 
into the kinetic energy of eddies of progressively decreasing size, E->E’, until 
it is dissipated into heat, E'—+(U +l), by the action of viscosity. 


The process of conversion of kinetic energy of large~scale currents into eddy 
kinetic energy is irreversible. 


Processes leading to rectification of streamlines and to an increase in the 
overall flow velocity at the expense of the velocity of local additional motions 
are not realizable in nature, 


$2. Energy Balance of the Individual Air Parcel 


We shall derive an equation of energy balance for a separate air parcel of 
unit mass, We assume that friction is absent and the air behaves like a perfect 
fluid, In this case the equations of motion can be written in the following manner: 


du 1 op 

dé = — > ag + 2osinw, 

OO nie (1) 
dt p oy aa 

dw t op ss 

ear a gee 


Multiplying equations (1) by u, v, and w respectively and adding them, we 
obtain the equation of mechanical energy balance or living force [kinetic ener gy] 
equation 


d (ce? 7 I Op op , Op\ ___ 1 op 
a (Ste) = — > (utes teh) = — iP (2) 


: Oo 
where c is the wind velocity, and a - the component of the pressure ascendent 
in the direction of the wind vector. 


We should note that the deflective force of the earth's rotation is not account- 
ed for in this equation, as should be expected, since the work of the force of inertia 
identically vanishes, owing to the orthogonality of the velocity and this force. 


d 
If the motion is horizontal, or (gz) = 0, and equation (2) is simplified: 


d {ec 1 op _ 


It follows from equation (3) that if the pressure decreases in the direction of 
the flow = <0 the kinetic energy increases and vice versa. Consequently, a 


gust of air contrary to the gradient results in a kinetic energy loss. 


Combining equation (2) with the equation of heat balance for an ideal gas 


dq___.s aT df} 
toa +P ae (z) (4) 
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we obtain the equation of energy balance for the frictionless flow of an ideal gas: 


dq__ d /e d /\ 1 dp 
wn (g beter) ten(,)+> oe (5) 


Equation (5) gives the total energy absorbed from the surroundings by a unit 
of mass of an ideal gas in frictionless flow, as the sum of the respective kinetic, 
potential, and internal energy gains, of the work of expansion and of the work done 
against the pressure gradient. 


Noting that 


— ee 


we obtain the equation of energy balance in the following form: 


dq__ da f[e p 1 op 
If the flow is steady, oP 0, and if the state of the air varies adiabatically, 
af =, equation (6) can be integrated with respect to the time: 
5 + eete,T + 5 =const, (7) 
But 


eT +2 =c,T+RT=e,7. 


Consequently, the equation of energy balance assumes the following form: 
] 


SteeteT= const, (8) 
This equation connects the parameters of the particle at different times. 
Since we assume the flow to be steady, the streamlines coincide with the particle 
trajectories, Therefore, equation (8) connects also the parameters of state of 
various particles located on the same streamline. However, the constants for 
diff: ent streamlines generally differ. 


Equation (7) represents the generalization of Bernoulli's law for an incom—- 
pressible perfect fluid: 


2 
5 a canoe =: const, (9) 


Bernoulli's equation and its generalization are widely applied, especially in 
instrumental meteorology. In high speed flow, for instance, it explains the distortion 
of the barometeric pressure field by the presence of obstacles. This equation 
furnishes a theoretical principle for the construction of flow velocity gauges 
(flowmeters) by means of the corresponding pressure variations. Bernoulli's 
equation allows to estimate error in temperature and pressure measurements by 
instruments installed on high speed aircraft. 


$3, Energy Balance of a Given Air Mass 


Proceeding from the law of conservation of energy we can derive an equation 
of energy balance for a given fluid mass, as follows: 


dE , aU 
EtG HOt | eh vat | (p,, 0) do (1) 
dE . 7 
(see s 7 Chapter VII) where ae is the kinetic energy variation of the given fluid 
mass per unit time; — ~- the change per unit time in the internal energy of the same 


’ at 
mass; Q-— heat influx from external sources; \ o(F, v) dt the total work of the volume 


forces per unit time; \ (D,,; v) do the work of all surface forces per unit time. 
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Transforming the equation of energy balance into a form suitable for the study 
of the atmosphere, we are guided by the results obtained in § 13 Chapter VII, allow— 
ing us to regard the variation of the total kinetic energy of the stream as a sum 


of the variation of the kinetic energy of the average motion ae and of the kinetic 


? 


dE 
energy of eddy pulsation Tae 


c= 
ata a 


whereby the change of the eddy kinetic energy for the given air mass may be expres-~ 
sed as follows: 


a “ T ar — | D dt, (3) 


t 
where T is the rate of seanetsciaeon of average flow kinetic energy into eddy 
kinetic energy per unit volume, and D — the rate of dissipation of mechanical energy 
per unit mass. 
(4)* 


O Ou \2 ow , dv\2 O ow \2 
T= 1{2(ae) +2(5)) +23) + (Seay) Hm tae) + (ae tae) p- 
(5) 
Ou\2 Ov \2 Ow \ 2 Ov , du\2 Ow 
P= 1 {2(52) +2(5) +2(ae) + (Seba) Hay tae) + (ae tae) f- 
Replacing ce in the equation of energy balance (1) by its expression obtained 


from equations (2) and (3): 


| Tat — \o dt, (6) 


we can write the equation of energy balance in the following manner: 


ae ed =Q+ Jere + Jee oras— f Tart | Dar ~ (7) 


We shall now derive ne expression 2 the Wonk. done by the mass forces, 
Let us recall that in dynamic meteorological studies of atmospheric motions we 
deal with only two mass forces: the force of gravity and the deflecting force of the 
earth's rotation. Since the latter is perpendicular to the velocity its work is equal 
to zero. Therefore, it does not enter in the equation of energy balance, 


We now introduce into the equation of the energy balance the geopotential 
instead of the force of gravity «p. 


F= — grad @. (8) 


Since the geopotential represents a potential energy referred to a unit of mass, 
the potential energy Il of the total fluid mass will be expressed by the formula 


N= | pb ar. (9) 


* [Translator's note, The Russian text has p instead of the coefficient of 
eddy viscosity Meurb! : 
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me : into account thatp¢dt=const. we obtain: 


aaa) aie LE 3 a a= | oS att + \ 9 (9, grad P) dt. (10) 
But the geopotential a any point is Gicinaesendens = Q, whence, 
£ 
=| 0(v, grad ®) at. (11) 


Transforming the integral eveeeasion for the work done by the mass forces, 
we obtain: 


\ (F, o)at== — | 9(0, grad hyde —F (12) 


Consequently, the equation of the energy balance assumes the following form: 


Q=4 (E-- E’ 4+-I+4+-u)— | (p,, vdeo (13) 
3 


Q= 5 (E+U+— le, v)ds-+ | Tar— | Dat. 


Equation (13) shows that the rate of heat influx from the surroundings makes 
up the sum of the variations of the kinetic energy. (of average and eddy motions), of 
the potential and internal energies, and also of the work done by the pressure forces 
per unit time and by the viscosity forces acting on the surface of the fluid volume. 


We now introduce the enthalpy 3* into the equation of energy balance, 
The enthalpy per mass unit is given by the formula 93==u-+ p-a,-where “is the 


internal energy of the mass unit and @- the specific volume; and the enthalpy of 
the total fluid mass - by the formula 


a= | p(u-tpa)dr= | pudt + \ 9 (pa) at. (14) 
t t Tt 
Differentiating the equation with respect to the time and recalling that pdt== const., 
we obtain: 
—_— <tr) 
at]? aes (15) 


Eliminating the internal energy between equations (13) and (15), we obtain the 
equation of energy balance in the form: 


=F “(Ee TE EM) — | NG a— [pm vas (16) 


We transform the surface integral (o, 2) aa, which expresses the work per unit 


time done by the forces of pressure and “viscosity acting on the boundary & of the 
volume 7: 

[ (P,» 9)4o= — | pin, 0) do-+ | (py +p) ve. 

2 pS x 


where fis the unit normal to the surface element do; the first integral on the 
right-hand side gives the work done by the pressure and the second - the work done 
by the viscosity forces. 


Applying Gauss! theorem and making use of the properties of Euler's 


* (Translator's note, The Russian character 9 stands everywhere for the 
enthalpy]. 
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operator, we get: 


= fe ; : - 
Joie v) as= | oy div (pv) at = (ae + pu je tee pe) ‘ian. 
=§ (se Bute ar | paiv ote (17) 


{(g- . le aad 


jp SOP ale p Gaet (jp ar= J pdivoar+ | Fas, 


! 


In addition 


therefore 


— | p PY) at — | Pt nda | Gar, 


% 


Consequently, the ae of energy oe assumes the folowing form 


g= TELE ++ 3] — aa — | ope pn) do. (18) 


t 
This equation shows that the heat influx from setae sources to the fluid volume 
is balanced by the variation of the sum of the kinetic energy (of the average and eddy 
motion), the potential energy and the enthalpy, of the work of local pressure varias 
tions and the work of the viscosity forces on the boundary of the volume, 


$4. The Energy of a Vertical Air Column 
We consider a vertical column of air of unit cross section, extending from 


the level z=0 up to the level z=h. The internal energy of this air column is deter- 
mined by the formula 


h 
U=c, \ Tpdz. (1) 
Taking into account the fundamental hydrostatic equation 
ap == — g£odz, 
we obtain: ‘ Po 
Us | Tdp. 
: (2) 
Pr 


Formula (2) is sometimes more suitable than formula (1) for the calculation of the 
air column internal energy. 


The potential energy of the given air column is equal to 
h 
|| g2odz2, (3) 
0 


hence, introducing the pressure through the fundamental hydrostatic equation, 
we obtain: 


II = zdp= —hp,+ \ mas, 


Pr 
but 


p=RoT; 


whence 


h 
Il— —hp,-R \ Tedz. (4) 
0 
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The enthalpy of this air column can be calculated by the formula 
ea ; 
o=c,| Tedz=z | Tdp (5) 


Combining equations (1) and (4) we obtain 


N= —h-p, + (x— 1)-U, (6) 
where 
La i 1,4, 
Oy 
consequently 
U+-IL= —hAp,-+-*xU=—h-p,-+ 9. (7) 


If the air column extends to infinity, then as 4 —~oothe product # -p, —> Osince 


the pressure p drops exponentially with increasing altitude. Therefore, for the 
infinitely high air column the following relationships hold 


Ut Slag, (8) 
W:U=2z—1=0.4, (9) 


Consequently, any change in the potential energy of an infinitely high air 
column is accompanied by proportional changes in the internal energy of this air 
column, and vice versa. Therefore, in the study of atmospheric energy transforma-— 
tions, the sum of the potential and internal energies (or, alternatively, the enthalpy) 
should be considered. We stress again that such a relationship is valid only for in~- 
finitely high air columns; it does not hold for any finite volume, as may be seen 
from equation (7), derived for an air column of finite height. This equation shows 
that for a finite volume of air, II by no means equals (* — 1)U, but always falls 
short of it. 


$5. Energy Release in Vertical Redistribution of Air Masses 


We shall discuss several examples of the conversion of potential and internal 
energy into kinetic energy. Let us assume that the atmosphere is in unstable 
equilibrium, due either to vertical stratification or to a horizontally unstable mass 
distribution. This unstable equilibrium is upset by a sufficiently strong external 
impulse. Once the equilibrium is disturbed the potential and internal energies are 
transformed into kinetic energy. As the sum of the potential and kinetic energies 
diminishes, tending to a minimum, the kinetic energy increases, approaching a 
maximum. We will call the state of maximum kinetic energy the *final® state. 

It ig clear that this "final® state cannot be sustained, since once it is reached, the 
kinetic energy starts to be reconverted into potential and internal energy. 


We consider an air column, bounded from below by the earth's surface, on the 
sides by solid vertical walls, and open at the top. Mass redistribution takes place 
only in the lower part of this air column, up to a certain height h, while its upper 
part moves up and down like a rigid piston of weight PLB; where Ph is the pressure 


on the upper boundary of the redistributed masses, and B- the area of the column 
base. 
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- | 
a) A, 


Figure 134. The calculation of the kinetic energy released 
upon disturbance of a vertically unstable mass 
equilibrium. 


Example 1. In an air column (Figure 134), whose pressure near the ground 
is p_, the two masses (designated by 1 and 2) are located one on top of the other. 


The pressure on the upper boundary of the first mass equals Pr The second mass 


has a higher potential temperature than the first. As a result mass redistribution 
takes place, until in the final state the first mass lies under* the second (1! and 2°), 
During this process, the height of the two layers changes correspondingly from h 


to ht, and from hy to ht,. The pressure on the boundary changes from P; to p. 


The level of the Pp, Pressure changes too. 


Upon mass redistribution the total potential and internal energies of the air 
column is converted partly into kinetic energy and partly spent as work of expansion 
of the air column, evidently equal to P, (ht h). Consequently, 


(Il-+ U) — (Il U)' =E' + p, (4’ — A), (1) 
where the primes denote the values of the variables in the final state. But according 
to (7) § 4 

I +-U=3— Apps 


(Ii U)' = 95’ —A'p,. 
Consequently, 
Ee’ —I— Ce (2) 


Thus, it is sufficient to form the difference between the enthalpy values of an air 
column in order to obtain the value of the kinetic energy liberated in a vertical 
mass redistribution. 


Let us assume, that both masses are initially in a state of indifferent equilib- 
rium,, i.e,, each of the masses has the same potential temperature at all points. 
Let us further assume that the redistribution takes place adiabatically, i.e., each 
of the masses maintains,in the course of the process,a constant potential tempera- 
ture, Let the temperature have initially on the boundary i a discontinuous jump 
from TT, to Tes Since Po? T 59° ho, hy T 4 are known values, we may calculate 
the enthalpy of the air column in the initial and final states. According to (5) § 4, 


, P 
et Ros 
ears | Tap. 

Pr 


* [{Translator’s note, The Russian text has "over'', an obvious misprint]. 


— a ope ee Om ae oe oe eee = SS ee oe = 
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Since the equilibrium is indifferent, applying the adiabatic equation 


z—1 


rane) 
: Po 
we obtain: p 1 Pe : 
| Tdp=T yp, *— p= dp =z— - 7 (7 oPo — Tp). (3) 
Pp Pp 


Therefore, the enthalpy of the air column in the initial state can be expressed 
in the following manner: 


I= g o% — } (Py7 oe — PT 2 + PT i =p .1 51); 
where 

ae 

T 1—1 
PHT Yas T2==T 9 — Yghes =P; = Pp (2) ° (4) 

The enthalpy in the final state, i.e., after mass redistribution,will be: 
fees Cp a rT oa ,? ’ 

I = 2 yo] (PoTu1 — pita + piT 2 — P,T no); (5) 


whereas the pressures Po and p, on the lower and the upper boundaries of the con— 


sidered air column remain unchanged, and P*, = PL + Pat p.. Since the mass re- 
i 


distribution proceeds adiabatically, the temperature distribution in each layer is 
determined by the dry-adiabatic equation, and we obtain 


z= a 
° Po . ’ P; : 
rameta(®) 2 thre (2 
ss i) ae (6) 
x—1 x—1 
Os pr \ * ' Pr\ * 
T 2 =< 15 (=) ? The == Tas (22) 
The thickness of the layers after mass redistribution is determined from the 
relationship 
Tie — To = Y,/2- 
Py~Py (7) 
The mass of the air column is evidently equal to 0 . The square of the 
mean velocity will be: g 
2g 
= 3— 9°). 
arr ) sa 


Calculations performed according to the foregoing formulas show, that in 
vertical mass redistribution a large amount of kinetic energy is released. There- 
fore, as a result of such redistribution high velocities may develop. The kinetic 
energy of gales may be due to this kind of mass redistribution. 


Example 2. Let two air masses rest side by side on the earth's surface 
(Figure 135). Their bases each equal B/2, they have the common height h and they 
are laterally bounded by vertical walls. Over these masses lies an air layer of a 
stable equilibrium, capable of moving up and down like a rigid piston. Let us assume 
that the first mass has a lower potential temperature than the second. 


In the initial state the system consisting of the two air masses can be in 
equilibrium if they are divided by a rigid partition. 


If the rigid partition is removed, the cold air will begin to flow underneath the 
warm air, as a result of the horizontal pressure gradient. Thus the cold air will 
contract, accumulating beneath the expanding warm air. The upper boundary will 
either lift or sink. If the upper boundary rises, the work is done by the pressure 
of air lying below it; in case it is lowered, the work is done by external pressure. 
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Figure 135. The calculation of the kinetic energy released upon 
disturbance of unstable equilibrium of adjacent masses 


Let us assume that initially the two air masses are in indifferent equilibrium. 
After adiabatic mass redistribution they are again in indifferent equilibrium. 


The enthalpy in the initial state is: 


c x B 
= a Seo > [Pol or — Pm + Pool 02 — PaT nil- (9) 


We assume that Py h, TH T, are given. The remaining magnitudes are deter— 


2 
mined from the following relationships, which characterize the indifferent equili— 
brium and the adiabatic process: 


To = T py + Yqh; To. = Ps at PL 


x 

= Tu\s __ (Za)! (10) 

Po. p, (72 ’ Por = Pr T 10 : 
The enthalpy in the final state is: 
c x 
’ Pp re ti! af ’ 
a Ra [PoTo1 — piTa + piT 12 — Pp’ Tro]. (11) 

In the final state, the temperature at the interface between the two masses has a 
jump from the lower value Ty to the higher value To The upper layer of the 
second mass remains at the same pressure Py andthereforeT® _ = T The inter— 


h2 h2 
face ig characterized by the corresponding pressure 


, ] 
Pi=Pp + ay (Pos — Pr)s 


as the second mass spreads over a twice larger area. 


As a result of the adiabatic redistribution of masses and of the indifferent 
equilibrium in the initial and final states we have: 


a—1 x—1 xr1—1 
? 


= Ra sie Af 
r Pi - Po: P; * , Po x (12) 
ramta(B)* thmty (8). tema () 
; + 
where py = Fae Poe , 
The calculations show that ata 10° difference on each of the horizontal levels 


the following velocities, c, at various heights Aare are developed: 


h = 2000 3000 6000 m 
C= 13 16 23 m/sec 
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The above given estimates of the velocity developing upon the transformation 
of the potential and internal energies into kinetic energy, are obtained by a rough 
scheme which is far from corresponding to actual atmospheric processes. How- 
ever, the merit of these estimates consists in the fact that they demonstrate the 
essential role of the unstable mass distributions in the atmosphere as stores of 
immense potential energy which is transformed into kinetic energy upon mass 
redistribution. 


Careful analysis shows that the main source of kinetic energy in the atmo- 
sphere is the unstable distribution of masses. The earlier prevailing view that the 
kinetic energy derives mainly from the pressure field has proved to be wrong. 


Computations showed that the horizontal pressure distribution is insufficient 
to explain the kinetic energy which is developed in cyclones. The horizontal dis— 
tribution of pressure can generate only about 5% of the total kinetic energy of the 
cyclone. The main source of the kinetic energy of atmospheric motions is the po— 
tential energy which increases with temperature, which in its turn rises as a re- 
sult of heat influx. The gradients of pressure represent the difference in the po- 
tential energy of adjacent air columns. The pressure field is therefore merely a 
mechanism of transformation of potential into kinetic energy, since the horizontal 
mass transport is due to the gradients which develop in this field. 


The above discussion of the transformation of potential into kinetic energy 
concerns dry air. However, similar equations are applicable to moist air even in 
the case of condensation, since this equation expresses only the principle of energy 
conservation. The sum of the potential and internal energies may, however, be 
substantially different for a column of dry and moist air at the same temperature 
distribution. If the stratification is relatively unstable, the column of dry air will 
be in stable equilibrium and no redistribution of masses will take place. In the 
case of moist air, redistribution may occur and result in vast release of kinetic 
energy. All this points to the important role of water vapor in the processes of 
energy transformation in the atmosphere. 


$6. The Transformation of the Kinetic Energy of Mean Atmospheric 
Motion into Eddy Kinetic Energy 


In § 13 Chapter VII we have seen that the kinetic energy of the mean flow 
transformed into kinetic energy of eddy pulsation per unit volume is expressed by 
the following formula 


ou 2 Ov \2 [Ow \? du, ov\2 
r= At 2(5i)'+2(55)' + 2(52) + (+ oe) + 
ov , dw\? ow , Ou\? 
+(8+3) + (Rte) t 
(the symbol [bar] denoting average values is everywhere omitted, and the coefficient 
of eddy viscosity is replaced by the [equal] exchange coefficient A). 


It is easy to estimate the transformation of the kinetic energy of the mean 
atmospheric flow for the simplest case only, when u = u(z); v=v(z); w=0. In 
this case the formula for T is simplified and takes the following form: 


Ou\ 2 Ov\? 
= — — : 2 
r= Al (5) + (5) | (2 
Let us assume, that the coefficient of turbulence, the density and the pressure 
do not change with altitude and that the velocity does not change with time. This 
assumption corresponds to the stationary condition of mean motion when the kinetic 


energy lost by transformation is continuously replenished. In § 3 Chapter XVI we 
have shown that the components of the wind velocity under these assumptions are 
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expressed as follows. 
u—u,(1 — e~** cos @2), 


— ue sin az, 


where 
| Op 


ag 2p sin 9 oy 


is the velocity of the geostrophic wind, and 


w sin 
pom y e 


T = 2pw sin pute, (3) 


consequently, 


Since above the friction level D=1/@the altitude variation of the wind velocity due 

to turbulence is very small, the transformation of the kinetic energy of mean motion 
into eddy energy is also very slight above this level. For the estimation of the order 
of magnitude of the kinetic energy transformed in the atmosphere, it is sufficient to 
integrate the expression (3) from the earth's surface to the friction level D: 


D 
T* =| Tdz = u? (1 —e-?*) V Apo sin 9. (4) 


0 eee : 
We will compare the magnitude of the transformed kinetic energy with the 
total reserves of kinetic energy in a unit air column, extending from the earth's 
surface to the friction level D; since 


D 
P| ,2 1 a2) ¢ge—£ D.u? iter (5) 
grat {uu 4) dz=$D.u2 {1 pe 
we get 0 
T* _2wsing l—er- 
oe ee Ae (6) 
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The calculations show that, for example, ata latitude = 45°. about 15% of the 
available kinetic energy is transformed in 1 hour. Consequently, 7 hours would 
have sufficed for the transformation of the entire kinetic energy into eddy energy, 
had it not been replenished at the expense of the solar energy converted into poten- 
tial and internal energy. 


More accurate estimates show that the transformation of the kinetic energy 
in an air column of cross section 1 m” and extending up to a height of 10 km (from 
the earth's surface) is equal to 5°10‘ erg m“/sec, whereby the transformation in 
the lower part of this column (up to the altitude of 1 km) will be 3: 10’ erg m“/sec. 
If the mean wind velocity in the entire air column is 10 m/sec, the total kinetic energy 
of the column will amount to 5- 1014 erg. Consequently, after 10° sec = 1.16 day, 
the entire kinetic energy of mean motion will be transformed into eddy energy. 
Elementary calculation shows that 2% of the available radiation is sufficient to com- 
pensate for the lost kinetic energy. 


$7, Energy Balance of the Turbulent Atmosphere 


As was shown earlier (§$ 13, Chapter VIII), the variation per unit mass of the 
eddy energy of an incompressible fluid is determined by the transformation 


dt 


of the kinetic energy T of the mean motion and by the dissipation D of the mechani~ 
cal energy into heat: 


GB 24-2. 
ado (1) 
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The transformation of the kinetic energy of the mean motion is not the only 
energy supply to the turbulent atmosphere. We have shown in $5 that the change 
in the internal energy of an air column is closely linked with the changes of poten- 
tial energy in this column, If the stratification of the atmosphere is stable, the 
air particle (individual vortex) uponentering a higher layer, becomes colder than the 
surrounding air; therefore it is forced to descend. Similarly, the individual vortex 
descending in a stable atmosphere will become warmer than the surrounding air 
and will tend to regain its former position. Since individual eddies continually move 
up and down in turbulent flow, the work of these motions is done at the expense of 
the eddy kinetic energy, which correspondingly decreases. Consequently, the 
variation of the atmospheric eddy kinetic energy is determined not only by trans— 
formationand dissipation of the energy but also by the work done in overcoming the 
stable vertical stratification of the atmosphere. It appears that the work performed 
substantially exceeds the amount of energy dissipated into heat. 


A.M. Obukhov applies the equation of turbulent energy balance in the follow— 
ing form: 


dF’ dil 
de gg (2) 
r : all 
where E’ is the eddy kinetic energy, II the potential energy of the flow, a the 


work done to overcome the stable stratification of the atmosphere. 


For the analysis of this equation of turbulent energy balance A.M. Obukhov 
introduces two parameters of turbulence: v'—the eddy pulsation velocity and {—the 
scale of turbulency. This corresponds to the mixing length, and the equation of 
turbulent energy balance assumes the following form: 


dE' ___,, {dv\? go 3 
af aK (5) — KrF aD _ 


where 


K=v'l, K,-=av'l, 


(see $5 and 8, Chapter XV). 


The coefficients @ and 8 are taken to be constants to a first approximation, 
whose value we will estimate in the following. 


Obukhov examines the pattern of turbulence to which the following form of the 
equation of energy balance applies. 


“ot Oz To 
or 

0v\ 2 gZ 00 ; 
"1/2 f — As 2.2 2} — 4 
v |! (3) al T Oe Bu 0. (4) 

Equation (4) is factored out into two equations 
v' =—'(): (5) 
Fg 8 eae (6) 
Oz T Oz j 


Equation (5) characterizes the steady laminar flow pattern, and equation (6) 
the steady turbulent flow pattern. Equation (6) may be solved only on condition 
that 
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($)'—a FF So. (7) 


ou\2? 
(32 
we find that for the steady turbulent regime it should satisfy 
| K 
i) =—=—-;. (8) 
Bice N eit a Ky 
For Ri > (RI) r the only solution of the equation of energy balance is v'=0, which corres- 
cri 


ponds to steady laminar flow. 


In order to estimate {we transform equation (6) to the form 


fot RL 
p (5) : (Ri)crit 
z 


whence 


and _ _Ri_jovy 
Oe a Sa | f. (9) 
crit 


In order that formula (9) coincides with the basic relationship of the semiem- 
pirical theory uv’ =/ 8” for an adiabatic stratification of the atmosphere when 
Ri= 0, it is necessary to assume 8 = 1. 


The dissipation of energy may be neglected. Therefore, the equation of 
energy balance may be neglected. Therefore, the equation of energy balance may 
be put in the following form 


dE" _ _RiL ) (10) 
dt =7(1 (Ri) erit ; 


_In this case the onset of turbulence is possible only at definite values of 
Ric (Ri) it Ri=(Ri)__.,, i.e., ifthe transformed ener gy exceeds the work done against 
the stable Stratification, the eddy energy will increase. In the opposite case the 
eddy energy decreases. Considerable vertical gradienis of the mean velocity are 
a sign, under otherwise similar conditions, of considerable energy transformation. 
Therefore, the eddy energy will increase even at an inversion, whereby the inver- 
sions would be destroyed, if, as it often happens in the atmosphere, they are ac- 
companied by a sharp break in the velocity of wind. 


The question of the numerical value of (Ri) t is at present unsolved. 


cri 
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Chapter XVIII 
GENERAL CIRCULATION OF THE ATMOSPHERE 
§1. General Considerations 


The atmosphere is constantly in a state of complex motion, changing with time. 
Analyzing the synoptic maps, constructed for limited territories, we are struck by 
the variety of atmospheric flow patterns. All these diverse flows, whatever their 
cause, are included in the general circulation of the atmosphere. The flow of air in 
cyclones and anticyclones, orographic winds, breezes, and similar phenomena 
represent different instances of the general circulation of the atmosphere. The 
atmospheric motions are so manifold that the probability of recurrence of any flow 
pattern of the entire atmosphere may be taken to equal zero, 


It is clearly impossible to describe the general circulation of the atmosphere 
in complete detail, and we must be content with the most characteristic and broad 
outlines of the general circulation which persevere from year to year. The 
theoretical study even of these most characteristic features of the general circula- 
tion also meets with insurmountable difficulties. 


At the present state of our knowledge we are in possession of an unsatisfactory 
theoretical scheme of the general circulation. 


In order to obtain such a scheme, we should first of all set up the mathemati- 
cal laws that govern the general circulation of the atmosphere. The general 
physical and hydrodynamic laws are retained but they must be given an appropriate 
mathematical form. The derivation of the equation of heat balance is the most 
difficult. These difficulties are mostly due to the fact that the heat exchange in 
the atmosphere is accomplished through radiation, eddy heat conduction, and through 
water phase changes. 


In the general circulation of the atmosphere all these forms of heat cxchange 
are of equal importance, and must be accounted for correspondingly. The radiation 
and eddy heat exchange are the most complex processes. In the derivation of the 
equations of motion a special difficulty arises when the eddy viscosity has to be 
introduced. Therefore, a rigorous mathematical formulation of the problem of 
the general atmospheric circulation is at present impossible. Nevertheless, the 
attempts to tackle the problem of the general atmcspheric circulation have not been 
discontinued, and proceed in two directions: 1) some workers, proceeding from the 
analysis of the average climatological mean pressure charts, attempt to put forward 
empirical, often qualitative theories of the general circulation (Bjerknes, Bergeron, 
Prandtl); 2)other investigators offer semi-empirical theories of the general circu- 
lation, proceeding from the temperature distribution. The great achievement of 
the Soviet theoreticians (Kochin, Blinova) should be mentioned here.. However, the 
characterization of the real general atmospheric circulation is equally important for 
all investigators. 


$2. A Survey of the General Circulation of the Atmosphere 
In order to reveal the most typical features of the general circulation of the 


atmosphere, average weather maps, especially those compiled for January and 
July, are being used. The comparison of maps for January (Figure 136) and July 
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(Figure 137) of the mean pressure distribution, shows first of all that in summer low 
pressure prevails over the continents, while high pressure prevails over the oceans. 
ln winter the picture is reversed. The pressure in the equatorial region is lowered. 
A sharply defined subtropical belt of high pressure centered around 30° southern 
latitude can be noticed in the Southern Hemisphere the year round, being more 
sharply defined over the oceans than over the continents. The maximum pressure 
in this region amounts on the average to 764-768 mm. In the Northern Hemisphere 
the high pressure belt can be observed only in winter, whereby it becomes strongly 
distorted by the presence of the Asian continent, where maximum pressure pre- 
dominates (in winter), These subtropical regions of high pressure do not encircle 
the globe uninterruptedly, but fall into five closed regions, forming subtropical 
oceanic anticyclones, which are preserved without any special changes the year 
round. Two such oceanic subtropic anticyclones exist in the Northern Hemisphere: 
the Azores (North Atlantic) and the Honolulu (North Pacific) anticyclones. In the 
Southern Hemisphere three such anticyclones exist: the South Atlantic (island of St. 
Helena), the South Pacific, and the anticyclone of the island of Mauritius (in the 
Southern Indian Ocean). 


On the equatorial periphery of these subtropical anticyclones, winds of moder- 
ate intensity — the trade winds, blow with exceptional constancy all the year round. 
ln the Northern Hemisphere they have a northwesterly direction, and in the Southern-- 
southeasterly. Near the thermal equator the trade winds become weak easterlies, 
and this is the calm [doldrum]} belt. The width of this belt is variable. Often 
it disappears completely. In such case the trade winds of the two hemispheres 
meet, forming the so-called tropical {intertropical] fronts. Since the air carried 
by the trade winds is very humid and encounters a much warmer ground surface at 
surface, the air masses of both trade winds converging at the equator possess huge 
energy reserves in an unstable state, which may lead to precipitation. Therefore, 
the calm equatorial [ doldrum] belt is characterized by frequent downpours, squalls 
and storms. 


The tropical [intertropical] front is characterized by abundant precipitations. 
Despite their constancy, the trade winds change somewhat according to the specific 
nature of the locality. For example, the trade winds of the Atlantic Ocean are more 
constant than those of the Pacific, which die out altogether in January and February 
in the vicinity of the Carolina Islands. More substantial variations are observed upon 
the change of seasons. For example, the entire trade wind system is displaced, 
following the sun either to the north or to the south. During this shift, the central 
region of the equatorial doldrum belt stays within the Northern Hemisphere. It 
occupies the northernmost position in September, reaching 10° Northern latitude 
It is characteristic that the central region of the high pressure belt is not displaced. 
The seasonal changes of the trade winds are conditioned not by the shift of the high 
pressure belt but by the change of its intensity. 


As we have already said, the formation of a pressure high over a continent 
is impossible in the summer, owing to the strong heating of the land. 


As a result of strong diurnal variations over the land, a considerable amount 
of energy is accrued in a state of moist instability which is discharged in downpours 
of short duration, extending above land more than above the ocean. 


The most pronounced low pressure zone extends over the Southern part of the 
Asian continent, in July. Here occurs the most intense generation of cyclones, at 
the Asiatic depression which gives rise to the phenomenon, unique in the general 
circulation — the famous Asiatic or Indian southwesterly monsoon. The Indian mon- 
soon is characterized by its exceptional constancy during the season and its exten- 


sion over a vast region. In this respect the Indian monsoon may be compared with 
the trade winds. 
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Figure 


The central belt of subtropical anticyclones corresponds to the zone of calm. 
These are the so-called "horse latitudes" of the subtropical seas. 


Westerly winds blow on the polar periphery of the subtropical anticyclones. 
The zone of westerlies extends approximately to 65-70°. 


We see that the extent of the belt of westerlies is not less than that of the trade 
winds. The westerlies, however, are not nearly as regular as the trade winds. 
Winds of different direction can often be observed in the belt of westerlies, due to 
the passage of cyclones and anticyclones. 


In the Southern Hemisphere, the low pressure belt in the extratropical latitudes 
does not split into separate closed low pressure regions. This is explained by the 
uniform nature of the underlying surface. 


It has been assumed till lately that near the poles high pressure continually 
predominates. Observations in the Arctic carried out by the Soviet investigators 
during the last years have shown, however, that shifting cyclones can penetrate 
into very high latitudes. Nonetheless, on average pressure maps regions of high 
pressure may be observed in the Arctic as well as in the Antarctic. On the peri- 
pheries of these high pressure regions blow easterlies which collide with westerlies 
of the middle latitudes. Arctic fronts are formed when this encounter takes place 
at high altitudes, and polar fronts when the easterlies penetrate into lower latitudes. 


The meagre data presently at our disposal on the actual wind distribution in the 
free atmosphere cannot be completely integrated. However, it is possible to get 
a sufficiently good idea about the average wind field in the atmosphere from the 
altitude distribution of pressure, though even less data exists on the atmospheric 
pressure field (based on aerological ascents). However, the average pressure field 
for different levels in the free atmosphere can be computed from the known average 
pressure field at sea level and from the average lapse rates. The average altitude 
distribution of the temperature is known with sufficient reliability, for certain lo- 
calities in the Northern Hemisphere, in winter and summer. Therefore, the esti- 
mation of the field of pressure at various levels in the free atmosphere of the 
Northern Hemisphere is quite free of major difficulties. For the Southern Hemisphere 
however, such estimation is yet impossible, owing to the absence of a sufficiently 
close—meshed network of stations for temperature sounding. 


Owing to the presence of a horizontal temperature gradient, directed on the 
average from south to north in the troposphere of the Northern Hemisphere, the 
isobars on the higher levels approach the circles of latitude. 


The pressure maximum at the North Pole disappears already on the level of 
2 km (Figures 138-142). At all altitudes from 2 to 8 km the pole is a center of low 
pressure. The Azores and Honolulu maxima as well as the South Asiatic depression, 
though considerably weakened, still exist at the altitude of 2km. A weak anticyclone 
appears over North Africa. At an altitude of 4 km the Honolulu maximum disappears 
completely. The Azores maximum and the South Asiatic depression are greatly 
reduced and the North African maximum is augmented. Besides, a weak maximum 
appears near the Himalayas. 


At an altitude of 8 km the NorthAfrican maximum is intensified, the Azores 
maximum is shifted westward and assumes a position over Mexico. The maximum 
which appears at an altitude of 1 km to the north of the Himalayas, now extends from 
the Persian Gulf to Eastern China. 
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Northern Hemisphere at an altitude of 


Figure 139. Average pressure distribution in the 
4 km, for January 


Average pressure distribution in the 
Northern Hemisphere at an altitude of 


2 km, for January 


Figure 138. 
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The levelling of the pressure field with increasing altitude proceeds more 
rapidly in winter than in summer. The isobars lie almost on the circle of latitude 


already at the altitude of 4 km; nowhere are closely—spaced isobars to be found. 
Thus, the pressure field on this level represents a huge depression, spreading over 
the entire Northern Hemisphere and having its center near the North Pole, 


Figure 142. Average pressure distribution 
in the Northern hemisphere 
at an altitude of 8 km, for July 


Since the wind in the free atmosphere approximates the geostrophic, the maps 
of the average pressure distribution at different levels characterize the field 
of wind at these levels. 


It follows from the aforesaid that as a rule, westerlies must prevail at alti- 
tudes from 2to 8kmin the Northern Hemisphere, up to 30° Northern latitude; how— 
ever, at high altitudes the belt of westerlies extends almost to 10° Northern latitude. 
In winter the circulation of air in the subtropic anticyclones is completely arrested 
above the altitude of 4 km. On this level, the westerlies prevail at all altitudes. 
Such conditions predominate at all altitudes up to 12-16 km. 


In the summer, at an altitude of 8 km, westerlies are prevalent over the trop~ 
ic regions of Africa, India and North America. 


From the giver maps it is impossible to reach a final conclusion as to the 
winds prevailing over the Atlantic and Pacific Oceans, owing to the low values of 
the pressure gradients. 


We may therefore draw the following conclusions about the distribution of wind 
in the upper layers of the troposphere. Near the equator, up to 10, 000 m, lies the 
zone of prevalent easterlies. As we move northward the wind at high altitudes be- 
comes consecutively southeasterly, then southerly and southwesterly, and further 
to the north it becomes westerly. In the southern hemisphere an analogous distri- 
bution of wind over the latitudes should be expected; namely, the wind at the equator 


is westerly and as we progress to the south it becomes northeasterly, northern, 
northwesterly and westerly. 
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Thus, the wind in the upper layers of the atmosphere blows above the trade 
winds, in the opposite direction. Therefore, this wind is called an antitrade wind. 
Obviously, the antitrade wind does not represent a simple return of the air carried 
by the trade wind, and consequently, the trade wind and antitrade wind do not form 
together a closed circulation in the vertical plane. Observations showed that the 
vertical extent of the trade winds is small. Itfrequently amounts to several hundreds 
of meters, never exceeding 1.5 km. The trade wind inversion corresponds to the 
upper boundary of the trade winds. In between lies a transition layer where the 
wind is slow and vacillating in direction coinciding at times with the direction of 
the trade winds, but generally possessing a westerly compenent. 


Antitrade winds appear only at high altitudes, of the order of 2-7 km. 


Observations in the North Atlantic showed that the transition from the trade 
wind to the antitrade wind is associated with a with a backing of the wind. 


The upper boundary of the trade wind, as well as the lower boundary of the 
antitrade wind , ascend as we move from the pole to the equator. The altitude of 
these boundaries changes also with the longitude. In some places, above the anti- 
trade winds, upper trade winds blowing from the east can be observed. 


Further to the north, predominantly western winds blow at all altitudes. 
These winds contain a component directed polewards in winter and towards the 
equator in summer. 


Occasionally cyclones and anticyclones disturb this overall pattern, and in that 
case winds of any direction may be observed at all altitudes. 


At high latitudes and at all altitudes, the westerlies generally predominate. 


It is necessary to have a rough idea about the part played by the vertical mo- 
tions of the air in the genral circulation. No methods of direct measurement of 
vertical velocities of the air are available. Therefore, no data on this subject 
exist andweare obliged to limit ourselves to indirect indications of only the out- 
standing characteristics of vertical velocities. Such, for example, is the analysis 
of the distribution of precipitations. In the subtropic zone of the pressure maxima, 
the precipitations are negligible. It is therefore natural to assume that in this zone 
the wind generally descends. The average vertical velocity of such subsiding cur- 
rents seldom exceeds 0.5 cm/sec. In the northern part of the trade wind belt 
(~above 10°) descending motion is observed, and in the southern (below 10°), an 
ascending motion. 


In conclusion to this short survey of the general circulation of the atmosphere 
we would like to point out that the presence of the tropopause must be of essential 
importance for the development of the atmospheric circulation. Schematically, the 
tropopause is a discontinuity surface of the first order in the temperature field, 
separating the tropospheric air from the stratospheric. The position of this inter- 
face undoubtedly affects the general circulation and the secondary circulations; 
processes of formation and dissolution of the tropopause are also connected with 
the general circulation. Thus, upon the development of cyclones the tropopause 
descends, and withit the stratospheric air. In this way the air is adiabatically 
heated and radiative equilibrium is disturbed. The descended stratospheric air 
starts to cool and as a result the tropopause forms at a high altitude and the des- 
cended stratospheric air is assimilated by the tropospheric air. Upon the develop- 
ment of anticyclones the tropopause is formed at a lower altitude and the tropo- 
spheric air ascends into the stratosphere. 


441 


$3, Geographical Distribution of the Solar and Outgoing Radiations 


Chapter VII described an overall thermal balance for the entire globe. 
The real values of the insolational and outgoing radiations for different latitudes 
and at various times of the year significantly differ from the values given in 


Chapter VII. 


Calculation of the value of the solar radiation incident on the boundary of the 
atmosphere is an astronomical rather than a meteorological problem. This problem 
was solved by Milankovich. Without giving the actual data we shall discuss now the 
diagram drawn from them (Figure 143), which characterizes the quantity of the 
energy incident on 1 cm? in the absence of any atmosphere, per 24 hours, for various 
latitudes at various times of the year. On the ordinates is plotted the geographical 
latitude and on the abscissa the time of the year, expressed by the right ascension 
of the sun (upper scale) and the corresponding months (lower scale). During the 
summer, the North Pole gets the maximum quantity of energy per 24 hours since 
there the sun shines continuously at this time of the year. A secondary maximum is 
observed at 40° latitude and manifests itself by weak inflection of the intensity iso- 
line of 1000 cal/ cm? per 24 hours. In the polar region of the Southern Hemisphere 
no solar radiation gets to the atmosphere in the summer, since the sun then lies 
under the horizon. ln winter the opposite situation is observed. The insolation of 
the Southern Hemisphere during the southern summer is larger than that of the 
Northern Hemisphere in the northern summer. This is so because the earth is 
nearer to the sun during the northern winter (i.e. , the southern summer) than during 
the northern summer. 
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Figure 144. Geographical distribution of insolation 


incident on 1 ome of horizontal surface per 
24 hours, for an absorption [sic] coefficient 
of 0.7 


Figure 144 shows the quantity of direct solar radiant energy incident on 1 eae 
of the earth's surface per 24 hours, where the coefficient of transmittance is taken 
as 0.7. In this case the insolation of the earth's surface is considerably less than 
in the absence of atmosphere. The attenuation of the direct solar radiation is partic- 
ularly high in the polar regions where the sun is low on the horizon. In low latitudes 
where the sun is nearer to the zenith, the solar radiation is correspondingly less 
attenuated. Therefore, the summer maximum is in this case not at the pole but 
where the secondary maximum would have been had the atmosphere been absent, 

i.e. , at 40° latitude. 


It is considerably more difficult to calculate the geographical distribution of 
the outgoing radiation. Simpson worked out a method for the calculation of the ra- 
diation leaving the earth and the atmosphere. This method is based on his simpli- 
fied scheme of the absorption spectra of long-wave radiation in water vapor and 
carbon dioxide (see $3, Chapter VI). 


The results obtained by Simpson are given in Tableol. 


The second column gives the insolational radiation from which the albedo is 
excluded. The third column contains data obtained by Simpson for the outgoing 
radiation. The average values of the incident and outgoing radiations coincide. Ac- 
cording to Simpson, the outoing radiation changes but Httle with latitude, which he 
explains by the constant temperature he attributes to clouds at all latitudes. 

At a heavy overcast the outgoing radiation will increase towards the pole, in accord- 
ance with the higher stratospheric temperatures in the polar regions. Already at 
35° latitude the outgoing radiation starts to exceed the insolational radiation. To 
compensate for the radiative energy losses in the higher latitudes, heat must be 
continuously transported from the lower to the higher latitudes by atmospheric cur- 
rents. This circumstance is of essential importance for the maintenance of the 
general circulation of the atmosphere. Simpson also showed that the outgoing ra- 
diation is distributed quite uniformly not only over the surface of the earth but also 
in time, showing no significant annual variations. 
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Table 51 


The insolational and outgoing radiations 


Outgoing radiation (cal/cm? min) 


Latitude eee capers According to According to 
sealvem ie Simpson Albrecht 


CTO °0O CO 0CcCOoOoOcUUDCUOUCLUcOUO 


0. 0 
0. 0 
0. 0 
0. 0 
0. 0 
0. 0 
OF 0 
0. 0 
0. 0 
0. 0 
0. 0 


However, Simpson's results stand in need of certain corrections. This is 
due to his overestimation of the magnitude of radiant energy absorption by atmos- 
pheric water, as shown by Gettner(see $3 Chapter VII). For the lower layers 
of the atmosphere this discrepancy is of no importance, but it leads to significantly 
different results if applied to the stratosphere. Besides, it appears that the strato- 
sphere does not contain water vapor even in the amount equivalent to 0.3 mm of 
precipitation. Therefore, radiation in the region of total absorption by water vapor 
should occur not only in the stratosphere but also, partially, in the upper tropo- 
sphere. Since water vapor concentration decreases exponentially with increasing 
altitude, the radiation will be maximal in the lowest part of the layer in question. 


Albrecht examined this situation, and stressed the fact that the "emission 
layers’, i.e., layers of maximum radiation, lie entirely in the upper troposphere 
and not in the stratosphere. The temperatures of these emission layers vary with 
latitude less than the corresponding stratospheric temperatures. Therefore, accord- 
ing to Albrecht, the outgoing radiation varies with latitude more than assumed by 
Simpson. According to the latter the cold surface at the pole radiates together with 
stratosphere, and on the equator the warm surface radiates together with cold 
stratosphere. As a result, some compensation takes place, which tends to equalize 
the latitude variations of the total radiation. According to Albrecht, such compen- 
sation does not exist, and the outgoing radiation decreases towards the pole together 
with the terrestrial surface temperature. Therefore, according to Albrecht the 
outgoing radiation varies with latitude more than Simpson assumed. 


$4, Circulation Theorems 


It was shown in the preceding section that the insolational radiation at low 
latitudes considerably exceeds the terrestrial and atmospheric radiation lost in out- 
er space, and at high latitudes the outgoing radiation exceeds the insolation. There- 
fore, a continuous transport of heat by air currents must take place from low to 
high latitudes. 


In this connection it is natural to raise the following question: is the heat 
transferred from low to high latitudes by closed currents which form a stationary 
circulation? Atmospheric motions are often schematized as closed circulations, 


though, strictly speaking, the existence of such circulations has never been demon- 
strated. 
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In this section we shall derive several general theorems concerning the cir- 
culation in the velocity field. 


In the mechanics of a rigid body we consider the system of material points as 
a whole. Similarly, we may study in hydrodynamics the motion of an assembly 
of particles lying on a closed curve instead of considering each particle separately. 
The notion of circulation plays an important role in the study of fluid motion. 


Let us consider a closed contour s, at a given instantaneous position in a mov- 
ing fluid. We will calcuiate the tangential and the normal components of the velocity 
Mie and vi? for every particle lying at the given moment on the curve s. Only the 


tangential component effects the transport of the fluid particles along the contour s. 
The normal component does not influence this transport at all. The particle is 
transported in the direction of the tangential component of its velocity, which will 
be positive in case it coincides with the given positive orientation of the contour. 
The orientation is defined so that the interior of the contour remains to the left 
when it is traveled in the positive sense. We wish to find the displacement of 
any fluid particle lying on the contour s from its original position. This displace- 
ment is determined not only by the direction of the tangential component of the velo- 
city also by its magnitude. Thus, the value of this [infinitesimal] displacement of the 
individual particle is given by the scalar product (Figure 145) 


(v,dr)=v cos(v, dr)ds=udx + vdy + wdz (1)* 


where r is the radius vector of the particle, and ds = | dr | ig the line element of 
the curve at the position of the particle. Forming the sum of all the products (1) 
along the entire contour and passing to the limit as dr —-0,we obtain a line integral 
around the contour 


P= § (0,dr) = fusds = pludx + vdy + waa) 
(0) = (L274, 


(2) 


which expresses the total displacement, relative to the contour, of all particles 
lying on it at the given moment. The integral I is called the circulation (of the 
velocity v) around the closed contour s. The circulation is positive if the total 
displacement along the curve is effected in the positive sense defined on it, and 
vice versa. When the particles are not displaced along the curve the circulation is 
equal to zero. 


z v 


Figure 145. Circulation around a contour 
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*( The Russian text uses the notation u,v,w for the components of the velocity v. The 
confusion which may arise between the two different quantities bearing the common 
designation v must be resolved according to the context. - Translator's note. ] 
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Figure 146. The circulation around a closed contour equals 
the sum of the elementary circulations 


We will prove that the circulation around any contour s which encloses some 
given surface 9,is equal to the algebraic sum of the circulations along the contours 
of all domains that are obtained by a subdivision of this surface. Let us consider a 
contour enclosing a given surface o(Figure 146). Dividing this surface into domains: 
Ac,, 4o,, ..., Ag,, we form the sum of the circulations along the boundaries of 


these domains: AI, ... Al’,. Obviously on summation the integrals { v, ds, taken 


ie 
along the paths lying within the contour cancel out in pairs, since each of them ap- 
pears twice, with opposite signs, according to the sense in which these inner boundaries 
are passed, as indicated by the arrows. 


The equation is connected with the vorticity by the equality 
fp (v, dr) = (curl, n) ds, (3) 


Ss a 
known as Stokes! theorem and signifying that the circulation around a contour is 
equal tothe vorticity flux across any surface bounded by the contour. It follows 
from (3) that the circulation characterizes vortex flows, since in the absence of 
vorticity the circulation vanishes. 


We have discussed the circulation around a geometrical static contour lying 
in the moving fluid. Let us now consider a fluid contour composed continually of the 
Same particles, and which may be displaced and deformed without breaking their 
association. A necessary and sufficient condition for the existence of such a fluid 
contour is the continuity of the functions 


x=x«(a,6,c,f); y=y(a, b,c, t); =z (a, b, ¢, ft), 


expressing the laws of motion for the fluid in Lagrangean variables. The circulation 
around the fluid contour s is naturally determined by the same formula as the circu~ 
lation around the geometrical contour, the only difference being that s is now regard- 
ed as composed at every moment of the same liquid particles. Evidently the cir- 
culation around the fluid contour generally changes with time. Let us consider the 
temporal variation of the circulation. For this purpose we differentiate the two 
sides of (2) with respect to the time: 


a= GSO dd=$ (Te ar) +$ (rapldr)). 


Since the circulation in question is taken around a fluid contour consisting all the 
time of the same particles, individual derivatives are required. The first integral 
on the right side represents the circulation of the acceleration around the fluid 
contour. The second integral is equal to zero. Indeed, 
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d ar\ 
ae (dr) =d (Ft) = av; 


therefore 


§ (x, & (ar)) =§ (0a =$ 4(#) =o. 


Thus we have proved Thomson's theorem, stating that the time variation of the 
circulation around a closed contour is equal to the circulation of the acceleration 
around the Same contour: 


a =§ (F dr) = (ext a y+Gaz)," (4) 
f]=[o4 


Replacing the components of the acceleration in equation (4) by their equiva- 
lent expressions from the equations of motion of the ideal atmosphere, we find: 


t= soe oe sin pu, 
oO — + F— 2 sin ou, (5) 
a= —- C2 gp + dw cos pu. 
We thus obtain 
c= —$ = (32 dx - 2 dy + Faz) — § gdz — 


— 20g sin p (udy — vdx) +-cos ‘pu dz, 


The first integral in equation (5) can evidently be written in the form: ge 
where the pressure variation dp is taken along the contour s. P 


The second integral vanishes, since the line integral of a total differential 
(the constant g) around a closed contour equals zero. 


Let us assume that the contour around which the integrals are taken is not too 
large, so that the variation of latitude 9 in its interior can be neglected. Then 
sin ~ may be put in front of the integral sign. We will explain the geometrical 
significance of the integral ~ (udy— vdx-—+-ctg9 udz), Let us project the contour s 
onto a horizontal plane. The area of the domain bounded by the horizontal projection 
of s will be denoted by F. Evidently the temporal variation of this area is connected 
with the motion of the elements of the contour s. Thus, when a line element ds 
moves in the x-direction, the area F varies by udy per time unit, and when the 
element moves in the y-direction, the area varies by (~—vdx). Consequently, 


) (udy — vdx +-ctg gudz)—= a 


and the change of circulation per unit time is expressed by the following formula: 
ay $2 Ow si dF 
—== — PY — — Zw sin’? ——. 6 


Formula (6) is the main circulation theorem, due to V. Bjerknes. 


* { Translator’s note: Misprint in Russian text. Should be dv, ] 


** ( Translator's note: Misprint in Russian text. Should be “ dx +a dy +o az | 
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Formula (6) shows that when the fluid is barotropic, the change in circulation 
depends only on the rotation of the earth. Ina resting reference frame the circu- 
lation of a barotropic fluid remains constant with time. The circulation theorem 
was proved in this particular form by Helmholtz for an incompressible fluid. 


In a baroclinic atmosphere the variation of the circulation and the variation 
of the vorticity associated with it take place at the expense of the atmospheric 
baroclinicity. 


The circulation theorem is expressed by a prognostic equation, permitting 
the calculation of the variation of the circulation up to some future moment from 
the present given distribution of density and pressure. As soon as the fluid contour 
is in motion, the circulation starts to vary under the additional influence of the 
rotation of the earth, as indicated by the second term on the right side of equation (6). 


The change in circulation on a resting earth under the influence of atmospheric 
baroclinicity may be represented in various forms obtained by elementary trans- 


formations. 


Thus, since < = @, we have 


av 
Recalling that ap=RT, we obtain 
nih (8) 
=f pas, 


because fat == 0. 


Eliminating the specific volume by the equation of state we obtain: 


ar ‘(S) 
a —--Rf Td \np. 


Introducing the potential temperature, according to (8) $16 Chapter ff, we 
obtain: 
dv 
a —e,f Td ln 9. (10) 


And finally, by introducing the entropy according to the equation ae =, d\nf) 
we obtain: 


— — § Tay. (11) 


The calculation of a is simplified when the fluid contour of integration is spe- 
cially chosen. Let us draw a system of isobaric surfaces at intervals of one pres- 
sure unit, and a system of isosteric surfaces for 2, at intervals of one specific 
volume unit. The entire surface is thus decompcsed into isobaric-igosteric solenoids. 
Let us consider a fluid quadrilateral contour, formed by two isobaric and two iso- 
steric surfaces (Figure 147), The number of solenoids encircled by this contour is 
equal to mn. We will prove that in this case 


ar (12) 
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Indeed 


4 2 
c= f pda= \pda+ \ pda = 
12 341 3 1 
= (p—mjla — (ata) t+tp(atu—a)=m-n. 
The relationship (12) holds for any fluid contour. Thus, the variation of circulation 
for any given fluid contour equals the number of separate isobaric-isosteric sole- 
noids encircled by this contour. 


\ 
\ \ \ \-7, \ \ \ \ \ \ 
\ \ \ \ \ \ \ 
\ \ 
\ \ \ \ 
: | 7\ \ ON \ YS 


Figure 147. The change in the circulation around a fluid contour is 
expressed by the number of isobaric-isosteric solenoids 
encircled by the contour 


The circulation increment is directed from the pressure gradient to the gradient of 
the specific volume. When the fluid contour is sufficiently large it might contain 
positive as well as negative solenoids, around which the direction of circulation is 
opposite. In this case the change in the circulation around the fluid contour is equal 
to the difference between the number of positive and the negative isobaric-isosteric 
solenoids. 


By such reasoning it can be shown that the variation of circulation around a contou 
iS equal to the difference between the number of positive and the number of negative 
isothermal-isentropic solenoids. The circulation increment is directed from the 
entropy gradient to the temperature gradient. 


It is convenient to use another contour for the calculation of the change in cir- 
culation. This contour consists of two vertical] lines and two isobars (Figure 148). 
In this case 


> (13) 


Obviously the hydrostatic equation dp= — godz is fulfilled along the vertical; 
consequently, 


af 


or 
af 
7s Sa 


where @is the geopotential of the isobaric surface p relative to the surface Pp: 
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Figure 148. Variation of the circulation around the 
fluid contour, as expressed by the dif- 
ference of the corresponding geopoten- 
tials ofthe isobaric surfaces 


Let us calculate the change in the circulation for the same contour consisting 
of two isobars and two vertical lines using formula (9): 
ar 3 1 
at = —R $TdInp= —R (Ta Inp —R (Td Inp. 
12 341 2 4 
Denoting the mean temperatures on the vertical lines by Ts and T) respectively, 
we obtain: 


at Po 
= Rin (7, —7)). (16) 

The circulation theorems can be used to explain such local wind circulations 
as breezes, mountain-valley winds [slope winds], etc. In these cases compensatory 
currents aloft are less pronounced than the lower flows. Nonetheless such circula- 
tions may be regarded as closed. 


A breeze is formed where the air lying over the land is vigorously heated 
during the day and cooled at night, while the water surface maintains an almost 
constant temperature, due to mixing with deep layers. Therefore, the slope of the 
isobaric surface undergoes a 24 hour variation, and as a result the sense of this 
closed circulation is reversed (Figure 149). 


In the same way, the temperature over a mountain slope rises by day and drops 
by night more than in the adjacent valley. Therefore the wind blows up the slope by 
day and down the slope by night. 


$5, Application of the Circulation Theorems 
to the General Circulation of the Atmosphere 


We had already mentioned that the present state of our knowledge does not 
permit the formulation of rigorous equations for the general circulation of the at- 
mosphere. Therefore, we must be content with certain rough schemes, far from 
describing the real atmospheric circulation, in the hope that these schemes will 
be of some help in explaining, at least in part, the most important features of the 
general circulation of the atmosphere. 


Let us assume that the earth is immobile and of uniform surface, and that 
the air is heated at the equator and cooled at the poles; then the general circulation 
of the atmosphere would consist of one meridional ''ring" of circulation in each 
hemisphere; the warm air ascends at the equator and flows, in the upper layers, 
to the pole. At the poie it descends. The place it has initially occupied is filled 
with cold air flowing from the pole to the equator. 


by pe 
Figure 149. a) breeze by night, b) breeze by day 
p 


Pole 


Equator 
Figure 150. Fluid contour for the calculation of circu- 
lation changes in a frictionless atmosphere, 
for an immobile earth 


Had the atmosphere been a perfect fluid, such circulation would have 
strengthened progressively. Using the contour (Figure 150) consisting of two iso- 
bars p, and p, and two verticals, one at the equator and the other at the pole, we 
can esleulate the change of the circulation around it by the formula 


aV Po 
T= R(Te—Tp) In, 
where T, and Z. are the respective average temperatures at the equator and at the 


pole. Taking T, — a = 40°; Py = 1,000 mb and p = 300 mb (which corresponds 


to the level of cirrus clouds ~ 9,000 m), we obtain 


ar 
= 138. (Otani pace" 
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Recalling that the variation of the circulation around the contour is equal to the cir- 
culation of the acceleration, and putting the circumference of the contour equal to half 
the earth's diameter, i.e., 2°109cm, we obtainfor the average meridional acceleration. 


- 2 
= 6.9 . 10 2 cm/sec 


Regarding the average acceleration as constant, itis easy to calculate that already after 
six hours the circulation will attain a considerable velocity and after 24 hours—the 
velocity of a hurricane (see Table 52). 


Table 52 


Theoretical velocity of the general circulation in the absence of friction 


Average meridional velocity 


-4 
in m/sec 6.9 10 


Average meridional displace- z 
ment {in kilometers) 0.345 10 


Average zonal velocity at 30° , 
latitude in m/sec 2.52 10 


8 


Average acceleration at 30° : 
latitude in cm/sec? 1,84 10 

Calculating the distance covered by an air parcel in this process, we find that 
after no more than 67 hours it would return to its starting point, having described 
a close path coinciding with the contour of integration. 


However, these calculations stand in need of an essential correction. The 
temperatures at the equator and at the pole would rapidly fall as a result of such 
velocities, and the change in circulation will be considerably smaller, though in the 
absence of other factors the circulation would still continue to increase. Since there 
are no perfect fluids in nature, we must make allowance for the viscosity in those 
calculations. Viscosity effects hinder the radiant ener gy from being convertedinto 
kinetic energyinits entirety. Part of the kinetic energy will be dissipated by the action of 
viscosity and be accordingly transformed into potential andinternal energy. Inthis man- 
ner a Stationary closed circulation would eventually be established onanimmobile earth. 


However, suchacirculation on the rotating earth is impossible. Owing to the action of 

the Coriolis forces the air currents do not flow inthe direction of the pressure gradient, 
and in uniform flow are perpendicular toit. All currents will tendtoas sume the latitudinal 
direction, deviating inthe NorthernHemisphereio the right of the meridian, andinthe 
Southern Hemispheretothe left. Thus, under the influence of the rotation of the earth the 
air currents over a uniform underlying surface tend to become purely zonal. 


$6. Heat Transfer from the Equator to the Pole 


Helmholtz and other investigators, proceeding from different considerations, have 
shown that purely zonal atmospheric circulationis impossible, evenif the earth's surface 
were completely uniform, i.e., in the absence of continents and oceans. 


Therefore, heat must be transported from the equator to the pole by the general 
circulation. Otherwise, the temperature difference between the pole and the equator 
would have increased indefinitely. In reality it changes little even with the seasons. 


Heat transfer in a meridional direction canbe accomplishedintwoways: by advec- 
tion of masses of different temperatures or though the large-scale turbulent mass exchange. 


When two opposite air currents possess meridional components of velocity and 
different mean temperatures, heat will flow advectively along the meridian, the 
magnitude of its flux being easily computed. 
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Heat may be transferred from the equator to the pole algo by means of the so- 
called macroturbulent mass exchange. 


In the latter case the general circulation of the atmosphere may be regarded 
as a large-scale eddy exchange. From this point of view, cyclones and anticyclones 
moving in various directions may be regarded as the elements of turbulency of the 
main latitudinal current. 


This analogy between the general circulation and the eddy exchange of masses 
is of course very rough. The main condition for the existence of a state of turbu- 
lence is the large number of turbulence elements. But in our case only few distinct 
vortexes occur. Nevertheless this analogy is useful. 


Defant has studied heat transfer for the extratropical latitudes where the me- 
ridional velocities are small, and consequently the heat flux is accomplished main- 
ly by turbulent exchange. 


The for mula for the meridional heat flux Q, duetolarge-scale turbulency may be 
constructed by analogy with formula (3) $4 Chapter XV for the vertical eddy flux 
of heat, namely: 


Q=-c Bday? (1) 
where ce is the specific heat at constant pressure, A-—the coefficient of 


macroturbulent exchange, 0—the temperature, R—the terrestrial radius, i —the 
latitude. 


The magnitude of A, according to Defant, is of the order 4- ion? g/cm sec. 


This value is 10°-10° times larger than the coefficient of small-scale turbulent 
exchange and 10° times greater than the coefficient of lateral mixing or, in other 
words, the coefficient of horizontal exchange. The magnitude A can be determined 
by the formula: 


ml (2) 


derived for vertical turbulent exchange. In this formula, mis the mass of an indi- 
vidual vortex (cyclone or anticyclone), F—the area of the circle of latitude; 
l—the distance covered by the vortex up to its incidence on this circle, t— the period 
of averaging. 


A may be evaluated indirectly, without having recourse to formula (2), by 
using formula (1), when the heat flux and the horizontal temperature variation 
along the meridian are known. 


Angstrom studied the heat transfer at all latitudes, including the tropical. 
His results agreed well with the direct determinations of the temperature at different 
latitudes. However, in the tropical latitudes, trade winds and antitrade winds 
prevail. There are no anticyclones in these latitudes, and tropical cyclones are 
extremely rare. Therefore, heat flux at the tropical latitudes is associated 
with advection, while at the extratropical latitudes this flux is associated with 


turbulency. 


V.V. Shuleikin has shown that Angstrom's data on the distribution of tempe- 
rature agree with observations along the entire meridian, though he did not dif- 
ferentiate between tropical and extratropical latitudes. This procedure may be 
justified by the fact that both turbulent exchange and advection cause a meridional 
heat flux, which is proportional to the component of the temperature gradient in 
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this direction. Consequently both processes may be described by the same equations 
in which the meridional component of the temperature gradient is multiplied by some 
relative coefficient of heat conductivity. It turned out that this coefficient of heat 
conductivity is of the same order for thermal advection and for turbulent exchange, 
although the origin and physical significance of heat advection and turbulent exchange 
are of course quite different. 


§7. Heat Transfer from Ocean to Continent 


The atmosphere can be regarded as a thermodynamic engine, operating be— 
tween a heat source and a heat sink. The energy source of the general circulation 
is the sun. In tropical latitudes the flux of the insolational radiation considerably 
exceeds the outgoing radiation. Therefore, the tropics may be considered as the 
heat reservoir of the atmospheric heat engine. On the other hand, in both polar re— 
gions the terrestrial surface radiational output exceed the received insolation. 
Therefore, the polar regions represent the heat sinks of this heat engine. 


The tropical heater and the two polar coolers work the year around without 
changing their roles. Additional heat sources and sinks occur in the atmosphere, 
active over a period of several months in the year and changing their sign with 
the change of season. Thus, for example, the continents serve as heaters in sum— 
mer and as coolers in wintertime. The vast regions of warm oceanic currents are 
powerful heaters during the winter. In the summer, the surface of the ocean in 
most cases functions as a cooler. 


Academician Shuleikin paid special attention to the important role played by 
the seasonal heat sources and sinks in the general circulation of the atmosphere. 


Permanent coolers and heaters determine the zonal and interzonal circulation, 
while the seasonal heaters and coolers cause the monsoon circulation, 


Shuleikin was the first (in 1935) to calculate the heat influx from the ocean to 
the continents. No serious attempt at a quantitative evaluation of this flux has ever 
been made prior to his work. Defant, Angstrom and other workers have averaged 
the air temperature along the entire circle of latitude, whereby the effect of heat 
flux from the ocean to the continents was, of course, entirely eliminated. However, 
the effect of this flux is immense. 


Shuleikin points out that in climate formation of many regions this heat flux 
might have a role considerably greater than the meridional heat flux. Thus, for 
example, the heat flux from the Atlantic Ocean leads to the development of extreme 
temperature gradients on the Eurasian continent. We recall that the average temp— 
erature for January in Murmansk is —10°C and in Verkhoyansk (lying even a little 
to the south of Murmansk) this mean temperature equals -—49°. Thus the difference 
between the average temperatures of two points lying at the same latitude is 39°C. 
It is characteristic that the average temperature in Yalta (for January) is +4°C, i.e, 
it exceeds the average temperature for January in Murmansk by 14°, though 
Murmansk lies 25° to the north of Yalta. 


We shall describe the main features of Shuleikin's method of calculation of 
the heat influx from the ocean to the continents, without going into details. 


Shuleikin starts from the analysis of isothermal charts. The average hori- 
zontal temperature gradient determines the total heat flux which consists of the mer= 
idional flux and that due to the influence of the ocean. To find the heat flux caused by 
the influence of the ocean it is sufficient to subtract the meridional flux vector from 
the total flux. It is thus necessary to subtract the field which would have existed 
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over a uniform earth surface, continents and oceans being absent, from the average 
temperature field. 


Having formed in this way the difference between the temperature fields, 
Shuleikin obtained isanomalous charts, i.e., charts on which are plotted the lines 
(isanomals) of equal difference (anomaly) between the actual temperature and that 
which would have existed over a uniform underlying surface. These charts provide 
a visual image of the effect of heat exchange between ocean and continent on the 
temperature distribution. 


Thus, for example, in January, the isanomal of +11° passes through Murmansk, 
the isanomal of —25° through Verkhoyansk and the isanomal of 0° through Yalta. In 
July the isanomal of Verkhoyansk is +79. 


Shuleikin proceeds to determine the coefficient of relative heat conductivity 
regarding it as a product of the form AH, where H is the altitude of the active layer, 
i.e. , the atmospheric layer participating in the heat exchange between the ocean and 
the continent, and A—a constant numerical coefficient of the dimension of heat 
conductivity. Shuleikin finds that 


20 calorie 


AH = 1.28 - 10 : 
year degree 


The coefficient of relative heat conductivity shows how many calories pass 
during a year through a strip 1 cm wide lying at the level H, when the temperature 
gradient is 19 cm. 


On the basis of the isanomalous charts and the value of the coefficient of rela- 
tive conductivity, Shuleikin found that through each centimeter of the coastline 
4.1 - 1012 cal pass on the average per year into the USSR. Since this heat is lost by 
the sea, it seems possible to estimate the quantity of heat entering the atmosphere 
ons cm of sea surface. This quantity of heat amounts to 41,000 cal a year per 
1 cm”. 


In another paper Shuleikin studied the heat budget of the Kara Sea, and found 
that this sea gives up, through heat exchange with the atmosphere and by radiation, 
a total of 48,000 cal/ em? per year. Subtracting the radiation losses from this 
value, 41,000 cal remain. The different evaluations of this quantity obtained by 
Shuleikin using different methods are all of the same order of magnitude. 


Shuleikin's investigations of heat flux from ocean to continent offer explanations 
for many important meteorological phenomena. Thus, for example, they disclose 
the causes of the formation of the cold center near Verkhoyansk. Proceeding from 
the analysis of perennial averages to the analysis of individual years, Shuleikin and 
his collaborators succeeded in finding a close connection between the abnormally 
warm winters in Eurasia and the abnormally high temperature of the Gulfstream. 
Employing the same method they succeeded in showing that no continent beside 
Eurasia is affected by the oceans to such an extent. 


The works of Shuleikin reveal the essential part played by the monsoon cur- 
rents, generated in the ocean-continent system. They show that no circulation 
theory can be complete if it does not allow for this all-important mechanism. 

$8. Kochin's Mathematical Theory of the General Circulation 
The construction of a theory of the general circulation of the atmosphere is 


one of the most basic problems of dynamic meteorology. The few attempts to 
construct a mathematical theory of the general circulation are far 


455 


from complete. The greatest advance in this direction was achieved by N. E. Kochin 
and E.N. Blinova. In the following we shall present the main outlines of their work. 


We have repeatedly stressed the difficulties faced in the solution of that funda— 
mental practical problem of dynamic meteorology, forecasting the weather. The 
construction of a rigorous theory of the general circulation meets with the same 


difficulties. 


Kochin simplifies this problem, disregarding all effects connected with heat 
influx, and assuming the temperature distribution in the concerned part of the at— 
mosphere to be known. The problem of the generation of this distribution is not 
touched upon. The given temperature distribution, is used to find the distribution 
of pressure, and from it the atmospheric flow pattern is determined. 


Kochin has studied in detail the effects of eddy viscosity on the general circu- 
lation of the atmosphere, introducing the methods of the boundary layer into dynamic 
meteorology. 


In $9 Chapter [X we discussed in detail the simplifications which can be intro— 
duced, according to Kochin, into the equations of motion of the atmosphere, draw- 
ing upon the theory of the boundary layer. 


We start with a discussion of the stationary zonal circulation of the atmosphere, 
The equations of atmospheric flow for this case are written, following Kochin, in 
spherical coordinates /, 4 =>, win the following manner: 


o2u 1 0 
p t+ 209 cos boy = — Se, (1) 
O21), 
m1 + — 2wp cos 6-7 =0,: (2) 
Op 
or + &P=0. (3) 
p 
= 1 { Ofpogrsin§) 4 
0 = er ee (4) 


a 


where Vy, Yer Vi) are the components of the wind velocity, @ the terrestrial ra— 


dius, andy the coefficient of eddy viscosity. 


From these equations one can determine all the elements of the stationary 
zonal circulation when the following data are given: 


1) the temperature distribution over the entire atmosphere, T (r, 6); 


2) the pressure distribution over the earth's surface 


Py (5) = p (a,6); 
3) the viscosity distribution over the entire atmosphere. 


In the first place, the pressure p (r, §) at any point of the atmosphere can be 


determined according to the barometric formula eal 


p (7,0) = p, (9)-e ves 


* [ Translator's note: Obviously dz = dr, since z = r-a. ] 


(5)* 
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Knowing the pressure p and the temperatureT, thedensity can be determined 
from the equation of state: 


__ Pr) 
0 (7,5) = are: (6) 


In the absence of viscosity the determined pressure distribution would give 
rise to gradient wind along the latitudinal parallels, of a velocity determined 
by the formula 


| 1 @ 

= - C— 7 
M% 2Qwecos6 a 

However, the presence of viscosity adds a meridional component %] to the 


zonal component %,. The two components can be determined, for the entire height 
of the atmosphere, by the integration of the system of equations (1) and (2). These 
equations can be replaced by one equation, by introducing the complex velocity: 


Multiplying equation (2) by i and adding to equation (1) we obtain: 


Ou : 1 dp 
ete Sad) ee 8 
Ms 2 wp cos iu — me (8) 
Integrating equation (8), we obtain two arbitrary complex constants. They 
are determined from the boundary conditions 


Uv, =9 at r—=a, (9) 


U,V, are bounded for r—+ oo, (10) 


4 
The vertical component of the velocity vy, can be determined with sufficient 
accuracy by equation (4). 


The foregoing argument concerning the zonal circulation can be extended to 
the general case of an arbitrary atmospheric circulation. If the distribution of 
temperature T ( fF, 6, d ) is given throughout the atmogphere and the pressure 
distribution at the earth's surface p({ a, 9, d ) is given too, and if the coefficient of 
turbulence # is constant, the distribution of pressure and velocity can be determined 
over the entire atmosphere, 


This is carried out in three stages, as in the case of stationary zonal circula 
tion. 


1) the pressure distribution is found from the barometric formula 


ds 


_£ 
p(r, 9, 2} =p (a, 9, the t | se (11) 


2) the horizontal wind velocity field is found from the two equations 
ou __ 1 Op 
pt + Iwo cos d-v, 2. oe (12) 


uy 1 dp 1 (13) 
Ua 209 cos )-u= - ry * Gant 
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3) The vertical component of the velocity is then determined from the equation 
of continuity 


p dpuyt 
v= — ee f | 9 (ov,r sin 4) ++ = | dr. (14)% 


; pr? sin ® . 
a 


Finally, in the general case of anonzonal, nonstationary circulation with 
varying coefficient of turbulence, ## Kochin reduces the task to the determination of 


1) the pressure, by the barometric formula 


Pr 
“8 \ TERED 
p(r, 8, pt) =p(a, 0,4, t)e % J TOs Ho (15) 
the velocity 4=v, + /v, by the equation 
du gu sts op 1 op eyes 
Oop = — Pinpcosbut Su Se — 8) 


and 2) the vertical velocity vw by the equation 


J 
1 (= sin 6 +8 4 cere |e (17): 


r— ~~ ortsin 9 06 
a 


If the pressure gradient would not have changed with altitude, i.e., if the 
atmosphere could be regarded an incompressible fluid, the velocity field could be 
described by the equations of Akerblom. Within the boundary layer the complex 
velocity would have satisfied these equations and above it gradient wind would have 
prevailed. The atmosphere, however, is a baroclinic fluid, and thus the pressure 
gradient does vary with altitude, the eddy viscosity consequently having some effect 
in the atmosphere wherever the pressure gradient changes appreciably with altitude. 


It may happen, therefore, that the thickness 6 of the boundary layer will be 
many times greater than ce (see § 9 Chapter IX), owing to the fact that the 
influence of the eddy viscosity may extend up to well over several kilometers, i.e., 
almost over the entire troposphere, This remarkable result of Kochin contra- 
dicts the views held until now. Thus, for instance, Jeffreys in a well-known 
paper finds that the influence of viscosity is sensible in a layer of the order of 300 m, 
From this premise Jeffreys drew several erroneous conclusions, stating for 
example that stationary zonal circulation is impossible, 


In 1936 Kochin constructed a model of a stationary zonal circulation, adopting 
the constant value of "= 2 ton/m sec, Analogous calculations were performed 
by Helbke for nonconstant 4. Dorodnitsyn proved that the foreknowledge of the pres- 
sure distribution is not an indispensable prerequisite for Kochin’s method. It can 
be replaced by another condition. Dorodnitsyn supposed that the atmosphere is 
involved in the flow to a certain sufficiently high altitude H and also took into consider- 
ation the general lag of the atmosphere behind the rotating earth. 


* [ The Russian text has 2 instead of r, obviously a misprint. Translator's note, ] 
1 ; ; 
** { The Russian text has $ instead of obviously a misprint. Translator's note. ] 


*#* [ The Russian text has z instead of r, obviously a misprint, Translator's note, ] 
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In 1938, Dorodnitsyn, Izvekov and Shvets reconstructed a model of the zonal 
circulation according to Kochin's method, using an improved system of equations 
and new data on the distribution of temperature and pressure. They succeeded in 
showing that in the case of zonal circulation, there exist in the atmosphere three 
main ® rings® of well—defined circulation in the vertical plane. Tropical and polar 
rings are of thermal origin. They "work ® like simple thermodynamic heat engines. 
The heat sources are located at the lower latitudes where the pressure is high and 
the heat sinks at higher latitudes and correspondingly low pressure. Between them, 
at middle latitudes, lies the third ring. This ring is of dynamic origin. The meri- 
dional currents diverge at the belt of high pressure (horse latitudes) and the mass 
loss is compensated by subsiding masses. In the low pressure belt (subarctic) 
the convergent flow is compensated by ascending currents. 


§ 9. Blinova’s Hydrodynamic Theory of Pressure Waves and Action 
Centers in the Atmosphere 


E.N. Blinova studied the problem of long-range forecastof pressure, tem- 
perature, and velocity, proceeding from the equations of hydromechanics. The 
results she obtained represent a valuable contribution towards the construction of 
a mathematical theory of the general circulation of the atmosphere. 


Blinova considered a spherical earth of radius @. Gravity and Coriolis forces 
act on the atmosphere. The force of friction is disregarded. Fridman's equation 
(16) § 1 Chapter [IX is taken as the starting point. - This equation determines the va~ 
riation of the vorticity vector in a fluid particle. To obtain this equation we write 
Euler's equation in vectorial form 


d I 
a = > Stadp grad b +2 [w,2]. (1) 


Forming the curl of both sides of the equation, and putting Q=curly, we 
obtain the following equation (Fridman!s equation): 


= — (2, grad) o-+-2 div 9 = —2curl{w,v] — 7 (grad T grad P]. (2) 


Passing to explicit coordinate notation, Blinova introduces spherical coordi- 
nates: r — the distance from the center of the earth, § the complementary angle of 
the latitude (§ = 0 at the North Pole and §6= 1 at the South Pole), and A the longitude 
of the locality. 

The atmospheric flow is regarded as consisting of the main flow — the zonal 


circulation, and of the perturbations of this flow; therefore, the § and 4 components 
of the velocity, and the local pressure can be written in the form 


05 = V4 (9, A, 2); v, =v, (9) +, (6, 2,4); P=p(6)+p(6, d, 2d. (3) 


We emphasize thathere and henceforth all magnitudes are averaged over the 
altitude. The perturbation terms vw, V,, p are assumed to be relatively small. 


We assume the validity of 
V,==a-a-sin§, (4) 


where @ is the angular velocity of the flowing air relative to the earth, being inde- 
pendent of 6. The ratio a/w is called the circulation index. 
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Regarding the flow as gradient wind, we obtain for the pressure the following 
formula: 


P=Py- pa?aw sin? 9. (5) 
For the temperature the following formula is used: 
T= 7 (H)+7' (9, 2)4+-77 (6, 1, 4), (6) 


where T +- T' is the mean (monthly or seasonal) temperature distribution, depend- 
ing on radiation, turbulence and position of land masses and oceans. This distribu- 
tion is assumed to be known, whereby the zonal temperature is determined by the 
following formula, analogous to formula (5) for the zonal pressure: 


T (9) =7,+Msin? 9, (7) 


where To and M are constants, and T'!t is the deviation from the stationary tempera- 


ture distribution. The quantities T' and T*t!?, expressing the perturbation of the zonal 
temperature, are considered to be small. 


Assuming that vertical velocities are absent and neglecting the variations of 
the density, Blinova introduces the stream function }, according to the equation of 
continuity we obtain 


OFC, Ob (S) 


Ue = 

: asinfo.’ “A aod ° 
It is known that the stream function $ for small perturbations may be represented as 
a sum of two stream functions 


(8, 2, 2) = $' (8, 2) + H'' (6, 2, 2). (9) 


Here ’ (6, \)is a time-independent stream function, standing for the stationary part 
of the perturbation of the temperature distribution in the zonal circulation, repre- 
senting the stationary perturbation of the zonal temperature distribution, expressed 
in equation (6) by the term 7’(§, 4) (9,2 ,t)* is a stream function representing 
the nonstationary perturbation of the zonal circulation. 


The pressure perturbation p (4, }, #)is treatedin exactly the same way, namely, 
asasumoftwoterms: p' (6, yy -the stationary perturbation ofthe zonal pressure dis- 
tribution and p!* (9, A, 41 — the nonstationary perturbation: 


p (8, 4, 2)=p' (8, )) +p" (6, 2, #). (10) 


Projecting the terms of Fridman's equation on the r -axis, replacing the 
velocity components by the corresponding derivatives of the stream function and 
omitting the comparatively small terms, Blinova obtains the following fundamental 
equation of the problem: 


(+2 x) 15 5( sind Se tra gx) [+2 a--w)sing SF — 


| 2 OT'-LT") OT | 


pTLoo-  ~=—OoOs—<“‘<‘ SC 


— am ome ew ow at nw we ww we ss ie = 


* (The Russian text has w'' (@,4), an obvious misprint. Translator's note. ] 
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Blinova simplifies this equation by omitting the terms containing T*® (which 


is small) in comparison with Tt, and the term die e (which is small) in comparison 
with — oP or" 


OC? justifying this by subsequent calculations. Equation (11) thus assumes 


the following form: 


(+48) [5 (on0d) + chk] + 2e-+o smog 


3 sin 80 
T ox’ (12) 


——— 


The equation of the } —component of the flow has the form 


g 0 a\a 
emi |e +e FHT 2+ wet oS. (13) 


Finally, Blinova writes the equation of heat balance in the form 


oT" oT’ 1 oT _—o¢" (14) 
ot? OK Sais’ ONS 
Thus, the system of equations (12-14) contains three unknown functions: 
Tt 
g.P. TH. 


We seek the stationary part b’ of the solution of equation (12) in the form of an 
infinite expansion in spherical harmonics: 


v' (9, 4) = >» (Cy cos m) +- C’n sin m))- Pr (cos 6), (15) 


sa m=} 


the coefficients c™ and cr being determined by the formulas 


nom ym ym m-+at+l , 

cm 2a Se nt Ons St 

— a  D 

a =. 

T —— ae \ 
2 n(n -+-l) (16) 
n—m .m mtnatl .™ 

nm 20% Qn—1 Maat oa pet 

oye 22+? ait) 


where 2 = and 0’ = are the coefficients of the spherical harmonic expansion of T*, 


and T is the mean value of the temperature over the entire atmosphere. 


The stationary perturbation of the zonal pressure distribution 1s found from 
equation (13): 


p' (8, 0) = 20 (a a+ y x Ale om Ga mia) 


(2n — l)-n 
(n 4+-2)(n + m-+ 1) im (n—m)(n— 1) (17) 
pene men sm tot mea 
A Cirht oT | sin mi) Pr (cos 9); 
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the nonstationary part of the solution of the equation (12) is sought in the form 


b” (6,4, 4) = > Dior cos (m) + at) + D'7' sin (m) + at)]Pr'(cos 9), (18) 


where 


__ 2(a-+)m 


¢= ae) — am, (19) 


and D. pm are unknown coefficients which must be determined. For the non—- 
n 


stationary pressure perturbation p® (6, 4, £) equation (13) yields an expression, 
analogous to (17) but with the mA replaced by (m) +-3¢). and the constant ce and 


oa replaced by pb” and Oe Such representation of the nonstationary part of the 


pressure perturbation is employed by Blinova for the determination of the coeffici— 
ents D™ and Dt 


In this way we obtain 


A" — 2p (a +o) [ome ne ry | = 6, 


(22 — 1)-n (2 + 3) (22 + 3) 
ym ym (N— m) (n— 1) ym (n+2)(n+m+1)]__ 
Aneto) DE tO are [=% 20 oy 


where A” and At are the expansion coefficients of b’’ (6, 4, ¢#)in terms of spherical 


m 
n 
harmonics att = 0, 


Blinova looks for a solution symmetrical with respect to the equator. To this 
end, in the expressions (17) and (20) all n should be taken with the same parity as 
m. Then all coefficients Do and pe are determined successively by equation (20). 


The expression (17) determines the location and the intensity of the centers 
of action of the atmosphere. An analogous expression for p*’ permits the calcula— 


tion of the pressure distribution when the initial distribution is known. 


Equation (14) determines the nonstationary temperature perturbation: 


T"(0,), = 2D {[Br' cos m(k—at) + B'7" sin m (\—at)] P? — 


=I mt 
—2N, | De sin (mi +- == t) co 
— pin cos (mh + —— t) | | (a fm Prat 


+ (n— m1) Pia] -sin 2m fh, (21) 
where 
N= Matt) 
a a® (2n+ 1) (w +a) ? (22) 


and B" and BY are the expansion coefficients of T'(6, A, 4) in spherical harmonics, 
att= 0, 


Blinova's computations have permitted to obtain theoretically the minima of 
Iceland and the Aleutians, and the Azores, Pacific, Siberian, and Canadian maxima. 
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Chapter XIX 


THE THEORY OF PERTURBATION OF ATMOSPHERIC FLOWS 


$ 1. The Application of the Theory of Small Oscillations to Atmospheric Flows 


In the foregoing chapters we have discussed mainly the stationary flows of the 
atmosphere. However, real atmospheric flows are not stationary. The study of 
stationary flows enables us to obtain some idea of the background, on which other 
flows have to be superimposed to give the diversity of real atmospheric flows. 


The mathematical study of the majority of problems of dynamic meteorology 
connected with nonstationary atmospheric motions encounters unsurmountable 
difficulties. Let us assume for the sake of argument that the problem is simplified 
by making certain broad approximations, i.e., that the atmosphere is incompres- 
sible, thatthereis no influx of heat, that turbulence and viscosity are absent. Then 
the problem will be reduced to the solution of a system of hydrodynamical equations 
for a perfect incompressible fluid. However, complete integration is impossible 
even for this simplified system of equations. This is due to the nonlinear terms 
entering in the equations of hydrodynamics 


Ou Ou Ou Ou ov Ov Ow ow Ow 
ua, UR Te aS aa be 5 1 op oe Coy So 
no method being available at present for complete integration of such equations. 


We can, however, indicate one fruitful method, permitting to bring the equa- 
tions of atmospheric motion into linear form. This is the so-called method of small 
oscillations or method of small perturbations. The principle of this method consists 
in regarding the examined motion as a sum of two motions — a stationary motion and 
asmallperturbation superimposed on it. One of the most important problems of dyna- 
mic meteorology, namely the problem of the genesis and evolution of extratropical 
cyclones, is solved by the method of small perturbations. According to modern 
ideas, extratropical cyclones develop as a wave disturbance on the partition surface 
(interface) between two air masses having different temperatures and velocities. If 
the perturbation grows with time, the wave gradually transforms into a vortex — 
the cyclone. Thus, the problem of the extratropical cyclogenesis is reduced to the 
problem of the stability of the interface. 


In this case, the main atmospheric motion may be taken as the geostrophic 
motion of the two air masses, separated by a stationary interface, whose slope is 
determined by Margules? formula. 


Small perturbations are imposed on this stationary motion, and we search for 
the conditions under which these perturbations lead to small velocity fluctuations 
about the stationary geostrophic flow and to small oscillations of the interface about 
its equilibrium position, givenby Margules' formula. When these conditions are not 
fulfilled, the perturbation grows with time and the method of small oscillations is 


no longer applicable. 
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The final criterion of applicability of the obtained solutions is their accord 
with actual atmospheric conditions. 
§ 2. The Differential Equations of Small Perturbations 


We now proceed to derive the differential equations of small perturbations for 
a given fundamental motion. Owing to their generality, these equations possess a 
symmetry which is usually lost in particular cases. 


We shall derive the equations of small perturbations for a rectangular 
Cartesian Cartesian coordinate system. 


We denote the functions referring to the fundamental state by capital letters, 
and the functions referring to the perturbation with the corresponding smal] letters. 


Using Euler's method, the fundamental state of the atmospheric system is 
determined by the following functions: 


U, V, W, P, Q, T, F. (1) 
Here, U, V, W are the velocity components of the fundamental motion, P ~— the 
pressure, Q - the density, T — the local air temperature, F — a function of point 
coordinates and time, which when set equal to zero gives the equation of the exter- 


nal or internal interface, 


The functions U, V, W, P, Q, T, F are considered as known and are bound 
by the following conditions: they should satisfy the three equations of motion: 


ue py tM =o +X 20,W + 20,V, 
bus Ve eof W Se = —5 5 +Y —20,U + 20,W, (2) 


W Lap 
2 yy yh yO 5- + Z— 20, V+ 20,0, 


where X, Y, Z are the components of the mass force: 
the equation of continuity 


HUET VS + WHO (P+ H+) =o, 


the equation of state 


P= QRT, (4) 


the equation of heat balance which will be taken in the form of the polytropic 
equation 


p(y +U3 ety e+ wet :)= 
(He +U St V4 we) =o (5) 
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and also the interface conditions: the kinematic condition 
F(x; 9;:2;4)=0 (6) 


or, when the boundary surface is external, in the differential form: 


When the boundary is internal, the interface condition will assume the form 


Bt RtY S+w =o, 


(7") 
fetus PL yt 4 weno 


This form of the interface condition stems from the fact that the interface should 
continually consist of the same fluid particles, Finally, the functions should satisfy 
the dynamic condition which for a free boundary will be written as follows: 


oo Ue e+Ve EWS = 0, (8) 


and on an inner boundary, an interface between two fluid masses will have the 
form: 
P—P'=0 for F(x, y, z, t)=0, (9) 


or in the differential form: 
0(P— P') 0 (P — P’) we O(P—P') __ 
ot "9 U Ox 1 V = W O2 = 0, 


0(P — P') ,0(P — P') ae P’) ,0(P— P’) 
ot +U Ox a +W Oz = 0. 


(10) 


We consider now a motion slightly departing from the fundamental, characterized 
by the functions 


U (x, y, 2, tl) a(x, y, 2, 2), 

V(x, y, 2,4 fv(x, y, z, 4, 

Wix,y, z,t) +w(x,y, z, 4, 

P(x, y, 2, t) +p (x, y, 2, ¢), (11) 
Q (x, Jy, %; t) -+-q (x, y, 2, t), 

T (x, y, 2, t) +(x, y, z, 4), 

F (x, yy 2) t) +- f (x, y, 2, ¢), - 


which must also satisfy all the preceding equations, 


465 


Since the functions U, V, W, P, Q, 7, F are known, the small perturbations 
represented by the additional terms 


u(x, y,2,t); g(x,y, 2,9; P(x, y, 2, 4; 
o(x,y, 2,4) { u(x, y, 2,0); tx, y, 2,0; f(x,y, 2,9, (12) 
W(x, J; “y t); 


are fully determined. 


For the derivation of the equations of small perturbations we introduce the 
functions (11) into equations (2)-(10) and stipulate the following: 


1) the equations (2)-(10) characterize the fundamental motion as well as the 
motion obtained by the superposition of small perturbations. 


2) the superimposed perturbations are sufficiently small, so that the terms 
(12) and their derivatives may be taken as first order infinitesimals, and con— 
sequently their nonlinear combinations may be disregarded. 


This approach may, however, be replaced by another, which is more conven- 
ient. 


Let us form the variations of all equations of the fundamental state with res- 
pect to the functions (1), regarding the variation 6 as independent of the differen- 
tiations occurring in these equations. Let us then replace the variations of the func—- 
tions (1) by the corresponding functions (12), in this way: 


tU =u; eV==—0 etc. 


We thus obtain the following system of equations of small perturbations, including 
the boundary conditions: 


The equations of motion 


PUT TW SE te po te 
~§ht bE mm, — 0, 
aOR Te +uR ton +e 


1 ap , 1 oP hed 
Eta beatae 
ye wo 
at+us atest us 4 09 ate 


1 op t op 
=O ds T Gag 77> 20s viii u. 


The equation of continuity 


9 (QU) O(qV) , A(qW) oe) 7] o 
at it + 4 GO) 4 200 4 OO og (14) 
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The equation of state 


P = RqT +-RQt. (15) 


The polytropic equation: 


P(gTU TY Et wy oS ate tee 

1 
Leu $v 4 Wel pa o (a +u% Tat 

0 0 
HERP +02) E Rive iw Me as 


The kinematic interface condition 


F(x, y, z,t)-+ f(x, y, z,=0 (17) 


or in the differential form: 


aU ae +V a wr tes tet oS 


e “a (18) 
Satu fa ye ctw Lot iy et peril 
The oe free boundary conditions: 
9, 0) 
HUSH wu tot we 
The dynamic condition on an interface: 
P+ p—P'—p':= (20) 
where F-+f=—0 
or in the differential form: 
O(p —P’) O(p — p’’) O(p—p’) O(p — p’) 
ot oo U Ox 7 r oy aie ms Oz ar 
0(P— P’) 0(P— P’) O(P—P) _ 
egg ee ye age Fe a. 


oP = 20 =P) 4 SPP) =P) ty PP Ply poe Py 4. 


diy QP SP) PY ay oe 2 PY te OP =P) =, 
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The equations of small perturbations (13)-(21) might seem even bulkier than 
the previous equations (2)-(11); the essential difference between them is that the 
functions U, V, W, P, Q, T, F inthe original differential equations are unknown, 
i.e, the equations are nonlinear. In the equations of small perturbations the func- 
tions U, V, W, P, Q, 7, Fare regarded as known; therefore the equations (13) - 
(21) are linear with respect to the unknown functions &, VU, @, Pp, q, %, f. Thus 
equations (13 - (21) are simpler than equations (2) - (11). 


§ 3. Wave Motion in the Atmosphere 


Wave motion is characterized by the small oscillations performed by the 
particles about their equilibrium position or about their fundamental motion. Si- 
multaneously, some elements of the wave, for instance, the wave front, the 
free boundary etc,undergo large displacements. 


The classic example of wave motion are water surface waves. Suppose that 
by the instantaneous action of some forces the horizontal form of the free water 
surface is disturbed. After the influence of the momentarily applied forces ceases, 
owing to the cohesion between the water particles, this disturbance is propagated 
to farther lying water particles. Thus, the water surface becomes quite rapidly 
undulated. 


The most intense oscillations will be performed by the particles on the free 
surface; such waves are called surface waves. The force of gravity, viscosity, 
and the surface tension tend to damp the disturbances. If the wave motion draws 
on the potential energy of position, the waves are called gravitational. Gravita- 
tional waves may arise not only on the free surface of the fluid but also on a surface 
of discontinuity within the fluid. Such internal gravitational waves are of special 
importance in meteorology. 


Elastic waves may propagate in air, whereby the potential energy of the com- 
pressed or rarefied air transforms into the kinetic energy. These include, for 
example, sound and blast waves. Elastic waves are of no importance in meteorol- 
ogy; therefore they will not be discussed. On the other hand, inertial waves pro- 
pagate by inertia only and do not involve the transformation of kinetic energy into 
other forms of energy. These waves are of great importance in a number of 
basic problems of dynamic meteorology. 


The classic example of atmospheric wave motion are the waves formed on the 
interface between two air layers moving with different velocities and of different 
densities. Under favorable conditions these waves become visible. Namely, when 
particles in the crest of the wave reach the level of condensation and the particles 
descending in the trough move away from the saturation level, the well known un- 
dulated clouds are formed. The fact that such clouds are formed over immense 
territories indicates the probability of undulatory movements existing also when 
no clouds are formed. The upper boundary of a continuous overcast has usually 
the form of a choppy sea. 


The aforementioned wave types are not the only forms of atmospheric wave 
motion. 


The terrestrial atmosphere, as well as the ocean, undergoes tides, caused 
mainly by the gravitation of the moon and to a lesser degree by the gravitation of 


the sun. 


The waves most important in meteorology are those formed on the frontal 
surfaces separating two air masses. This type of waves is especially important 
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since, according to modern ideas, the formation and development of extratropical 
cyclones is closely associated with them. However, the great difficulties encountered 
in the studies of wave disturbances on inclined frontal surfaces have baffled all 

past attempts at a Solution. At the present time only the problem of stability of 
frontal surface wave motion has been solved. 


§ 4, Gravitational Waves on the Free Boundary of an Incompressible Fluid 


We will first discuss the simplest case of wave motion on the free boundary 
of a layer of incompressible fluid of thickness h, extending horizontally in all di- 
rections without limit. The effect of the rotation of the earth is not taken into 
account, 


Let us assume that the fundamental motion of the fluid is uniformly rectilinear, 
due to one external force — the force of gravity. 


We place the origin of coordinates on the free boundary of this layer, direct 
the X=axis parallelto the fundamental motion of the fluid and the Z-axis vertically 
upwards, 

The fundamental motion will be characterized by: 

U=const. V=W=0, Q=const. 
Since the only external force is the force of gravity, we have 


A= 0: Z=— g. 


The equations of the fundamental motion will be written in this manner 


oP oP : = : ons 
ey be ee ee 


Integrating the second equation (the hydrostatic equation), we obtain 


P=— gpz+ y(t). (2) 


Concerning the small perturbations, it is natural to assume that they are periodic 
functions of the time and their amplitudes are small first order quantities. Besides, 
we assume that the motion is plane-parallel so as to be characterized by the follow—> 
ing functions: 


U-+u, v=0; w, P+p, Q. 


Then the equations of small perturbations will assume the form 


ou ou_—s—iasdd op, Ow Ow = lop, du, ow __ 
3 tus ~ pax’ Tae Ox paz’ Ten, =0. (3) 
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Let us determine the relevant boundary conditions. At the solid bottom we have 


w—-0 at z=—A. (4) 


- 


On the free boundary the pressure should change continuously; denoting the atmos—- 
pheric pressure (on the unperturbed surface z(x)==O)by py, we obtain: 


P= py; (5) 


on the free surface under the action of a small perturbation given by 


z(x, fy = E(x, f), (6) 


we obtain: 


P+ p=p). (7) 
Applying (2) to the unperturbed surface, we obtain: 
v(O=p,, 
and for the perturbed surface 
— & 6+ 9 (4) ++ p=p,. 


Eliminating p,, we obtain the following condition: 


p=gpl at 2z2=0. (8) 


The quantity € is a new undetermined function expressing the profile of the perturbed 
surface, 


Differentiating the equation of the surface with respect to ¢, we obtain the re- 
lation between € and the vertical velocity of the particle. Thus, 


heme Ae SN ds dx 
~ Ot |! Ox dt ° 
dt — WwW; gua. 


Therefore, omitting the second order term a we obtain: 


We ap aS gg (9) 


Usually the integration of differential equations necessitates, beside the 
boundary conditions, that the initial conditions should be specified. In our case, 
however, this requirement is superfluous, since we consider oscillations. In this 
case we lookfor sucha solution u, w, p, into which the time enters only through a 
periodic factor which is a trigonometric function of the form 


cos(3¢), sin(s 4), 


Where g=-2t/t circular frequency, and t the period of oscillation. 


Besides, the profile is expressed in the simplest case by a function in which 
the co-ordinate x of the free surface enters in the form of a periodic trigonometric 
function cosk« or sinkx, where k==2mn/\ is the wave number,and ) the wave 
length. Thus, it is natural to seek a solution in which the time f and the coordinate 
x enter through the argument of a trigonometric function: 
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cos (of — kx), sin (ot — kx). 


However, this problem may be solved in a simpler and more general way, 
by making use of complex functions and recalling the formula [De Moivre's 
formula] connecting the exponential and the trigonometric functions: 


ef (sf — kx) — cos (af — kx) + isin (st — kx), 


Since all equations of small perturbations were shown to be linear we shall 
first look for complex solutions for u, w, p,¢, 


uu, it; w=w,+iw,; p=p,tip, C=—C,+i0,; 


since both the real and imaginary parts of the complex functions are solutions of 
the same problem, 


The solution may thus be put in the following form: 


u (x, 2; f) suky (z)-ef (sf — hx) 
w (x, 2, t) = w(z)-ef (ot — 4x), 
(10) 


p(x, z, t) =p (z)-ef (ot — ka), 
C(x, t) = C -ef (st — Fe), 


Substituting (10) in (3) we obtain the equations of the problem in the following 
form: 


i(@ kU) -u ==. p, 
Nera bE apeencs 2 oe 11 
i(¢ —kU)-w= 5 OE (11) 
: ow 
thu = 5 


The free boundary condition will be written in this form: 
w(x, 0, f)=i(s — kU) & (x, 2). 


Strictly speaking, we should have put p(x,€,#) and w(x, ¢, t), in these equations, 
but since € is a very small quantity we may substitute zero in its place. 


Differentiating the first equation (11) with respect to x, and the second with 
respect to Z, and taking the third equation into account, we obtain: 


ep 

en = 

RP = gaa 

or, dividing by the common factor, we obtain the following linear homogeneous equa 
tion with constant coefficients for the determination of p(z): 


ap — 
a k?p = 0. 


(12') 
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The general solution of this equation is 
P (2) = Cye** + Cye~ *5, (13) 
Consequently 


p= (Cyet? + Ce— Bt) al (oh — Be), (14) 


Further, from (11) we have 


k 
“= a (C,e*? + C,em #2) ef (ot — £3), 


, (15) 


w—i p(@ — RU) (C,e*# — Cie— id e (sf — Rx). 


We will apply now the boundary condition, 


Since Z==—h w=0, for Cye—** —C,et** =0, 


ae C 
we have Cye a Cet ee > 


where C is an arbitrary constant. Thus we have 


Cyet® 4 Cyem Mt x= & [eb ot 4 get MY, 


Ciel — Cyem Ht eS [et +) — REMY, 


But the expressions in the square brackets are respectively the hyperbolic cosine 
chk(z+h) and hyperbolic sine shk(z+h), * 


Consequently the final solution of this problem will be: 


Ck 
= Ps 


So pry Ch R (z+ A) ef (ot — be), 


P(e ) 
ae” Ck a (16) 
= 1 a ay SHB eA) el kx) 


p=—C-chk (z+ A) ef (4 — a), 


W 


For the profile of the wave we obtain the following two expressions 


| C 
x)= — : ,0,j=—>— (of — kx 
€ (x, £) = p(x, 0, ¢) a ch khe! ie 


(17) 
3 , 0, t 
E(x, ) = eo sh Bh. el (st — 3), 


* [ Translator's note - in the Russian text the k is missing, an obvious misprint. ] 
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Evidently these two expressions should be identical. Hence, denoting the 
amplitude of the wave by A: 


— © one — — CA 


and equating the right sides of equations (17), we obtain: 
(3 — kU)? = gk th kh, (19) 


where th denotes the hyperbolic tangent 


ex —erx 


rae rr 


Retaining only the real part we obtain the solution of our problem in the follow- 
ing form: 


w= A(o— kU) EAL? cos (ot — kx), 
w= —A(a— kU) PEGE?) . sin (ot — ex), , 
20 
ch & (A + z) ; 


p=A 8?'—hkh -cos (af — kx), 


€=A-cos (at — kx) = Acossa (¢— 2 x) : 


Thus, the wave profile represents a cosinusoid, progressing with the velo- 
city 


C= pa (21) 
in the positive x-direction. 


Expressing the velocity of propagation of the wave by the equation (19) and 


c= out Vf Etn=, (22) 


Thus, the velocity of propagation of the wave is composed of two terms, The 
first term U indicates that the wave follows the current with the same velocity U. 
This is the "convective term’. When U0, the velocity of propagation of the wave 
is determinedby the secondterm. The secondterm depends on the gravity g, upon the 
wave length \ andon the ratio #/\} between the depth of the layer A& and the wave length. 
This term is called the '*dynamic term!'!; 


setting k= , we obtain 


Q 


pope a fia) aula ae 
—— Qn d 


The alternative sign infront of the root indicates that the wave may propagate in 
either the positive or negative direction. 
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Let us consider two extreme cases, namely, when the waves move on a very 
deep or a very Shallow fluid layer. 


For very large values of *« 


ex —~- err 
Di get goe =], 
and for very small values of + 
ltx«—(l—*x) _ 


<= Tas) 


Conszsquently, for a very deep layer 


gh (24) 


C= 


and for a very shallow layer 
C =V gh (25) 


Thus, we have obtained Airy's formula (24) for the wave velocity in very deep 
water and Lagrange's formula (25) for the velocity of "long waves" (long in compari-— 
son with the depth) in shallow water. 


Table 53 gives the propagation velocities for different wave lengths at differ- 
ent depths of the fluid layer, calculated according to formula (23). 


Table 53 


Velocities of propagation of gravitational waves on the surface of a resting fluid 


000 5000 | 10 000] 100 000 100000) 
3 3 3 3 
10 
29 
39 
39 


3 


39 


Let us discuss in detail the applicability of the formulas (24) and (25). 


For hf = 0,42 the value of th(2mh/k) = 0.99, i.e., only 1% less than 

2nh/ik, and the velocity c, obtained from the formula (24) would be by 05 % greater 
than the wave velocity, as determined by formula (23), Consequently, formula (24) 
is sufficiently accurate for cases in which the depth is not less than 0.4 of the wave 
length: A>0,4}. It is clear from the foregoing what is the meaning of a very 
deep fluid. The concept of a "very deep’? fluid may be misleading without this es- 
timate. When //}= 0.027, the value of th(2mh/\) will differ from 2mh/h only by 
1%. Therefore the speed c calculated by the approximate formula (25) will differ 
from the exact value as determined by formula (23) by less than 0,5 %. 
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For the approximate determination of the velocity of waves propagating in the 
atmosphere we often employ formula (25), since the ratio A/A< 1 asa result of 
the vast horizontal extension of the atmosphere as compared with the thickness of 
atmospheric layers. 


As an example we calculate the velocity of a wave propagating on the surface 
of a homogeneous (equally dense) atmosphere. The height of a homogeneous atmo— 


sphere is H= RT,|/g. Therefore for 7,293 c=)V RT, 


c=V RT, =V 293-287 = 290 m/sec 


Thus, the speed of propagation of long waves on the free surface of a homo- 
geneous atmosphere is equal to the speed of sound. 


¥ 5. Plane Waves on the Interface between Two Currents 


We shall now consider the wave motion developing on a surface separating two 
fluids of different densities p, and p, and different fundamental velocities U, and 
iJ, . 


In the atmosphere this corresponds to waves on a discontinuity surface, 


A necessary condition for the development of such wave motion is the presence 
of a cool air mass below a warm mass, Designating, as in the preceding section, 
the values referring to the warm air by index 1 and those referring to the cold air 
by the index 2, we assume that the first mass lies above the second, At first we 
neglect the rotation of the earth. In this case the unperturbed surface of discontinu- 
ity will be horizontal. 


We identify the surface of discontinuity with the (x, y) plane, and mark the 
origin of coordinates on this plane; the z-axis will be directed vertically upwards 
and the x-axis parallel to the (common) direction of motion of the two fluids. 


We assume that the upper fluid is limited from above by a rigid plane boundary 
whose equation is 2=A,, and the lower fluid limited by the rigid plane z= — hy, 


Assuming the motion to be plane parallel, the components of the velocity of 
the upper fluid will be U,--+-u,, w, and of the lower fluid U,-+-a,, w,; the pressure 
in the upper fluid P,-+ p, and in the lower P,;-++-p,. Each of the two fluids is re- 
garded as incompressible so that p,==const., p,==const., whereby ~, >f,. The 


equation of the perturbed interface will be z= €(x, #4). 


The equations of small perturbations will then have the form 


Ou; Ou, __s—s—sdb Op, , Ou, Ouy_ Opr 
oe ae = Ox GTR = P2 Ox ' 
ow, Ow, sit Op, , Ow, dw, ____ | ope (1) 
ete Sone ata Hee 
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The boundary conditions will be 


w,=0 at z=A,, (2) 
Ww, 0 at z=-h,t 
il es Ga 
U 
3+ Se at z—0. (3) 
gut cau 


As in the case of a layer consisting of a single fluid layer we seek a solution 
in the form 


uy (x, 2, tay (ze! —k); yy (x, z, t) a, (z) ef (Of — A, 
w, (x, 2, t) =, (z) e! @! — *); w, (x, 2, 1) = @, (2) ef Of — >); (4) 
P; (x, 2, t) =p, (2) ef #2); p, (x, z, t) =p, (2) ef OF - 


C(x, t) = fe! Ae), 


Repeating the discussion of the preceding section and adjusting the conditions 
(2) on the rigid boundaries we obtain 


u,==C, chk (z+ &,) cos (ot — kx); 
u,—=C, ch k (z — £,) cos (ot — kx); 


Se — kx); 
is a 6; (6 — RU)j) a aS a) ae (5) 
tw, Cok ___ sh k(z —h,) sin (of — hx); 
Py (9 — kU.) : 
p= ¢ k(z-+h,) cos (of — kx); 
p,—C, chk (z —A,) cos (ot — kx); 
f= C, cos (af — kx). 
Imposing the boundary condition (3) we obtain 
C,ch kh, —C, ch kh, = 8(p, — pi) 6, 
Cyk —_ 
—~ pe — kU) sh kh, =€,(o — kU), (6) 
Gk 
fe— Ay kh, = €,(6 — aU, ). 


* [ Translator's note - in the Russian text the minus sign is missing. ] 
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From the two last equations (6) we determine the arbitrary constants C, and 


C;: 
= e 
i 0 Fh Ah (9 — kU,)?, 
: q 
= Oo Fahey (@— 2U,). o 


Substituting these expressions for C, and C, in the first equation (6) we obtain 
an equation determining the frequency of the wave: 


6, (9 —RU,)2cth kA, + p,(9-—kU,)2cth kA, = gk(o,—9,). (8) 


Writing for the sake of brevity 


cth kA, = cth —— ot == 0; 


cth kh, =cth 2h =a, 


we put equation (8) in the following form: 


O° (2,4, + 242) — 2ok (p,U,2, + p,U,a,) + 
+H { pUia, + paUja, — (02 — rs} ae AB) 


Solving the quadratic equation (9) we obtain: 


Ua, + Ua 
o—bk P14 14 342 
14, + p22, = 


Ura, + pU ay p,Uja, + 23a, = 
+p (é 1%1 2 y— P2 P} 
a P14, + P24q 141 + pede a R 014, + p22" 


(10) 


Or, dividing the two sides of the equation by & (after trivial transformations) 
we obtain a formula for the wave velocity ¢: 


AUia, + p2U eas za 
P14, + 6282 


V& P2— Pr nm (4% y" (11) 
= 28 914, + pode PiP 212 14, +9202] * 


Formula (22) of the preceding section is a particular case of formula (11), Indeed, 
putting p,==0 and omitting the subscript 2, we obtain: 


c= 


_ exh 4. e- kh 
g= cth kh = [= 1. 


In analogy with (22) § 4 the first term in the formula (11) will be called the 
convective velocity of the wave. Obviously, the convective velocity has some inter— 
mediate value: it is greater than the velocity of the slow current and smaller than 
the velocity of the rapid current. When the two layers are of great thickness, we get: 
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The convective velocity ¢ of the wave will then be equal to the mean flow velocity 


ot ae FAY t PU (12) 


Pi + P2 


For layers of great thickness the second term of formula (11) can be rewritten 


as follows: 
/ Bh Pa — PA a (13) 
—— ino =- + ° 
oa Qn pian 1P2\ e+ pp 


This velocity, in analogy with equation (23) of the preceding section, will be called 
the dynamic velocity of the wave. As can be seen from (13) the dynamic velocity 
depends on two factors, namely, the density difference and the velocity difference. 
To clarify the role of each single factor we shall discuss a few relevant cases. 


Let us assume that the oscillations of the interface are executed around a 
static equilibrium position so that 4,—=4u,=—0, Then we get 


c=t Bh Ps — Pa (14) 
oo or ey ee’ 
This expression differs from the wave velocity on the free surface by the 
factor 
V P2— Ph 
Pit pe 


For waves on the interface between water and air we may adopt 9,—=1; 
p, = 0.0013, Then we have 


V G2 Py V (Pa PU Apa Pi), CoP gi 
Pit Ps (Po + P1) (02 — Pr) Pz ee 
= 2" (1 — 0.0013). 


Consequently, the error in ¢, introduced by disregarding the wave motion of 
the air does not exceed 0.13%. 


Therefore 


However, the wave motions on atmospheric interfaces are carried out under 
quite different conditions. 


To estimate the order of magnitude of this factor for atmospheric conditions 
it is expedient to use the temperature, determined from the density 0 by 
Clayperon's equation QP, =p,{RT,, 02 p,/RT,. Noting that the pressure 


undergoes no discontinuous change at the interface, P,=P,: then the following 


obtains: 
— ] / BAT, — Te 15 


For 7, = 288, T, = 273, we have 


Py —T, iO an 
V eS V =55 = V 0,0180 = 0.13. 
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We finally obtain: 


oe ga 
=013 WE. 


Waves of the same length therefore propagate much more slowly on an atmo~ 
spheric interface than on a free surface. 


One important point should be stressed. 


When 7,<_7,, i. e., when the upper layer is colder than the lower, the wave 
velocity becomes imaginary. This means that the frequency ¢ will be imaginary. 


Therefore, writing ¢=is, where s is a real number, we obtain for £: 


€ = Aes cos kx, 


Consequently the disturbance will increase indefinitely with time. Therefore, 
the fundamental state is considered unstable and wave motion at unstable stratifica— 
tion is impossible. 


When the depth of both fluid layers is small in comparison with the wave length, 
we have 


a,=cthkh,——-, a,==cthkh,= 


1 
Rhy’ Rhy’ 


and consequently the formula for the velocity of waves on the interface of two rest— 
ing fluid masses will assume the following form 


foe & hh __ V & (Po — py) Ay hy 
Rom y oe hee, + Ayp2 
Rit, kh, 
or, introducing the temperature instead of the density: 
eee V sc se ra) iat =V eh, a A ; 
2 
, Atel 


As in the case of an infinitely thick fluid layer, the presence of the second 
layer leads to the decrease of the wave velocity. Thus, for #,=-/, and for the same 
values of 7, and 7, we have: 


¢== 0.13 V gh. 


Finally, we examine the case where the thickness of the lower layer is small 
in comparison with the wave length and the upper layer extends upwards to infinity. 
Then we get 


and consequently 


ae £& 2 Pt paners °3 Pl (7; T 2) 
k po 32 2 7. > 
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For the same values of 7, and 7, we obtain 
e= 0.19 V gh. 


We now assume that there is no discontinuity in the density so that pj ==—,= 9, 
and at the same time the velocity is discontinuous sd U, = 0. Then, for infinitely 
thick layers we obtain from (11) 

c= U,+ U,+i( 2). 

Since the dynamic term depends now only oe the velocity difference, such 
waves may be called "displacement waves''. Such waves may be also called inertial 
waves, since in this case wave motion can develop only at the expense of the kinetic 
energy of the fundamental motion. However, displacement waves are unstable,as 
can be seen from (16), 


We shall turn now to a more general case, when both the wind velocity and the 
density are discontinuous on the interface, Then the dynamic velocity will be deter- 
mined in the following way: 


p Bh po Py ( a)’ 
2h pede 4- P21 Pio 142 Fo% + P12) 


When the expression under the root is positive the fundamental motion is 
stable, and when this expression is negative the motion is unstable. Therefore, the 
condition of instability of two currents—and consequently of their interface-—-is the 
following: 


gh P2 aes P1 — (ae UG, 
2 pote + pid P1P22, a2 Pod, 4 pity a2? <0. (18) 


When the wave length and the densities of the two fluids are known, it is more cone 
venient to isolate the velocity difference from the condition of instability 


J J 
(U, — UP >F (oo — a) (— =). (19) 
1 r>e a ae 
Hence the following conclusion can be drawn at a known wave length and density 
difference; the fundamental motion is unstable for great velocity differences and 
stable for small velocity differences of the fundamental motion. 


Let us isolate } from the instability condition (19), regarding the velocity 
difference as given. The fundamental motion is unstable when the following in— 
equality is fulfilled 


< ar (Uy — U2 pip aya, (20) 
E'e2— Pi) = PiMa t+ pet, = * 
Thus for given velocity and density differences the fundamental motion is unstable 
with respect to short waves and stable with respect to long waves. 


We shall examine now the importance of the depth of the fluid layer in the 
stability of motion, For this purpose we introduce into the condition of instability 
(20) the depth of the layers fh, and A, in the obvious way; then this condition will 
become: 


Be rae (21) 
E(P2 — 1) Pp, th kg + pg th kh, * 


Consequently, the fundamental motion is stable for deep layers and unstable 
for shallow ones. 
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We should note that the dynamic wave velocity vanishes at the limit of stability. 


Thus, at the limit of stability the velocity of propagation equals the convective 
velocity. 


Let us write the expression for the critical wave length }, assuming that the 
two layers are infinitely thick and introducing the temperature TJ insteadof the density 
P . We then obtain 
ae 2 (Ha = PTT 2 
g& f—? 


Table 54 gives the critical wave lengths for instability at T = 273°. Shorter 
waves are unstable and longer waves are stable. 


Table 54 
Critical wave length in meters 
Au m/sec 
4 12 16 20 
AT°C 
4 1408 3668 | 5616 8789 
8 709 1595 2829 4426 
12 475 1073 1901 2974 
16 359 808 1431 2244 
20 289 652 1156 1809 


We recall that gravitational waves are always stable in regard to the funda- 
mental motion, while the displacement waves are always unstable. Therefore, the 
force of gravity exerts a stabilizing effect on the fundamental motion, while dis~— 
placement tends to unsettle it. When the stabilizing effect of the force of gravity pre- 
vails over the unsettling effect of the displacement, the motion is stable; in the 
opposite case it becomes unstable, 


§ 6. Small Oscillations of an Interface 


The problem of stability of interfaces is closely connected with the generation 
of cyclones. No generally accepted cyclone theory exists at the present time. Of 
all existing qualitative theories of cyclogenesis, the most popular is the "“frontologic" 
or wave-cyclone theory. This theory is based on the well known fact that almost 
all cyclones of middle and polar latitudes have their origin in immense waves, 
formed on the discontinuity surface between almost resting and rectilinearly moving 
air masses. 


However, not all wave disturbances of stationary fronts develop into cyclones. 
In some cases’ the wave disturbance passing the front leaves it intact; in other 
cases the wave disturbances leads to a vortex motion near the front, whereby the front 
does not return to the initial position. The wave becomes prominent, and a field of 
closed isobars and of low pressure is formed, i.e., a cyclone. 


481 


In connection with this circumstance a serious problem was raised. Can there 
be found quantitative criteria permitting to judge when and where a wave will be 
formed in the front, subsequently developing into a cyclone? The Norwegian school 
of meteorology identifies the birth of a cyclone wave with the moment the frontal 
surface loses stability. Evidently the loss of stability can be associated with the 
operation of mechanical and thermodynamic factors, 


In the following sections only mechanical factors will be discussed, 


Many attempts to establish criteria of stability did not lead to substantial re— 
sults. The main difficulty of this problem lies in the fact that the surface of dis— 
continuity is inclined to the rigid surface of the earth. Therefore, the problem of 
wave propagation on the frontal surface is three—dimensional and consequently very 
complicated. 


Certain foreign investigators considered wave disturbances either on 
horizontal or on vertical discontinuity surfaces. Bjerknes and his collaborators, 
as reported in his "Physical hydrodynamics'’ considered wave disturbances on a 
sloping frontalsurface, dividing two air masses of infinite vertical extension, All 
these investigations did not yield any results. 


The problem of stability of an inclined interface with respect to wave motion 
was solved for the first time by N. E. Kochin. He offered a theoretical basis for 
wave-cyclone formation. 


Kochin solved this problem by the method of small oscillations, assuming that 
the vertical accelerations can be omitted from the equation of motion. With the aid 
of ingenious coordinate transformations Kochin fitted the entire complex of boundary 
conditions into the equations of motion. 


We now apply the equations of small oscillations given in $2 to derive 
Kochin's solution of the problem. As fundamental motion we adopt the steady recti~ 
linear motion of two fluid masses parallel to the interface. We assume thatthe 
densities of the two fluids are constant and equal to 9, and p, respectively. We 


use a right-handed coordinate system(Figure 151). The axis Ox is directed parallel 
to the motion, and the axis Oz—vertically upwards. The axis Oy is normal to the 
front, pointing in the direction of the cold mass. With the foregoing assumptions 
for the fundamental motion we have: 


U, = const.; V,=0; W,=0; Q, = 0, =const,; \ (1) 
1 


U,==const.; V,=0; W,—0; Q, =p, = const, 


X=0; Y=0; Z= —g. (2) 


From equations (2) 8 2 follows that the pressures in the warm and cold 
masses for the fundamental regime will be: 


P= — 89,2 — 2p,U, (,y — Wz) 4-C, (3) 


P, = — g0,z — 20,U, (®,¥ — w,2) +-C, 


where C is the pressure at the origin of coordinates. The equation of the interface 
for the fundamental regime, when the condition P,=P,, is satisfied, will be. 


(P2 — 91) gz -+ 20, (0,0, — p,U,) z— 2w, (p,U, — p.U,) y= 0, (4) 
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or 


z= ytga, (5) 
where 
= 20, (P22 — p,U)) 
‘ga B(P1 — 2) + wy (Poe -— p,U))" (6) 


Consequently, in the fundamental regime the interface is a plane inclined to the 
horizon at an angle a, determined by Margules* formula (6). 


v4 


Figure 151. To the derivation of the formulas 
of small oscillations of an interface 


Consider now small oscillations superimposed on the fundamental motion. 
Let the resulting nonstationary motion be very close to the fundamental stationary 
motion, so that the components of the velocity and the pressure in the warm and 
cold masses will be respectively: 


U,+ 4, 0,, w, P, +p, 
U,-+- uz, Ve, W,, P.+-P2, 


and the densities, as assumed before, are constant: p,==const., p,—=canst. 
Whereby 4, Uv, w, p are regarded as infinitely small. 


According to (13) and (14) § 2, we have the following equations for the deter~ 
mination of the sought functions &, ¥, W, Pp 


a on us 1 op; 


“0 U me a ay Paty 


» 


7) 


Ree (j= 1, 2). 


Let us further assume that the two masses are bounded by fixed horizontal 
planes, below by the plane z==0,and above by the plane z==A, On these planes 
the following conditions should hold: 
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w,=0 at ong (8) 


The equation of the surface of discontinuity for the ensuing nonstationary 
regime will be written as follows: 


z= ytiga-+C(x, y, 2), (9) 


where ¢ is a very small quantity. According to (20) § 2 we then have for the per- 
turbed motion: 


Po — py =P, —P, = 
= (Pe — pi) 82 4-2 (0, U, — ppU,) oz — 2 (9,U, — p,U,) oy = 
= [(22 — p1) & + 2 (p,U, — p,U,) 0, ] (z— ytga) (10) 


OF Po— Py = (02 — Pi) B+ 2 (0,U, — p2U2) o,] 6 (11) 


on the surface 


z= ylgat C(x, y, 4). 


Besides, for the same surface, according to (18) § 2 the following condition holds: 


a, ek . 
tae Us tt; 'ea—w,=0 (j= 1, 2) 
for z=-ytga-£, (12) 


which is verified by taking: 


P= VCO 2, fo (4-7. 2). (13) 


At this stage Kochin makes an essential and bold assumption — he omits the 
vertical accelerations: 
hal ay a 
ot SOx 


from the equations of motion, The vertical accelerations are neglected frequently 
in this way in the study of long waves. Such omission is equivalent to the assump- 
tion that the vertical pressure distribution obeys the barometric formula. Thus 
p, and p, areindependent ofthe coordinate 2 and are functions of x, y, and fonly, 
Similarly we assume that the perturbations Uy, Uy, U;,U, are functions of x, y 


and ¢, These assumptions are justified by the fact that the vertical extent of the 
surface of discontinuity is many times smaller than the horizontal extent, 
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We find w, and w, from the last equation (7): 


h 


om] (6 al +52!) dz=(k—2z) (s+ 5), 


(14) 


Equations (14) show that the vertical velocities w,(/= 1, 2) are small in com- 
parison with horizontal velocities, for owing to the small slope gradient, the vertical 
displacement is considerably less than the horizontal. Therefore, in the first two 
equations (7) the terms containing w, can be rejected and consequently 


®, and Wy will disappear from the equations, The terms containing @, and o, 
are omitted by Kochin even from the third equation (7). Writing for brevity o,= a, 


we obtain, on the basis of the foregoing assumptions, the following seven equa- 
tions for the determination of the seven functions u,, 4, Lo, Us, Pir Po ©: 


ou Ou 1 a 
Stu, ol= Fag + 200, 
fo ee 
Oy 4 yy 9M Se i, - | 
f SOx oy . 


Apa eee Py : 
“+, lili ak eal i a st) 


0 0 
ae — v, iga— yiga(5e + 5 | 


(15) 


(ytga is substituted for z in the last two equations, and the second order magnitudes 
Cw, and fw, are disregarded), 


§ 7. Zonal Oscillations of an Interface 


We shall now examine oscillations in the direction perpendicular to the front, 
i.e., the so-called zonal oscillations. As an example of zonal oscillations may 
serve the oscillations of an interface having the form of a surface of revolution 
around the terrestrial axis. This surface separates the polar cap of cold air from 
the warmer tropical air. The zonal oscillation of this interface is performed in the 
meridian plane and is independent of the longtitude. In the considered case none of 
the seven unknown functions depends upon the coordinate ¥ therefore, equations 
(15) of the preceding section are simplified and take the following form: 
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3p = 200, 

Ol = ye 2a, 

Po Pi = 8 (P2— 01) 6 (1) 
= cas tgat(h— ytga).S, 

Fa —mtga—ytga SY, 


As a first step towards the integration of the system (1) of differential equa— 
tions of the first order we can first of all reduce by differentiations the number of 
the equations and the number of the unknown functions, but at the expense of increas— 


ing the order of the equations. Differentiating the third equation with respect to y 
and applying the second equation we obtain: 


a 0 ov ov 
&(P2— Pi) 5 = Fe ay =P ae Pe ae Tt 20 (Pits — Patt). (2) 


Thus we have eliminated the unknown functions p, and p,, reducing the number 


of the equations to five. We eliminate another two unknown functions, uw, and &y. 


Differentiating equation (2) with respect to t and applying the third equation (1) we 
obtain in place of the five equations (1) one equation 


et Oy OU, 
&(P2 — 0) dyot°1 op — P2 oe + 40? (9,0, —pev,). (3) 
& 
Finally after elimination of & we obtain from the last two equations (1): 


Of(fh—ytga)v,] ss A [ony tg a] (4) 
~ oy ~ oy 
(A — ytga)v, + ytg av, fil), (5) 


Let us determine the form of the function /(f). For y=0,we obtain 


hv, (0, y= f(A. 


Thus the function f(/) is determined by the boundary condition, namely, by specifying 
the function 1, (j', f) at y = 0*. For simplicity we can put f(t)=0. 


Following Kochin, we introduce a new auxiliary function V(y, ¢)assuming 


V(y, ) = (4— ytga)v, = — ytgav,. (6) 
Then 
Vv aa eee eee : = = 
Shaye ig _ 


* [ Translator's note - the russian text has f(t) = 0 instead of y = 0, an obvious 
misprint. ] 
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whence 


av av 
eu, —_—iot? OY, on 
02 h—ytga’ of oy tea’ (8) 


Besides, it follows from (6) and (1) that 


av at 


Substituting (8) and (9) in (3) we obtain: 


eV O2V 
(ta — 0) 52 — (pte +f) (Se t4e *V) =0. (10) 


Thus the system of equation (1) is reduced to one differential equation of the 
second order in one unknown function V (y, ¢) 


Let us determine the boundary conditions for this new unknown function. The 
discontinuity surface 2== ytg aintersects the upper fixed boundary z= A along the 
straight liney—=/; z=h wherel—Actga(Figure 151), Therefore we consider 
equation (10) only within the limits0O <= y</.At these limits, according to (6), the 
following should hold: 


V (0, t)=V(l,)=0, (11) 


providing we accept the natural condition that v, and UV, do not become infinite at 
y=Oand y=/, 


OV 


The initial conditions for V and a are obtained from (6) and (2): 


V(y, 0) =(k— ytg a)-v, (y, 0), 


( Py 1 _?2_\ OV(y,9) __ 
h—ytga ! ytga t 


ras i 0) 


= 8 (P2— Pi) “F 20 [Pty (yr, 0) — py, (9, 0). (12) 
It is obvious that all the initial values for the first mass, 4,,v,,6, and also 
the initial values of the tangential component of the velocity perturbation of the 


second mass uy can be arbitarily assigned. 


In this way Kochin reduces the problem of zonal oscillations of an interface 
to the integration of the partial differential equation of the second order (10) for the 
boundary conditions (11) and the initial conditions (12). 


Kochin further introduces a new dimensionless variable , defined by 


2y—1 l 
y=; ya tl (13) 


Equation (10), after obvious transformations, takes the form: 
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eV d( PsP AV = 
a+, tate [1st [sx tery | =0, (14) 


and the boundary conditions (11) are easily brought to the form 


V(+1,)=0. (15) 


Following Kochin, let us introduce a further simplification. We neglect the 
P2— F1 : 
quotient in the square brackets 01 + Pe which is small compared with unity, and 


introduce the mean density p= tee . Then equation (14) will take the following 
form 


eV lp av 
2 oon 
(T— 9) 53 £(P2— Pi) tg a E | 402V | oe (16) 


Since we consider small oscillations,it is natural to seek the solution of the 
problem by Fourier's method in the form of a product of a periodic function of the 
time # and some function of y. Thus a particular solution of (16) is sought in the 
form 


V (4, t) =e! (7). (17) 


The substitution of (17) in (16) permits the determination of the unknown func- 
tion W(n) by the ordinary second order differential equation 


a7w 
(1 — 7?) an + HW=0, (18) 
where we write for brevity: 


__ lp (a? — 4w?) (19) 


B= Be: — bi) tga° 


The boundary condition for W, as follows from (15), has the form 


W(+1,t)—0. (20) 


Equation (18) has two singular points, 7== -+-1 and y,== —1.But theorems ofthe 
theory of differential equations show that the solution of equation (18) for the bound= 
ary condition (20) should be holomorphic (i. e., developable in a power series) at 
the points y==-+1. 


Differentiating equation (18) with respect to y, we obtain for the function W" (7) 
the differential equation 


d dw’ 
a | —a) | +ew =o. (21) 


This equation has a holomorphic solution at the points y==-++-I for particular 
values of # only [eigenvalues], namely: 


== n(n-+ 1), 
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where #A=0,1,2.., The obtained solutions. rather well known special functions, 
the so-called Legendre polynomials: 


1 d* (42 — 1)" 
27. n! dx 


Walt) =P, (4) = (22) 


Integrating (22) with respect to y and applying condition (20), we obtain 
1 dd"! 2-1)" 
VW, (4) =——_ +“ (23) 
al) OR dy'-t 


the case A=0Q may now be dropped. 


Any of the following polynomials can be taken as the function W(7) : 


2 
WV, (= ‘ 


2 

eae | 
¥, (7) = (24) 
Ha et eae die) 


Thus, we have found a set of particular solutions of equation (16) which satisfy 
the boundary conditions (15), These particular solutions are 


V= W,(y)coso,4; V= W, (n)sina,t, (25) 
whereby go, should satisfy the condition 
&p (0% — 4a) 
——ewee —— ff 1 na=1,2 cae (26) 
E (Pa pv tea (n+ ) ( 9 ) 


or 
nme Y tot CARA GaN 27 


Applying the formula of Margules 


tg a m= 22 — pol) U; — 
&(P2— ed’ 


we obtain 


= )V 4m? +- 20 (est — eerie . (28) 


The obtained particular solutions of equation (16) give simple periodic oscil- 


lations of the discontinuity surface with the period T— — Assuming 9~== 30%, 
a 


U,=-U,=10m sec”!. {==108 m, we obtain 


489 


for a=1 G,= 9. 1: 107° sec” +; 


 n==2  @)= 9.851075 sec™}; 
" a==3  6,= 11.78.1075 sec™!; 


ry 
T 


0.8 day (24 hours) 
=0.74% Oo ot 
=0.62 8 wow 


a A 


v a=4 O,= 14.12-10-%sec—1, T=0,52 9 un 


i.e, , even the largest period does not exceed 24 hours, 


It should be stressed that the frequency of oscillation has turned out to be a 
real number. This means that the interface is stable in regard of all zonal per-— 
turbations. Had the frequency of oscillation proved to be imaginary, we would 
have discovered an instability of motion in one case, namely, when the mass above 
the discontinuity surface is cooler than that below it. 


Having determined the particular solutions of the equation (16) by the metnod 
of Fourier it is easy to find the general solution of this equation, satisfying the 
boundary conditions (10): 


oo 
V (n, t) = 2 (A, cos ott B,sinoe,t) W, (7), (29) 
a= 
where A, and B, are arbitrary constants. Thus 
. avin) > 
; hs 30 
Vin, = DE AW, (ns = Le B,0,% (7). 
a=1 n=1 
OV (n, 0) ps deige ve 
But the functions V (7,0) and —z— should satisfy the initial conditions 


(12) having in the new variables the form 


V (4, 0) = 5 (1 —4)-v, (m0); 


1 AV (n,0) __ elpa—pidtga oF (n, 0) 


wh 
1—7* ot 2p On 1 y [a (7, 0) — a, (%, 0)). (31) 


We point out that all polynomials W,(7) satisfy the condition of orthogonality: 


Wel Wi) oy — 0 tor kb! 


+1 
. 1— 7? 


1 
(32) 


+1 
W; (n) a 2 
ier 1=kFRE)QRL1)* 


Employing the relationships (30), (31) and (32), all coefficients of the series 
(30) can be determined. For this purpose it is sufficient to multiply (30) by W, (7) 
and to integrate the product with respect to y over the interval — 1 to + 1. 
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We obtain then: 


41 
i Wal) y A 

i EEE ORT 
P (33) 
feces ) We (n) 


ais 245 
i—7, 49 =BeeETHORED * 


The relationships (33) determine all coefficients of the series (30) providing the 
functions V (yn, Q) and ot!) , determined by the formulas (31),satisfy the condition 


of continuity. 


With the help of the equation 
ae OV 2 (34) 


ot — On ° 7 
we can find the function (€(n,#), i.e.,we may determine the form of the disturbed 
discontinuity surface 


fee) 
a 2 
x= T Dy (A,coso,f-+ B sing, t) P,, cn. (35) 


consequently 


6(n, = 0(n, 0) +4 x [A,sino,f-+-B, (1 — coso,é)] 2 , (36) 


From equations (7) we find 9, and 4v,: 


8 


Py (A, coso,¢-+B, sina, t) W, (7), 


v, (1, t) = 7 - 


3 


(37) 


2 


V, (9, f) = eo ea (An cos 6,¢-{- B, sing, t) W, (7). 


iM i i 


The functions 4, and &, are found from equations (1): 


a, (n, t) = 4, (4, 0) — 
— % 1A, sing,t + B,(1—cosa,0] “2, 
(38) 
Uo (7; t)= a, (%, 0)— 


ee rs 2 [A,sino,¢ + B,(1—cosa,t)] —— ~2 
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Finally, the functions p, and p, are also determined from equation (1): 


) 


ps (1 4) =p, (0, )+4p,0 \ v,( 4, 0) dy — 


s=1. 


- °) 
= >> ¢, [B,cosa,t—A, sina, #| des fe dy; 
a=1 0 
(39) 
Po (My 4) =P, (0, f) + pgm j 0, (4, 0) dy — 


09 
8w2 | ‘ __ . Vv, (n) 
aa [A, sino, t + B, (1 —cosa,é)] ya ara d1— 


T+n 


Kochin illustrates the obtained results by the following example. Let us assume 
that at the initial moment #=0 the surface of discontinuity is an inclined plane whose 
slope angle does not coincide with that determined by the formula of Margules, 
but differs from it by a small value. Then (9,0) will be a linear function of y 
and we may set 


oo 
2 Wy (a) 
=] di % cos o,f—- A, sing] - | —8* dy. 


G (4, 0) = ay, 


where @is a constant. We assume as well that there are no other disturbances of 
the stationary motion of the two given currents, i,e., that 


4, (7%, 0) =, (H, 0) =p, (n, 0) =0. 
Then (31) yields 


V (n, 0) = 0, 
dV (n,0)__ gleo — pr tga - 20 
UO Cla ONES gy 8) = — (0, — U2) (1), 


and, applying (30), we obtain 


where 
/ 4w (0,0, — pl) 
a= 40? + d 5 Pala ‘ 


Repeating the calculations performed above for the general case, we obtain: 
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V (n, = = TD a sin 9,¢ (1 — 72): 


v, (4, 4)= a EK (1 +7) sina,, 


20 (2,0, = p2U,) 
poh 


4w? (2,U, — 9oU. 
Uy (1; ) all + 7) (1 —— cos 3,2), 
1 


UV, (7, t) = — a(1— 7) sina,¢, 


4? (9,U, — pgU2) 
ae 
poh 


403 (9,U, — 2 oan 
p.(44o=>— 8 (p) 4 p2U2) (n+) [1+ 2 cos 9, 


4w8 xy — fall) ( 5) 010, — PU. 
, t) s i -- Os bt SO 


u(y, t)=— a(1— 7) (1 —cosa,?), 


C(y, 4) = <r (1 + OO cosa), 


The vertical velccities can be determined by formula (14) of the preceding 
section: 


2(h — 2) Ov, 4w 4 (6,0, — 62U2) — p22) 
a 22 Ov, ___ 40 {2 U, = 4w {2,U, — U2) a 
Qa gg ge bon 


We determine also the components of acceleration 


dv w (p,U, — pol.) 
= el) 1 Pal’2 a(i-ty)cosa,é, 


dv 2m (2,0, — pV. 
08 ace nm Ses = al) oh Ps 2») a (1 —n) cosa,t, 


2 
du, __ me A = Pol) 5 4 -+- 7) sin af, 


dt ph 
du, 4? (p,U — po) eer 
> aaah a(1—y)sina,#, 


dw, 4w( 1U. — 22) | __ * 
de Se (1 < cos o,f, 


dw 4m (9, UV, — p22) 
dt ~ 


2 
— gi 
oI a-—- sin o,f, 


The analysis of the obtained solution allows to draw the following conclusions: 
1) A discontinuity surface whose slope departs from that given by Margules’ 


formula does not remain Stationary. It oscillates around some mean position 
determined by the equation 
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This mean position does not coincide with the position of the stationary interface and 
deviates from this position in the same direction as in the initial moment. 


2) The tangential components of the velocity perturbations 4, and 4, fluctuate 
in magnitude but maintain the same sign. Thus, for example, at a>>0 u, >0 and 
u,<_0.Consequently, when the surface of discontinuity is steeper than the stationary 
interface, the fundamental velocity of the first current U, will increase on the aver~= 
age, and the fundamental velocity of the second current U, will, on the average, some— 


what decrease. Consequently, the average velocity difference at the surface of dis— 
continuity will slightly increase. This increase of the difference in the tangential 
velocity leads, according to the Margules formula, to the increase of the angle a. 


3) The obtained solution shows that an increase in either the velocity difference 
or the slope angle causes the other quantity to increase. 


4) Nonstationary motions, originating at the interface and close to the funda— 
mental motion, are very complex, leading to the development of additional motions 
in all directions. 


Let us explain in greater detail what would happen if the interface were initi~— 
ally steeper than the stationary surface, so that a>0, and there were no other 
perturbations of the fundamental motion. The formulas derived in this section 
show that the cold mass immediately begins to slide under the warm mass. This is 
accompanied by a descending current of cold air, especially marked in the upper 
part, and by an ascending current of warm air. Thus, the warm air will displace 
the cold air in the upper region, and the interface will become progressively steeper. 


Simultaneously with the emergence of the velocities 4 and Vo the Coriolis 
force will start deflecting the motion to the right, relative to the pressure gradients 
which have caused these additional velocities. As aresult, horizontal velocity 
components u, and Uy will appear. 

However, such velocities cannot build up indefinitely. A moment comes when 
the process begins to develop in the reverse direction. This moment corresponds 
to the minimum slope of the surface of discontinuity. 


The simplification made by Kochin permits to grasp the basic outlines of the 
processes taking place near the nonstationary interface in the case of zonal oscilla- 
tion. However, the real processes are more complex than the examined scheme. 


Two factors complicate the zonal oscillations of nonstationary interfaces: 


It was assumed until recently that the oscillations of an interface are zonal, 
l,e,, the air flows equally in all planes perpendicular to the front. In reality, how- 
ever, the interface is subject also to nonzonal oscillation. In addition it undergoes 
a deformation. Such oscillations will be discussed in the following section. 


Friction is the second factor which distorts the given picture of zonal oscilla— 


tion, Its influence precludes pure oscillations of a discontinuity surface; the periodic 
process is tnen less pronounced and competes with aperiodic processes, 
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S$ 8. Interface Stability with Respect to Nonzonal Oscillations 
In the preceding section we dealt with the zonal oscillations of aninterface. 
It was shown that the interface cannot lose its stability by zonal oscillations. We 


will now discuss the more general case of nonzonal interface oscillations, which was 
also studied by N.E. Kochin, 


We start from equations similar to (1) of the preceding section: 


ou’ au’ 1 op’ 
j | [ees } = 
HU GH eae oy == 1,2), 
ou’ dv’, 1 dp, 
/ i / 
3+ 1Gn ~~ | oy — 74 = 1,2), 
oii iat = pr2— pr, (1) 


: 0 
at ety, == —vu,tgat(h—y eai(Zi + a 


, 0 
“+u,2 f= th ga —ytga (5? ao 


In the two first equations we have set p= 9, = 0; ® stands for the vertical com- 
ponent of the angular velocity of the earth. The function (’(x, y,#) determines the 
perturbations of the discontinuity surface. The equation of this surface for the per- 
turbed motion has the following form 


z= y-tgat C(x, y, t), (2) 


Kochin considers waves propagating along the front of the discontinuity 
surface, i.e., along the axis Ox. The solution of the system of seven equations (1) 
. ’ ’ ’ ’ < 
in the seven unknown functions yj), uo, Uj}, U2, Pi, P2, 6, Should accordingly be 
sought in the form 


uy a ef (kx f 9") u; y)s 


( 
i iy) (3) 
py el leet (y), 
Ch am l(b tod (,), 


In the formulas (3) the functions 4,, U,, Pj C are complex. SHOmeyet in the 
following we shall take only the real part to represent ts, Vv), pj, 


Substituting (3) in the first two equations (1), we obtain after trivial 
transformations 


iP 
i(kU,--0') u,— 20-0, = Pp 

1 4p, ‘ 
i (kU, - 3’) VU; -f 20-4 == — > dy? 
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where 


do; 
A(RU ; +0") pj — 20 


“1 p[4at®— (RU; FoF)’ : 
| _ dp; (9) 
2wkps— (&U + GE 
a p {402 — (ku, 4-3'7} * 


Eliminating uy, v; and £ from the equations (1) we obtain the following sys— 


tem of differential equations for the functions p, and P,: 


da do, 2kw a 
age i (ey + are) P= 


—_ P[4u? — (kU, +0’) 6 
gi —pdiga | "1 — Pah (6) 


Aa ree a Bey jk epee ea | 
5 | —9 BY] — [eo —0 +4 as | = 
— P{ 4m? — (kU + ¢'P} 


& (Pi — Pa) tga (Pi — Pr). 


The points y=0 and y=/are the singular points of this system. We require 
that the solution remain finite at these points. Then p, and p, will be entire 
functions of y. 


The solution of the system (6) must agree with the following boundary con- 
ditions 


dp 
ty MPA at y=0, (7) 


dp, 


ay AP at y=/, (8) 


To this end Kochin proceeds as follows. The motion in the region y< 0 is 
considered. From the equation of continuity we obtain 


ee —2(33 4 i) 


since at z==0 w,=0, But in the region y¥<O0 at Z=h also W; =0. Consequently, 
ou, ou, 
de 1 Gy =? 


Applying (3) we obtain: 


; dv, 
iu, - Go = 0 for y<.0. 
Inserting in this equation the values of a and v, from (5), we obtain: 


fi po, 


i == (5, 
dy? 
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The general integral of this differential equation ms the form 


py = Cie ¥-+Cye*y 


’ 


where we must put C,; —0, since as y—+—oo p, should remain finite. 


Consequently 
es oe for VR 0, 
whence 
dp 
dy =PPi for y<0, (9) 


It is obvious that upon transition from region I into region IV (Figure 151), a, 
and U; should change continuously. Consequently, according to (5) the functions p, 


ap 
and ae should also change continuously. Therefore, the condition (9) should be 
fulfilled even at y=0. Thus, the boundary condition (7) is imposed on the solution 
of the system (6). The second boundary condition (8) is treated in exactly the same 
way. 


We introduce again the dimensionless variable 


qa; yar. (10) 


To the interval 0 = y </ will then correspond the interval —l<y< +1. 
In addition, we introduce the velocity 


yur, (11) 
=a 


In this case the formula of Margules can be approximated by the expression 


20 (Py U; — 2U>) 40cU (1 2) 


We introduce a new variable 3’ instead of the frequency G; 


cae aaa ad 
Obviously 
a’ + kU, =o-- kU, 3'-+-kU,=3— kU, (14) 


and the system of equations (6) takes the form 


d h2I2 kol 
£fa+y 2] —[Futea+ao|n= 
—b[4o?—(2 — AUP, 
= Sol (P2— Pr), 
dp Re]? pool = 
70-9 7 = Ul) — ao |= 


L{4w2 — kU)3 
= sea a cl = lip, — Ps), 


(15) 
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the boundary conditions will assume the form 


ap kl 
aaa ae 
(16) 
dp, kl 1 
ano gee ee Pl. 
Three dimesionless parameters enter in equations (15) 
59 = pe (17) 
B; > Et 


Introducing this abbreviated notation into equation (15) we finally obtain the 
following equation: 


r, | (ly Ze] — [age ta) +; 


ai 


18 
= 5 ll —#—1)] (—), a 
d d 
7 (a) al [s+ (I—— =] a, 
zl} — B+ 17] (2, — py) - 
The boundary conditions appear in the following form 
7 —app,==0 at y= —l, 
(19) 


dt etgs ect at y= +l. 


In this way Kochin reduced the problem of nonzonal interface oscillations 
to the investigation of the system of equations (18). The parameters @, B, T; 
appearing in these equations have the following physical meaning. The parameter 
lw _ 2hoctga 
U 


a= U,—U, (20) 


is determined according to the known elements of the fundamental motion. 


The parameter 


pate ae 
~~ 20 ow Qwh (21) 


characterizes the length of the waves moving along the front. And the parameter 


fp Wi $U) 


kU (Uy —U) 
2 
characterizes the oscillation frequency, which is unknown and subject to determina - 
tion by the foregoing equations. 


(21°) 
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Thus for the given @ and 8 those values of t should be determined, which 
upon solution of the system (18) will fulfill the boundary conditions (19), while the 
functions p,(%) and p,(y) should be holomorphic at the points 4= + 1 and 42-1 
and consequently they are entire functions. 


In connection with the problem of cyclone formation it is indispensable to dis-— 
cuss the possible loss of stability of the interface with respect to very long waves, 
when @ is very small and consequently the wave length 4 is large relative toc ae 


Kochin points out that at a first glance the case of very long waves may 
appear to be reducible to the case of infinitely long waves, discussed in the previous 
section, when the perturbations are independent of the coordinate * and the interface 
is Subject to zonal oscillations. But for such disturbances, close to the zonal oscil- 
lations considered above ¢@ is finite and hence 


a) ee 
amine 


a3 ¢G 
~ kU 2h 
is large for small values of 8. 
Kochin showed that,apart from disturbances close to the zonal oscillations, 
other types of long wave disturbances occur for which 7 remains finite. The 


frequencies @ (and consequently 9’) of these disturbances are very small and their 
periods are very large. 


Kochin formulated the extreme case of these disturbances by taking 
in equations (18) and in the boundary conditions (19) B=0. 


For this extreme case we obtain 


d d a 
a Ja +) P| — 5 'h= 5 (P2 — P1)s oa 
d dp a _. @ es, 
# [0-9 Bl + er = Fle A 
OP as at y=o—!l 
- | (23) 
i=0 at ql. 


We multiply the first equation (22) by (t— 1), the second by (t-+- 1) and add 
them together. Integrating the obtained equation we get: 


dp 24 

2 — = 

(r—1)(1-+ 9) 2 +t 1) (17) P= const. = 0, 4) 

The constant in equation (24) should be adjusted to the boundary condition (23). 
Defining the auxiliary function 


D()=(I—N I+) FRI +yt—yF (a5) 
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and introducing it into equations (22) we obtain the differential equation 
Z __a@ t++- 1 *+—1 (26) 
rae Fes seeces ee ® (9) 


from which (7) can be determined. The boundary condition for the function 
@ (x) appears as: 


® (+ 1)==0. (27) 


The equation (26) can be brought to the form 


(1 — 7?) ®” (x) -L (r+ s7) b(n) =0, (28) 
where 
reales ay a) 
and consequently 
‘= aero" ; (30) 
whereby, identically 
rp? — 5? == g?. (31) 


Equation (28) has the same sign as equation (21) of the previous section. There 
fore the solution of equation (28) is to be sought as a series of polynomials W,, 
as in the integration of equation (21) § 7: 


@ (y) =a, W, (4) + 4,0 (q) +--+, (32) 
whereby the polynomials are connected by the recurrence formula: 


(2a + 1)-7W,=(n—1) W,_, + (n+2)W,,, (24=1,2,...). (33) 


Inserting (32) into equation (28) and applying (33) and (34), 
(In) Waten(nt1)W,=0 (n=1,2,...), 34) 


we obtain the following relations between the coefficients: 


a,[r—1-2}4 = sa, =0, 


a; [r—2-3] +4 sa,+ = s-a,=0, 
(35) 


a,[(r—k(k+ 


: - : Boke Se eo 
1)] TEES Seat 420+ *S+Ay_, =0 
(A= 2,3,...). 
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whence we find 


a 3” 
Q@, r—i-2' 
5, +52 
g 21 = 2.3 —r— 25 ; 
a2 pee! 
) 3 
(36) 
kR + 1 Qpuy mere 3,8? 
2—i° ap Si aa a a Maer 5. 2k : 
2k + 1 Ane 
where 
s.— k (Rk +- 2) 
k—(2k £1) (2k +3) * (37) 
Combining successive equalities of (36) and equating the expressions for the 
following relation between r and S is obtained, expressed by a continued 22 
fraction: 
6,- 8? : 8,-$? 
; = ia (38) 


a age Sa Wel ae 


The relations (38) and (31) fully determine rand s and consequently t, in view 
of (30). At s=Qwe obtain from (38) 


ry==1-2; r= 2-3... r=an(n+)), 


and from (31) 


Consequently, for @a==a (n-+- 1), one of the solutions equations (38) and (31) is 


ra=n(n-+1); s=0. (39) 
In particular, for a=2 
r=2 and s=0. 


Kochin regards the values @, as close to 2. Then, forr=2 and 5~0Q, we 
obtain from (38) 


6,82 
ra) 
2 ra 
and from (31) 
4—6,s?—s?+..,.=@? 
or, Since 
« 
a= es 
we get 6 > act 
=| 8 ea a 
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Consequently 


(4—a?). (40) 


”. 
ca 


It follows from (40) that when @ is somewhat greater than 2, s?< Oand s 
is an imaginary number. Then Tt and o will be imaginary too, and the motion will 
be unstable. 


Thus, for @>>2 the motion of Margules is unstable with respect to very long 
waves. Kochin also showed that on the other hand the motion of Margules is stable 
in this case for 0< a< 2. 


We shall now write the condition of stability in an explicit form, inserting the 
expression for a: 


pee Oe Te <2. 


U 


By (12), the condition of stability of the Margules interface with respect to long 


waves, can be put in the form 
== 1) 
U EN (Py — pi) (4 
PV ee : 


Thus, the interface determined by the Margules formula is more stable with 
respect to very long waves the higher the relative velocity of the fundamental cur- 
rents and the smaller their depth, and also the slighter the discontinuity of the 
density, 


a ] . 
Athkh=8km, Py (i.e,, at a temperature difference = 7°) the funda- 
mental motion is stable at U > 16 m/sec. 


A similar result is obtained by Kochin for waves of a finite length. To each 


value of 8 corresponds a critical value a)(%). | For 0 Sa < ao (3) the fundamen- 
tal motion is stable with respect to waves of length = 5 and unstable fora > Gp (8). 


Figure 152 shows acurve 4 (%), which separates the region of stability from 
the region of instability. From this figure it can be seen that the frontal surfaces 
are unstable with respect to short waves (large 3 ). However, frontal surfaces 
are stable for long waves. They lose their stability again for very long waves (of 
the order of 500-1000 km). These very long waves lead to the formation of cyclones. 


Thus, in spite of the schematization of the studied process, Kochin demonstrated 
the possibility of atmospheric conditions under which long wave perturbations of an 
interface are unstable. Such instability leads to a deformation of the interface, 
which swells and surges. Asaresult, vortexesdevelop, which can be identified 
with the cyclones observed in the atmosphere. 


We should point out that certain of the employed simplifications brought 
objections from some foreign meteorologists. So, for example, Godske insisted 
that in neglecting the vertical accelerations Kochin has omitted a definite type of 
waves. However, Blinova (1935) solved the problem of interface zonal oscillations 
without resorting to the elimination of the vertical accelerations and her result 
was close to the result of Kochin. This justifies Kochin's procedures, 


The work of Kochin served as a stimulus to a number of investigations of this 
problem under more general conditions. So, for example, Dorcdnitsyn (1936) 
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generalized Kochin's results on the zonal oscillations for a barotropic medium. 
Yudin (1937), and afterwards Blinova (1939), employing another method, have 
solved the problem of nonzonal interface oscillations for a baroclinic fluid. 


Stability 
t 


Figure 152. The dependence of interface stability 
upon the wave length 


5903 


Chapter XX 


I.A. KIBEL’S THEORETICAL METHOD OF 
WEATHER FORECAST 


§ 1. The Boundary Layer and the Free Atmosphere 


Dynamic meteorology is now being successfully applied to weather forecast— 
ing by talented representatives of the Soviet school of dynamic meteorology, founded 
by A.A, Fridman. 


Particularly remarkable successes in the application of dynamic meteorology 
to weather forecasting have recently been achieved by the representatives of this 
school, following the publication of I. A. Kibel's work "Meteorological applications 
of the equations of baroclinic fluid mechanics". In this work Kibel' showed, that 
the predetermination of the fields.of pressure and temperature can be effected with 
sufficient accuracy through the use of two approximations. It turned out that even 
simplified solution permits to obtain satisfactory results. Since this work is of 
fundamental importance we shall discuss its content as fully as possible. 


In the previous chapters we have pointed out the fundamental differences be- 
tween processes occurring in the so—called boundary layer and beyond it, in the 
free atmosphere. 


Eddy viscosity and eddy heat conductivity are particularly decisive in the 
presence of large gradients of velocity and temperature. Such conditions prevail 
in the planetary surface layer treated before, which extends from the earth 
surface up to about 1 km. Similar conditions exist at the tropopause, permanently 
separating the troposphere from the stratosphere. In the troposphere internal 
boundary layers, separating two air masses of different properties, are also often 
encountered. The eddy viscosity and the eddy heat conductivity play a fundamental 
role in these boundary layers, while outside them their effects may be neglected. 


According to Chapter IX the two equations of hydrodynamics must have the 
following form within the boundary layer: 


Ou Ou Ou 
3 T46 get gy + Se 
1 Op O/pou Ou , Ou 
7 — a des - (Sa toa), ia 
l iy O fp ov aay 
p oy sa ry G 52) a ~ (5a | om): 


The third equation of hydrodynamics can be replaced, to a high degree of 
accuracy, by the hydrostatic equation: 


lo 
Oo— — iG 5 (2) 


The equation of continuity will be written in the usual form 


3 + Se 4 See (3) 
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The same applies to the equation of state 
p=oRT. (4) 


Following Kibel’ we use the equation of energy balance in the following form: 


a—F RTdp__ 9a Ga te 


sce fe Pee (5) 

In equations (1)-(5) the usual notation is adopted; u, v, Ww are the velocity components 
along the x, y, zaxes; ¢-the time, p~the pressure,  @-density, T-temperature, 
g-the acceleration of gravity, /=2w sin 9 — double the vertical component of the 
angular velocity of the earth, R-the gas constant, c_~specific heat at constant 
pressure, {1-the coefficient of eddy viscosity, 2’- coefficient of lateral mixing 

ko-the coefficient of absorption, ApF -the radiant heat influx, \-the coefficient of 
eddy heat conductivity. 


Attention should be drawn to the fact that the air humidity is not accounted 
for in these equations. 


In the free atmosphere, outside the boundary layer, the equations of motion 
and of energy can be simplified, since the terms expressing eddy viscosity and 
eddy heat conduc ivity may be omitted, i.e., the terms containing and A. Thus, 
Kibel?t takes the atmosphere at first as a perfect fluid. He seeks such solutions of 
equations (1)-(5) that would satisfy the boundary conditions on the earth and on the 
tropopause. Solutions obtained in this way should then be corrected at the boun- 
dary layer, for the effect of the eddy viscosity and eddy heat conductivity. Kibel! 
points out that the recommended method of solution is similar to this employed in 
aerodynamics for the solution of problems concerning the boundary layer formed 
around airfoils. The boundary layer, in aerodynamics as well as here, distorts 
the pressure field only slightly; therefore, the solution obtained for the pressure 
may be adopted without further corrections. The boundary layer, however, exercises 
a significant influence on the fields of velocity and temperature. 


Rele gating the wind velocity and temperature variations in the boundary layer 
to a later separate examination, which this problem requires, Kibel’ centers his 


attention on the precalculation of the pressure and temperature fields outside the 
boundary layer. 


S$ 2. Determination of 2 and 2 from the Equations of Motion 


We have to integrate the equations of motion 


0 lo 
a ot oS ar =— Tat (1) 
Gta tes St wy = = yee (2) 


together with the equation of continuity and the eq ation of heat balance. 


For the estimation of the order of the terms entering in these equations, 
Kibelt introduces the following characteristic magnitudes: the characteristic hori- 
zontal dimension of the phenomenon L (L = 10°) the characteristic horizontal ve- 
locity U(U = 10? cm/sec), the characteristicaltitude A (A= 10° cm/sec) the 
characteristic vertical velocity W (W= 10° cm/sec) the characteristic time 


tT (t= 10° sec). 


Beside these, Kibel* introduces dimensionless lengths and velocities x, y, 2, 
“, v, waccording to the following formulas 
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x= Lx: y=Ly; 2 hz; u=Uu; u=Vo; w= Ww, (3) 
and also ¢=t-l. 


The equations of motion assume the following form: 


lau, U/- ou a) W — du 1 tap, - 
——=+>! a4 =U —"* Y= == — HT ST, 

hog TIL \ ax | ay Tih Az 0p ax T (4) 
ldo , U/(-d0 , -dv\ |W ov 1 iio, - 

fe >= Spe in eS FS u. 

Ik rays (ase tos) ti ge 10g ay 


Since, by definition of the characteristic magnitudes, 4, VU, W, X, y, Z, and consequently 


ou, : MY one of the order 1, the orders of terms entering in the equations will be de> 


feninined by the order of the coefficients of the corresponding derivatives. Since in 
the middle latitudes /==2wsing = 107‘ sec, the first three terms will be of the 
order 10 + and the fourth, containing W, of the order 10 2. Finally since 

Op oP _ 10-4 2 2.62 ~ 10-3 1 op i071 2. 
ae oy 10 g/cm sec“ and p= 10 =, we have a 10 cm/sec ; 


consequently the first terms on the right side of both equations are of order 1. 
This evaluation of the order of the terms of the equations of motion shows that 


for a scale of motion determined by the characteristic magnitudes we have adopted, 
the horizontal velocities equal the geostrophic velocities to a first approximation. 


ss Be GG ne ee 
Introducing ‘=,=7= 10-1< 1 and & =f 107+“, we can write the 
differential equations of motion in the following dimensionless form: 
du, ~ Ou , -Ou , - az) 1 10p , —- 
eh. == uz v= ewer | —_—_ ——- —- — v 
(3 a Ox ot dz ILU ra (5) 
dv | -dv , ~-O, “4 1 lop - 
e| — u—= v-= CW Ss ee 
(Gt mT Fra dz ILU e ay 
— 1d0p ldap . : : 
When w, pan’ @y are given, we have a system (5) of partial differential equa — 


tions for the two unknown functions u and v. 


Once the initial distribution of 4 and v is given, we may find the subsequent 
distribution of 4 and vw at any time by means of equations (5). Wehave repeatedly 
statedthat the ensuing motion differs only slightly from the geostrophic wind. There- 
fore, we can adopt, for the initial velocity, a distribution which corresponds to the geo- 
strophic wind. In this case we may neglect the initial conditions and seek the parti- 
cular solution of the system in the form of a development of 4 and v in powers of the 
small parameter €, whereby we take the geostrophic wind as a first term. 


Limiting ourselves to the terms containing ¢€ to the first power we write the 
solution in the form 


_ 1 1@ ' 
ead eu , 
ILU oo (6) 
oa | 1 9P 1 ed’. 
= TL > Pal 


S 3. Determination of w from the Equation of Continuity 


We shall now evaluate the orders of the terms entering the equation of con- 
tinuity. 
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= 10-2, 
“tp 10-8, Fe = 10-8 
(Employing consistently the same units). 


Therefore, to a first approximation the term ce may be omitted from the 
equation of continuity. 


Then the equation of continuity can be written as follows: 


fe + Se 4 ee 0, (1) 

or, passing to dimensionless variables, 

Opw al Opu ee 

oz age oe (2) 
Substituting in (2) instead of wand v their equivalent expressions from (6) § 2, we 
obtain: 

Opw e (Opu’ , dpv’ 

a elon a) (3) 


In particular when uw’ =v’ =0, i.e., when the wind is geostrophic, w=0Q, 


As is seen from (3) the value pw contains the factor = . Introducing w into 
equations (5) § 2, we see that the fourth term on the left side will contain the factor 
e*, If the linear term in € is sufficient, the terms of the equations of motion 

whicn contain w may be omitted. 


For the determination of the quantity pw, Kibel' uses the equation of atmo— 
spheric motion in equation (15)$1 Chapter IX. 


Deleting the terms containing w, we obtain: 


Ou 6 uttv —fdv du lo — 
[tp SBF — po (HH) ld es og, 


dv duitv, —fdv ou 1 op - 
e| =+Pp—= pa (2) wg 
ot Oy 2 Ox oy ILU oy 
The density p can be included in the differentiated functions, on the assumption 
owt 0 wt, dwt 0 we 
ox 2 ge 2° PR 2 ~ aye 2 
0| = = 
since according to Fridman and Hesselberg #2? > = 107~°—107> and 
ou? ~4__ 19-3. 
aE = 107 10- 
Then equations (4) can be rewritten as follows: 
= ] o 21 2 ae 
fa — 82, tet) 8, 
1+4-<2 oy \ILU !+-<«2 of 6) 
= | a) p uz 1. 2 Ou 
= to2(2 a oe Sieh, 
14-2 dx ILU 2 1+ <2 ot 


where 


dv au i 1 r) ,; 
pn HL (ete aie) i (wim) 

Ox dy ILU\ ox p Ox Oy p oy 
Differentiating the first equation (5) with respect to x and the second with respect to 
y and adding them together we obtain 


* (In the Russian text the factor iLuv’ which pertains to p only, stands in front of 


the brackets in both equations (5) — Translator's note] 
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Opu , Opv _ « [AQ op OO = 
2 5 te + 8 |g B o 
dx ° dy IWLU\|dx dy day ox 

2 


whereby we have omitted all terms containing &°. 


Upon the calculation of Q the last term containing €,can also be omitted. Con- 
sequently 


Oz LLU ¢' 


Opw ___! & fo2 op O2 op e 08 
DE Dy Oy OL 


Poe: (8) 


s 4,Summary of Formulas for the Determination of 4, ¥, Wto the 
First and Second Approximations 


We shall now compile a summary of formulas determining 4, Uv, w to a first 
and second approximation, denoting the first approximation by the subscript 1, and 
the second by the subscript 2, Then we have 


____| op 1 
“1 Tp dy ? a 
__ | Op 
"1 = jp Ox? (2) 
w,—=0, (3) 


—_ Oe ee —ee oe eee 
_—e —_wwen Oe ee 


=2 ee cart r(stesk ea | 


2 lody | PL ot p dx ' T\p dy dx p Ox p Oxdy po Ox (4) 
“=paetel—apet Teese payee)! © 

z 2 
wma (Seay Bae) et g | eae 3 

where : . 
= 7 nr etSr 3 i 


Thus Kibel' showed that the components of wind velocity in the first and 
second approximations are determined by magnitudes 1 op and _! Op or by the 
O 


vector e Ox ep oy 
1 
> grad, p. (8) 


Consequently, forecasting the wind velocity is reduced to forecasting 
the vector field (8). 


The vector field (8) can be expressed by the pressure or temperature field 
at the earth's surface, To this end, Kibel applies the barometric formula in the 
most general form: 


-£f dz 
P(x, Y, 2, =p, (x, y, be 6 P(x,y, z, y (9) 


where p(x, y, z,t) and T(x, y, z, t) are the corresponding pressure and tempera- 
ture at the altitude Z, and P,(*, y, t)-the pressure at ground level. 


Logarithmically differentiating the barometric formula (9) with respect to x 
and y separately and applying Clapeyron's equation, we obtain: 


508 


(10) 


7 4 
| op 1 op 1 OT 
— - — T |= Se ge ee cl 
ay RT Vay TR \ aig dz. 
0 


Thus, according to (10) the determination of the vector (8) is reduced to 
that of the pressure distribution at ground level and the spatial distribution of the 
temperature, i,e., finding the functions p,(x, y, t) and T(x, y, z, t). 


§ 5. Evaluation of the Dependence of Temperature on Altitude 


Prior to the derivation of the equation determining the functions T and Po» 
Kibel' brilliantly determined the form of the dependence of T upon z, employing 
the equation of heat balance, 


As we have seen earlier, the function F enters in the equation of heat balance, 
This function expresses the radiational heat influx, It can be approximately deter- 
mined in the following way: 
It should satisfy the equations 


JO LOF _ 1 0 10F 
kpdzkodz «kp dz kp dz’ (1) 
where &9 is the absorption coefficient, and 


E = 6T4f(T) (2) 


4 


(3 is the Stefan- Boltzmann constant; f(T) < 1 is the empirical function introduced to 
account for the difference between water vapor and black body emissivities), 


In formula (2) we replace T by its mean altitude distribution. From (1) we 
then obtain a second order differential equation for the unknown function F, which 
yieldsF upon its integration. 


The solution of equation (1) should satisfy certain boundary conditions. Kibel! 
showed that for these we may adopt the following: 


F=0 as z—ow, \ 
F = okT4(0.97+-0.145Ve—2sf(T,)] as z—0.f 


This is the Simpson- Brunt empirical formula, where e is the water vapor pressure 
inmm Hg. The investigations of Kibel' have shown that the function F found in this 
way is close to zero everywhere outside the boundary layer, and reaches appreci~ 
able magnitudes only with boundary layers. At the tropopause the function Fhasa 
considerably negative extremum since it is negative in the upper part of the tropo-~ 
sphere and in the stratosphere, In the planetary boundary layer F may assume 
either positive or negative values. 


(3) 


We should note that the sign of F indicates the sign of the curvature of the 
stratification * curve, for a resting atmosphere and for stationary radiation condi- 


tions. Under these conditions 
u= v= w=), 


p _oT _y 
ot” of °° 
and the equation of heat balance takes the following form 
1 ¢0,0T k 
[ee ee (4) 


a e@woee@boees 2 eww ewe ~~ @ ww w 


x (Translator's note. The graph of temperature vs. altitude, ] 


— §09 


Consequently, outside the boundary layer, where F=0, 


eae t 
jp Const., 
i.e. , the altitude distribution of the temperature should be practically linear, 


On these grounds Kibel' concludes that in the general case we should look 
for a temperature distribution outside the boundary layer of the form: 


T(x, y, 2, )=T, (x, y, t) —yz+4 (x, y, 2, 0), (5) 


where 8 is some small quantity and ¥ is the lapse rate, independent of position 

and fixed intime. Since the departure from linearity of the temperature distribution 
in altitude depends upon the heat radiation function F as well as upon the atmospheric 
motion and nonstationary conditions, the quantity é can be arbitrarily split into 

two parts 


é= 0'-+ 0”, 


where @' is the departure from linearity due to radiative processes, and @” the 
departure due to atmospheric motion. 


Thus, assuming the following equality to be approximately valid 


1d. ok 
Gas oe (6) 


the equation of heat balance will have the form of an adiabatic equation outside the 
boundary layer 


Oo 7 ee ae (7) 
dt Cp p dt” * 


§6, Kibel's First Fundamental Equation 


In this way, Kibel' has shown that the distribution of temperature should 
have the form 


T (x, y; Zz; t)=T,(*, y, t)—yz-+6 (x, y; 2, t). (1) 


Therefore formulas (10) $ 4 for the components of the vector agradp, will assume 
the form 


1 op P _ RT Oppo OT» (2) 
p OX po rer rip aes 6 aR (oe +5 5) a2. 


Since 8<€ 7, and yz<€ T the equations can be written to a high accuracy as 


de pe det (Rae peda) i+ F “fe ae 
(3) 


430 T9944. ( 8 9To_ Raden) , 
p Oy py i To Oy Py OY +£( \ 5 


For$ = 0,i.e., when the temperature varies fice with altitude and the 
lapse rate is constant, equations (3) coincide with those already discussed in 
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Chapter XI, In this case the problem is solved according to a "simplified scheme" 
(Kibel's terminology). When é is different from zero, the components of — grad p 


will contain an additional term. In these cases the problem is solved according to 
the "full scheme", 


We now write the me adiabatic oe in full: 


Sus ww Sw mE ; c (e +04 Bt ye Pw (4) 
We introduce the following expressions me (4): 
ae OP ’ 
OTe ay 
ne 1 Op ’ 5) 
pean xP ? ( 
OT RT dp 4 


The dry- adiabatic equation will then assume the oe form 


+ (ae) E+ (pete) Fee 


RT (6) 
a. p E TH! ae ie 
Replacing 7 in (6) by its expression (5) §5 and! 1 Op and dey their corresponding 
expressions from (3) $6, we obtain: p Ox P oY 


B+ st(—1 (PRES LB + eB) +e] x 
(BH) + [eee eee fhe) be 
x (EtG) +2 (to—1 +)—2 [bees 

+h fa s\— SS (WE te gy) = ” 

where we have used the equality 


Top __\ 1op__ Typo gz Oly x2z0p g A ay 
pot R pot pyat T BT, at a oF RI, ot ~’ (8) 


derived analogously to formulas (3). 
We introduce for brevity the following notation 


QGAOA 

GAOB  @GAOB__ | 0x dy 

f eee. - CO y 
ae ss ha dy 0x” | OB OB (9) 

Ox Oy 


This functional determinant is known as the Jacobian. Equation (9) can be written 
in vector notation as the vector product of grad A and grad B, both lying in the x, y 
plane. 


{A, B} =(grad A, grad B). (10) 


We note that 
{B, A\= —{A, B}. (11) 


Applying (9) and rearranging the terms containing 4’, v’, w,¢, or z, we bring 
(7) to the form 
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OT,  R To dpy _ RT _ nat Ene) 
Ot ep Po t Te 0 Pot az ( 2 py ot i 


4 BE (ry pp + S—H (Sar — 1 0 rd th {feat f= 


‘ (- RT ae) — & RT oy) 
=— # (- Vv (———_— - 
Ox Op p ox oy Cp p oy 
06 
oe (4a—1 +55): (12) 
We have thus obtained the fundamental equation of the problem, It can be 


solved by successive approximations. We have shown above that the first approx- 
imation will be obtained assuming 


“= ' = w—)0, 
i,e,, considering the wind to be geostrophic. 


In that case the terms on the right side of equation (12) will vanish and equa- 
tion (12) will assume the following form 


a a Cee 


—_— ee 
—_—a eee eee eee aes oe 


Ty ot & Po ot 
+R (ry po) +3B—1e (See —5 0 rh + (Ja7} <0 aa 


This approximate solution of the problem contains three undetermined func- 
tions Py, 7), 6. Three equations are required for their determination. The lack- 
ing two equations were obtained by Kibel' from the boundary conditions. Assuming 


that at z=0 O(x, y,0,¢)==0, i.e., that 7) is the air temperature at ground 
level, we obtain: 


eo, oa 


Applying (14), equation ts) may be written in a shorter form: 


a a a 1 oT _ Ry 1 Op Ryz 
-4\3 5 42 = A Po} — ir, {| a Tht Yee z (F ra I pe ma a Py} (15) 


The third necessary equation was obtained by Kibel' from boundary conditions at 
the tropopause. 


§ 7. Boundary Conditions at the Tropopause 


The problem of the formulation of an additional boundary condition is of 
utmost importance, since the obtained solution depends on the nature of this 
condition. Prior to Kibel's investigations in dynamic meteorology, the correspond- 
ing conditions were often taken as infinite, which is meaningless in the context of 
the present problem. The frequently employed conditionp—+0, p—+Q0as z—+ © 
leads to indeterminate expressions since all equations contain terms of the form 
! dp 1 op 
> ot’ p ox 

It is more rational to consider the tropopause as a natural interface, and 
to employ the boundary conditions which hold at the tropopause for air flows in 
the troposphere, 


etc. 


Such approach encounters serious difficulties, associated with the selection 
of a suitable hypothesis as to the nature of the motion at the tropopause. The 
simplest (and roughest) assumption is to consider the tropopause as stationary. 


Sometimes the tropopaus2 is considered as a free surface in the hydrodynamic 
sense, assuming the external pressure on the tropopause to be known, 


Y,A. Kibel® lays down different conditions for the tropopause. He assumes that 
the tropopause consists always of the same air particles. This assumption is 
quite natural and, as we have seen in Chapter XIII, equivalent to the stipulation 
that the tropopause should move at a velocity considerably lower than that of 
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sound. 


Denoting the altitude of the tropopause by H, we notice that this altitude 
changes from place to place and with time too, i.e., that 


H=H (x, y, ¢). (1) 
We shall denote the temperature of the air constituting the tropopause by 
T(x, ¥, 4) and consider it as known from observation; the same will be appliec 


to the altitude H of the tropopause. Then the equation of the tropopause m:z 
written in the form 


To (x, y, f) —yz+t ¢ (x, yV,2,0= TH (x, yy t). (2) 


Further Kibel' assumes that the temperature, inits altitude variation, ~ 
a minimum at the tropopause, i. e., he assumes that the temperature in the tro- 
posphere decreases up to the lower boundary of the stratosphere, and then slowly 
increases. 


Thus in the vicinity of the tropopause 4 should fulfil 


or 
zc at z=H (x, y, ¢). 


Consequently, differentiating (2) with respect to 7, we obtain 
=y at 2==/1, (4) 
For 6 to fulfil condition (4) it should have the following form at the tropopause 
B(x, y, 2, ) dy yy (e— A) 4+ (2A) tx, yd), (5) 
where t is a function, finite at z==H, and $, stands for the radiation effects. 
Substituting (5) in (2) we obtain the equation of the tropopause in the form 
Ty (*, ys yet by HY (ZH) + (Zz — HP (x, Ys = Ty YO 
or 
Ty (x, Ys 4) —YH+ by F(Z AP U(% Ys Y= Ty (Hs Ys 2). (6) 
Since the tropopause permanently consists of the same particles, 
LT — YH bay te Ht — Tylon =O (7) 
or, written in full 
ST oH — Ta) ae 


where 4&,,, Uf are the components of wind velocity at the tropopause. 


Mom tT) ty, Com Ht ~ Tp CG, (8) 
oy y 


In equation (8) all terms are of the same order, but Kibel' assumes that 


(§13 


or OH LOT, 
am ai < a 
an 43 ts 


Indeed, observations show that a high tropopause is cool and a low tropopause 
is relatively warm. Therefore, the terms on the left sides of the inequalities (9) often 
possess different signs and their sum is considerably smaller than the right side. 
Therefore, the equation of the tropopause can be written in the following form: 


OT, oT, oT 
re a ad oa) 7 Faas ee = (10) 


It remains now only to insert in (10) instead of u,, and v,, their equivalent expres- 
Sions 


Repeating the calculations of $ 7 we obtain 


OT) R(T o— x) g 
ot ip Ao Pal — 75, {To | 


Q 
where the negligible terms 


(5) ant 1 (Fe) an ten tj a 


are omitted. Thus we obtain the missing equation for the determination of 7,, 
p, and ¢ 


For the first approximation this equation takes the form 


OT R(T) — yH) 
op pea fey To aac}, (13) 
vi n 


If the mean value of the integral ( § dz and its derivatives can be neglected we obtain 
J 
0 


an equation for the "simplified scheme" aly se 


where 7,, is the (given) temperature of the tropopause. 
Thus, by our equations (14) § 6 and (14) § 7 we have solved to a first appro- 
ximation, ie prooreul of the determination of local derivatives of pressure and 


temperature, i.e, oi and “ according to the simplified scheme. They may 


be combined and written as follows: 


Op 
(FP) =— 2 (To Poh (I) 
or 
(SP) =B (To Pol. (11) 
whereby 
c is 
0 
ley (16) 
py © 
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The values of @ andB for a given latitude exhibit only slight diurnal and spatial 
variation, The magnitude § is less subject to variation as formula (16) shows. 


I, A. Kibel' assumes that to B can almost always be assigned the value 
5.10 m /sec ton, at latitudes in the range 55°-—65°. 


The magnitude @ undergoes greater Seasonal variation. As can be seen 


from (15), a is smallerin winter thanin summer, since in winter Ty is small and 
Ty,clarge. 


Thus, at latitude 60°, in winterfor T= 200°; Ty = 225°,a4 ~0.9- 6° mi / dee sec 
and in summer for 7, = 285°, 7, = 215°, a4 =1.6- 10°m2/deg sec, 


The changes of temperature and pressure over the prognostic period 
can be obtained by calculating the second derivatives of the temperature and the 


pressure aT, . 


ro i (17) 
ait = 8 3 {To Po} aa 
expanding Ap, and A7, ina Taylor series up to terms quadratic in af: 
Apy == 2 at +- Tho, CO (19) 
AT, = yy 4 oe (20) 


$8. The Solution of the Problem According to the Simplified Scheme 


The precalculation of weather elements is considerably simplified by assuming 
that the temperature varies strictly linearly with altitude, i.e., that 6= 0. 


Equations (12) and (13) §$ 7 will then assume the form 


OTR Ty280_Rloip p.) 4,2 (L9% ALO 
Ot ey Po ot Cp {7 Pol Ya? Ty Ot tt) + 


+ RE in, ppm a (BE) 9 (AE) 


OX p ox dy Cp p oy 
— WY, —Y) (1) 
OT R(T) — yH) ae ' OT) , OT» 
“Ot ipo {Ty Pot =—“4n 5, UH oy ° (2) 


Equation (1) refers to an air particle located at an arbitrary altitude z. We shall 
write it now for a particle located at ground level, i.e., for z==0: 


OT RT opy RT 1, OT 4 OT RTof ,» Oo y 

220. 4 0CFO oi eo Po 

ot Cp Po ot Ts {7 » Poh = Uy Fx “oy FG, O(a SOK 0,29). (3 
, OPo , Op 


In equation (3) the order of the terms uy s— Ay? YO Oy is about 107 — 1076 
and hence the last terms in this equation may be ignored. The equations for the local 
pressure and temperature changes may then be written in the following form: 


OT, RT oT, » OT, 

=F Tp. {7 0» Pot — i 5 UH Oy ° 
4) 

OPo Tn To) p aa ,, 970 = | 

— == — — u“},) — —v',,) —|. 

or ag eee “E) Ge (Mo Un) By 
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We shall use equations (4) in the form 


Ty __ (9Ty (70\ 
x = (FP) + ot g (5) 
Oy 
t 


where ar 
(Fe) = BAT Po} (6) 
Opo Bey Feats ‘ 
().= {Ts Po): (7) 
OT — —,' OTy ay OT 
& ge dx dy ° (8) 
Opy __. ©p Po OT Pc get OT» 
(H) = % R 7 | w 0) Fe o— Ve) t) ; (9) 


The formulas (6) and (7) give the first approximation to the solution of the 
problem, i.e. , such local changes of temperature and pressure which occur in 
the presence of a geostrophic wind, These changes may be called advective, 
following L.H, Tabarovskii, 


Formulas (8) and (9) contain corrections for the ageostrophic deviations 
accounted for in the second approximation. Since the ageostrophic deviations are 
connected with accelerations they may be called dynamic, following Tabarovskii. 


$9, The Graphical Method of Prognosis in the First Approximation 


The formulas obtained in § 7 permit the calculation, to a first approximation, 
of the temperature and pressure changes at a given point. For the precalculation 
of the expected distribution of temperature and pressure on a synoptic chart com- 
prising vast regions, the graphical method of prognosis in the first approximation, 
elaborated by Kibel', is more expedient, This method is based on the following 
considerations: 


Multiplying equation (I)$ 7 by 3, and equation (II) by a2, and adding them 
together, we obtain: 


a Fog Opy __ 
(1) 


Since @ and 8 change very little during the prognostic period, we may regard them 
as constant, and equation (1) can be rewritten as follows: 


0 (aT, 
ee = 0. (2) 


Integrating this equation we obtain 
(x, y, t) + Bp (x, ¥, A) =O (x, y)- (3) 


Equation (3) shows that the first approximation applies only to cases, in which 

a pressure drop at the earth's surface is accompanied by a temperature rise, 
Though such cases are actually quite frequent, they by no means are the rule, 
The determination of the pressure change in the first approximation will then 
yield highly unsatisfactory results. Therefore, the second approximation is 
indispensable in this case, 


Let us now introduce the function 9 into Kibel's prognostic equations (I) and 
(11) $7. We differentiate (3) with respect to x and y: 
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oT _ a _ 
oy ease ra 
eo 


Multiplying the first of equations (4) by oy and the second by 


tracting the second from the first, we obtain: 


AT OP)\ 99 App 00 dpy 
Ox ov. oy “ex oy Oy Ox 


or 


1{To. Po} ={9. po} 


Eliminating the Jacobian {7,, p,}, between (5) and (1) $7, we get 


re] 
“= = — {6, po}. 


(4) 


oPo and sub= 


(I) 


In the same way an analogous relationship is obtained for the temperature 1a: 


OT. 
Ti = — {6, T)}. 


Thus, 
It is therefore, sufficient to discuss one of the equations, (IJ), 
pose we write it out as follows: 


Opo Po Opy 
Of OOy” fos a Oy 


(Iz) 


p, and T, satisfy the same first order partial differential equation. 
say. For this pur- 


(5) 


By a well known result from the theory of differential equations we construct 
a system of ordinary differential equations, which is equivalent to the partial dif- 


ferential equation (5): 
dt ae __dy 
1 08 ° 
5 Ox 


Evidently, when "isothets®, i.e., 


lines of equal values of 4, 


(6) 


are plotted 


on the synoptic chart the prognosis of the fields of pressure and temperature can 


be graphically performed quite rapidly. 


Indeed, let us recall the differential equations of the trajectory for plane 


motion 


and introduce the stream function ¥ into equation (7). 
with the components of the particle velocity by the relations 


The equation of trajectory will then take the form 
dt de dy 
tr a Ob ; 

oy Ox 
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(7) 


This function ig connected 


(8) 


(9) 


A glance at equations (6) and (9) shows they are identical. This means that 
at the given pressure p, the motion of a point in the scalar field §(x, v) is described 
by the same equations, as the motion of an individual particle in the stream field 
b (x, y). Consequently the isothets are analogues of the streamlines. 


Since 5 depends only on ¥ and y andis independent ofthe time, the isothets are 
equivalent to the stationary streamlines, but in the case of stationary motion, the 
streamlines coincide with the trajectories. Therefore, at a given pressure (or 
temperature) the motion of a point in the ) field can be plotted graphically, as the 
motion of a point in a stationary flow field is plotted (Figure 153). Foragiven py (or 


T,) the point moves along the line §=—const. with a velocity le|==|grad6|, whose 
components are o8 08 
C= oy? ty ae ° 
(10) 


The region of lower 6 values remains thereby to the left of the motion. 


Figure 153, Mapping of py and 79 onto the %isothetic"field 


The method outlined above can be applied to the precalculation of the migration 
of centers of cyclones and anticyclones, whose trajectories are the isothets passing 
through these pressure centers, Apparently in the majority of cases even the first 
approximation of the simplified scheme suffices for the accurate precalculation of 
the position of pressure centers for 12—36 hours in advance. However, in the first 
approximation the pressure center moving along the isothets does not change its 
intensity. 


Indeed, at a pressure center 


Py __ Po _ 4 
Ox oy 


Consequently in the first approximation, according to (I) 


Opy __ 
oe =O. 


Therefore, weakening or build-up of pressure centers can be precalculated 
only by the more accurate second approximation. 


$10. Isothets and the Leading Stream 


N.P. Byzov drew attention to the fact that the isothets very often coincide with 
the isohypses plotted on pressure charts for the level p = 700 mb. This permitsusto 
re-examine the fruitful hypothesis of the “leading stream", first formulated by the 
Soviet meteorologist S.I. Troitskii. This hypothesis stems directly from Kibel's 
prognostic equations. To show it we shall connect the function § with the geopoten- 
tial ® (this relationship was obtained by B.I. Izvekov). 
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It has been shown (Chapter X) that the following relation exists between the 
components of the pressure gradient and the geopotential: 


t= (3) ‘ lop __ o® (1) 
p Ox \Ox } p’ se (ay), 
where the subscript p indicates that the components of the geopotential gradient are 


taken at the isobaric surface. Introducing the equivalent expressions for I 


op 
and ! 9p from (1) and (3) $6 and omitting the terms containing 6, we obtain ? 0 


p oy x), = sp Se 12) Py | 
($),= par fod ae | (2) 
oy ie oy Oy ° 
On the other hand, we have from formula (3) § 
- _— 1h 5 
= (3) 


asp 


Comparing equations (2) and a we gee ial the relation 
o® 08 od o0 
(Sr )=" ae: (FH) =F i 


exists between the gradients of the functions @® and § where m is a yet undeter— 
mined parameter. For the determination of we shall use the equations 


82 __ R(T) — yz) 
#2 ma, Rov) — mg 
or 
ee alm; RT, —kRyz= B profit. (5) 
Solving equation (5), we obtain: 
n= & : _ aly (6) 


=o OE 
ay +- Bee, ay + Bepg 


Now relation (4) can be rewritten as follows: 


) =n), Baki (). 


The formulas (7) assume a simpler form by passing from the dynamic altitude 
{geopotential] to the ordinary altitude. Since 


aD = gdz, 
we have 36 a 
7 = (2 + BEpo) (5), 
08 Oz 
au (ay + Bgp,) (5), (8) 
Let us recall the relations we have derived 
re __ 0 . __ 06 
ae Oy’ Y Ox 
_ & (% __ & (9 
Ye l (5), sy sa ($3) 


Substituting these values of ¢, and ¢, in formulas (8), we obtain 


__ (ay + Bg) l j 


— (11+ BoP 0) f, (9) 
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or Cy == Ruy, 
Cy =kUz, (10) 


where 
pa tt heeo dl. 
& (11) 


Thus, plotting a pressure contour map corresponding to an altitude of the order of 


aly 
z= (12) 

ay + BgPo * 
ground level air particles having a certain pressure and temperature will be displaced 
in the direction of the geostrophic wind at the corresponding altitude or, in other 
words, along the isohypses, with a velocity equal to k times the velocity of the 
geostrophic wind. 


Inserting now the values of @ and 8 from (15) and (16) $7 into the formulas for 
k and Z we obtain, after some transformations 


__Il+te 
k= (13) 
z= Te (14) 
where we have put for brevity : 
_ TH, ere passa | 
ea 0% ; E= 7 ; (15) 


and H is the altitude of the tropopause. 


Let us evaluate & and z in two extreme cases, namely for average conditions 
in summer and winter. 


In winter, for T, = 255°, Ty = 225°, y= 0.4°/100 m = 0,004 /m, we obtain: 
H=7Tkm, 1= 0.9, €#1.5. Consequently, 7=3km,k=~0.9. In summer for 
T, = 285°,TH = 215°, y= 0.6° t=0.7, €=0.7, H = 11 km, Consequently 
z=7km,k ~0.8. 


Thus, the altitude of the leading stream may change from season to season, 
within wide limits, from 3to 7 km. In the winter the altitude is lower than in 
summer, 


The factor & is always less than unity since tao < jwhereby & is larger in 
winter than in summer. : 


With regard to the center of a cyclone, this means that the center moves at 
a lower velocity than the leading stream, whereby at the same velocity of the 
leading stream the center of the cyclone will move more rapidly in winter than in 
summer. These results are in accord with empirical facts established long ago. 


$11. The Dynamic Change of Pressure 


The evaluation of the order of the terms in equations (4) § 8 shows that the 
dynamic change of temperature can be neglected. This means that the temperature 
changes forecasted by the first approximation cannot be improved by employing 
the second approximation. It does not mean, however, that the first approximation 
gives always a correct temperature forecast, but only that outside the boundary 
layer, where the processes are approximately adiabatic, the local changes of 
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temperature are mainly connected with the geostrophic mass advection and not 
with ageostrophic deviations. 


In contrast, for the forecast of the evolution of the pressure field and not 


only its motion, the second approximation is indispensable. By evolution we mean 
the contribution of the acceleration of the air motion to the change of pressure, 
i,e., the ageostrophiec deviations. 


Let us consider formula (9) § 8 which oo the dynamic pressure change: 


OD fp Po OT, 
—} —-——_ , 0 
(5; )= Ri |, — ui) E+, — d= - (1) 
But according to formulas (4) and (5) § 4, 


ah ae eee ee 1 dp eee) 


«Ot p Ox p Oy ax p Ox p Ox dy @ OX 


ay ee ee eee 
“@ |” Otp ay! CF 


(2) 
OyOox p OY _p Ox Ov p ax 

Substituting (2) in (1), after cumbersome transformations in the course of 
which a number of simplifying assumptions were made concerning the derivatives, 


Kibel' obtained the following expression, which represents a correction of the 
first approximation in order to obtain the second approximation: 


op,\ __ , [ eT OT f 2) 
(%) = set 0” Hh+F fo» xh (3) 


where §=aT,t Bp,, 
(4) ° 
a==p— tL __.g 
tay Ie = 
1° Tr 
_ ©p Po 2 Ta rn! (6) 
A= ET Etre 


As can be seen from formula (5) a differs Only slightly from @. Therefore the 
field 6§(x, y, ¢)_in a given moment differs little frorn the field 6(x, y). The differ~ 
ence between Gand§ is only in that § depends on the time_while 9 is time indepen- 
dent. Let us explain the reason for the time variation of 6. Differentiating (4) 
with respect to #, we obtain: 


But Ot ot ot 
B= (P)e+ (FH) = G) 
Consequently ot” \at Pas Ot jg’ OF (3 a 
a8 __ 2 (90 a OT» Po) 
But od Pl rd g° 


3) +a ($2) =—a8 (To, po} +23 {To Po} =0, 


a6 == ope) . 
Oe '\Ot/e 
Thus the § field changes with time under the influence of dynamic factors 


which cause changes in pressure. However, we shall continue to ignore the dif- 
ferences between Oand @ and consistently use 6’in place of 4. 


Consequently P ( 
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$12, The Connection between the Dynamic Pressure Variation andthe 
Geometrical Properties of the Fields offand7,. 


Formula (3) $11 shows that the dynamic pressure change depends On the geo- 


metrical properties of the scalar fields 0 and T In order to express this depend— 
ence more clearly, we first transform formula (3) § - 11 as follows: 


(8) =a BB) 4 (8). 


Let us now write equation (1) in intrinsic coordinates s, n. 


For this purpose we direct the x-axis along the tangent to the curve 9= const., 
so that looking in its positive direction the region of higher @ values will lie to the 
right of the axis. We direct the y-axis along the normal to the curve 9 = const., 
in the direction of decreasing §. Thus the coordinate x is identified with s, and 
the coordinate y with ( ~n)(Figure 154). 


y (-2) a) 


R 
Figure 154, Introduction of the intrinsic co-ordinates s,n. 


Denoting the line element by ds, and the normal element by dn, we note the 
following obvious equalities: 


oo. 08, HH 2H 320 
ox” os’ Oy On’ Oy?” Om?’ Oxdv — Osdn’ (2) 


The following relation is less obvious: 


070 1 00 (3) 


axt— F On’ 
where r is the radius of curvature of the curve §* const.at the origin of coordinates O. 


We shall now prove this equality. 


The curvature of the curve y = f(x) is expressed by the formula 


a ee ae 
where ro [i + y'43/2 

, af | » af 

» de’ Y= dei’ 


Consider now the equation of some isothet 
B(x, y)=const. 


Regarding x as the independent variable, we obtain 
0}, ob, 
ix T jy Y= 


ro 1 8 
oa tana) $F +5 =0. 
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Directing now the x-axis along the tangent to the isothet, we obtain: 


0 (| 
ox os”' 
Consequently 30 
Ox 
amie Tanai 
dy 
a6 , 00 , 
—— + —— "=0, 
whence ones ey 
026 
_1_., ax 
os ie ea 
and thus dy 


We shall denote by othe angle between the isotherm 1° const. and the isothet 
§= const., at the considered field point. 


The angle y is taken as positive when the shortest turn from §= const. to 
T. = const. is in anticlockwise. The curves §= const. and T. = const. are oriented 
so that advance in the positive direction leaves the higher values of 9 and T_ to the 
right of the corresponding curve. ° 


We then obtain 


OT) _ OT, oF OT 
9 — -_9 ' 20 
Gx ey OF By By COS P os 
where y is the normal to the isotherm To . Consequently, 
OTy OTy 1 ey (S2)" (3°) = —(F)’ (5) 
pl ae nm oe a 
Ox a 2 ( ay) nee: Oy dy } OS 29. 


ax’ dy’ dy?’ axt’ Oxdy 
the dynamic change of pressure in the new coordinate system: 


dpy\ __A (8To\? a ) 100 (6) 
($3), =+(R) | 2cos 2955, — sin 2955, + sin 2p : |. 


Formula (6), due to Kibel', determines all dynamic pressure variations from 
the given temperature and § scalar fields, or from the equivalent field of isohypses 
at the altitude of about 3.5 km. 


Inserting the obtained expressions for 9/y) OT, 070 070 026 we obtain 


Apart from purely dynamic factors, the pressure also changes under the 
influence of advective factors. We will express this variation also in intrinsic 


coordinates. 


It is obvious that 


ap a0T a ad aT, ma 
= aT p= — FR = 7b T= F(5 Oy oy ox|}' 


(ft), __ 20 AT) __ 9 8 Tyg, (7) 


f dn ox 
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Formula (6) shows that the dynamic pressure change is proportional to the 
square of the temperature gradient (Fo) Consequently, the considerable pressure 


variations accompanying the fronts are due not only to advection of air of 
different temperature but also to dynamic factors. 


The dynamic pressure change is further influenced by the geometry of the 
@ field. Finally, this variation is also connected with the relative position of the 


field of temperature and of the 6.field. 


Let us now examine in greater detail the influence of each of these factors. 


We denote the distance between the individual isotherms by h,, and the dis- 
tance between the isothets by h,. Then formulas (6) and (7) can be rewritten as 


follows: 


Op _. 4 sin ¢ 

(SP) = Piet Me) 
Opp\ __A 1 [ _ 2c0s 2p dhy SI Ie as (9) 
Ob}, 2 h?. hi Os ; On hy ri 


1) Isothetic divergence. 


Let us consider the first term of equation(9): 
Opo y’ cos 2p Ohy 
=) =—=—A. —. 10 
(3 g h? nh? Os (10) 


We notice that at the given density of isothets and isotherms the dynamic 
changes of pressure due to the divergence of isothets attains a maximum when 
9 = 0 and when there is no advection. 


Equation (10) shows that the pressure change due to isothetic divergence can 
be either positive or negative, depending on the relative position of the isotherms 
and the isothets. 


Table 55 gives the sign of the pressure change corresponding to various 
relative positions of isotherms and isothets. 


Thus, when the isothets diverge in the direction of the motion the pressure 
drops for I¢| <F (Figures 155and 156), Attention should be drawn to the fact that 
the dynamic change of pressure due to isothet divergence may be opposite to 
the advective change. Thus, for example, at a positive isothet divergence the 
pressure may drop, in spite of advection of cold air (Figure 155), 


——aw aeons GP aaa ape we Pe 2 ow oD eo a= ae 


Figure 155. Isothet divergence, Figure 156. Isothet divergence. 
Advection of cold air. Increase of Advection of hot air. Advective and 
advection and dynamic drop of pres- dynamic drop of pressure (|p| <x/,). 
sure. 


Wherever y is close to a the effect of divergence can be neglected. 
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We should note that for| ” |> {the pressure variation changes its 8ign and 
an isothet divergence is accompanied by a risein pressure (Figure 157), anda 
convergence, byadrop in pressure. Such conditions are not encountered at con- 
siderable temperature pradients. Therefore, the possible change of pressure is 
not great. 


2) Drawing together of isothets. 


The next factor affecting the dynamic change of pressure is increasing iso- 
thet density in the direction normal to the isothets 


(3 y’ __ A Sin 20 Ohg (11) 


“ot ) gg 2 hint On’ 
This factor, however, plays but a minor role since it reaches maximum 
effect for ?—-+,i.e., when the horizontal temperature gradient cannot be large. 

On the other hand, at high horizontal temperature gradients the angle yis small 


and consequently the pressure change is slight. i. r r 
+f : 
\ 


The sign of the pressure change due 
to isothets drawing together can be obtained 
in the folowing way (Table 55), When 
the isothets disperse in the direction of 
increasing 9,’ >0 and for 9 >0, 
i.e., for advection of cold air, dynamic 
increase in pressure will take place. 


3) Isothet curvature. 
Figure 157, Isothet divergence 


Let us finally consider the effect of Advection of hot air. Advective and 
curvature on the dynamic change of dynamic drop of pressure (|¢! >1/;). 
pressure: 

(Se) = 4 sin2p = 1 
dg 2 hehe (12) 


Tr 
This factor is most effective for ?—= {but at such large angles the horizon— 
tal temperature gradient can not be considerable; therefore, the isothet curvature 
cannot compare with isothet divergence as a cause of dynamic pressure variation. 


For cyclonic curvature (+> 0 | the sign of the dynamic pressure change 


coincides with that of the advective change, For anticyclonic curvature (- <0) 
these signs are opposite. 


Thus, the separate examination of the terms determining the dynamic change 
pf pressure leads to the conclusion, that isothet approach and isothet curvature have 
no significant effect on the pressure change, the more so since their signs coincide 
with those of the advectional changes. Therefore, in quantitative analysis they may 
be taken to be amalgamated with the advective changes. The divergence of isothets, 
however, may cause considerable pressure changes and therefore special attention 


should be paid to it in quantitative analysis. 


The important effect of isothet divergence on the pressure change in the 
second approximation can be shown in the following way. 


Let us consider the formula for the local pressure change in the second ap- 


proximation: 
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Table 55 


Dynamic and advective change of pressure (13) 


Opy OT, fn 0 aT, a3 | 
= AT poh + A| SE To dx +51 To St |: (13) 
and apply this formula to such region of the pressure field where 

po _ 9. Po — 

> = 0; or 0. 


This corresponds to pressure centers and also to diffuse fields. 
Since 


we have IT 

and consequently 

i Og id Eee 
"ax Lo? des at \dx dxdy dy xt /dx 


_ lf, 9/00 at 9 (2) | = 35 {0 (s2)"t 
—~ Ja? l ox oe alan ~~ By © Ox ax \d.r/ J 202 LO? \ox : 
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Analogously 
ofa 00 | | a0 \3 
ATO sf = 50h (5) : 
Therefore, formula (13) may be rewritten as follows: 


matte nln (2)'+ (2) 


20 ax — {8, p — sr (5) + (5) | 


0 ) D 
Assuming x= 0, sa can be replaced by Fo in the left side of the 


last equation, where 
2 A [{ [00 \2 ot \3 A 
Po= Po — az | (5) +(5) | = Py oy ferad 6. 
Then the formula for the solution in the second approximation assumes the form 


Ov, is 
te { 9, Pot. 


Thus, not the pressure are is transferred along the isothets, but the combina- 
tion 


Let us consider now two points located on the same isothet in a region of 
isothet divergence. The following quantity is transferred along the isothet: 


—_ 


A F 
Po=Po— sey lerad 6. 


Consequently at these points the values of Py should be identical and 
A A 
Poi — Hr |grad 6]? = p,, ~~ 5q2 | grad 6]; 


Or 


A 2 
Por = Pai BOTs { {grad 6}; —| grad 6 |; }. 
When the transfer proceeds in the direction of divergency we have 


| grad 6 |? < | grad 6? 


and consequently 


Por < Poo 


i.e., in a region of isothet divergence, a pressure drop is to be expected. Ina 
region of isothet convergence, on the other hand, the pressure should rise. 
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Chapter XXI 
INTEGRATION OF THE WEATHER EQUATIONS 
§ 1. The System of Weather Equations 


We have shown in Chapter VIII that a complete system of weather equations, 
describing the simultaneous action of all atmospheric processes has not yet been 
formulated. 


A drastic simplification of the relevant processes has been unavoidable from 
the outstart. The greatest advance till now has been the formulation of a closed 
system of hydromechanical, thermodynamical and radiation equations which accounts 
for the transfer of water vapor (in the absence of evaporation or condensation), and 
also of condensation products and other radiationally active admixtures (carbon 
dioxide, ozone, dust). 


The obtained equations cannot, however, be applied to the atmosphere, since 
while accounting for molecular viscosity, heat conductivity and diffusivity, they do 
not include the effects of the atmospheric turbulence mechanism = eddy internal 
friction, eddy heat conduction and eddy diffusion. 


We shall now write down consecutively the equations which together make up 
the system of weather equations. 


This system includes, first of all, the three equations of averaged atmospheric 
motion in the gravity and Coriolis fields: 


#1 Pt atop —oa] ti [2 (ae) + 2(aea a, 
+35,(A z) | 

#18 of,w— on) tt[2(a'%) 4 2(ar%\ 4 0, 
+5(45) | 

Ra reT? eye wv] + — ace (A et aeyA sas) 
+a(43)] © 


Next comes the equation of continuity in its usual form 


d : 
= -t pdive—0. (4) 
Clapeyron's equation introduces only a particular transformation of the variables 
= RT. (5) 


The equation of heat balance accounts for the eddy flux of heat and radiative 
heat transfer, disregarding the negligible contribution from the dissipation of 
mechanical energy: 
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mee (KS) +8 (Ko 2) ofa av | 1,do = pe, 4. 
+p divo—anp [ nar (6) 
0 


Radiative transfer is determined by the equation 


l ol, Cy j ' , 
- = AES LE. ryy(é, Por’, do’ —(a,tayr. (7) 
The distribution of radiation follows the law 
= 2hyv3 i 
Ny 4,° a Tn (8) 
eT | 


obtained by combining the laws of Kirchhoff and Planck. 


In equations (6), (7), (8) the absorption coefficient is a function of the specific 
humidity s, so that 


a=a'-s, 
v 


The transfer of water vapor is governed by the equation of eddy diffusion 
Os Os Ss 0 Os 
a ey bad 9 
HTH +S + Ga Fe) +H(O'5y) +H(D FH). 


Equations (1)--(9) constitute the system of weather equations. These 9 equations 
contain 9 unknown functions: 3: u, v, w, p, 0» T, 1,, 4,» 8- In addition to the constant 


or almost constant physical parameters O,, W,, wo, R, ca Cos hy Vo, kK, the 


equations include the variable parameters: A', A, K', K, D', D, G,, y,, @ 


This system of weather equations is so complicated as to defy solution without 
preliminary simplifications. 


Two different approaches are possible to the simplification of the weather 
equations. 


First, we may schematize the physical processes involved. This approach 
does not impair the rigor of our equations; the correspondence of such processes 
with reality might however, be questioned. 


Alternatively, we may simplify the system of weather equations without 
altering the processes themselves. We might assume that not all the terms entering 
in the equations are equally important. Accordingly, those terms which are small 
in cOmparison with the Others may be ignored. In this case it may happen that an 
expression omitted from One equation is retained in another, 


The simplified equations thus obtained are not strictly rigorous, but approxi-— 
mate. Such simplification must be carried out with caution, we should remem— 
ber that the concerned equations are differential, and have yet to be integrated 


after simplification. 


Let us first examine some instances of simplification of the first type. 
1. We assume the air to be absolutely dry. Then s = 0, and the equation of 


vapor transfer is redundant. Assuming further that emission and absorption 
are effected exclusively by water vapor, we find that the considered medium (dry 
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air) neither emits nor absorbs radiation but only scatters it. Then u,y= ny, = 0. 
In this case the radiative terms do not appear in the equation of heat balance, 
and the hydromechanical and thermodynamic equations will form a separate sub- 
system, independent of radiative processes. The Kirchhoff- Planck equation 
disappears from the radiation equations, and the equation of radiative transfer 


assumes the form 


1 of ’ 9 i 
55 HELE, r')y(t, P, 7, du’ —a,/,, (7") 


This equation includes a single undetermined function, which must be found 
from the hydromechanical and thermodynamic equations: the density v of the 
scattering medium. When , is given, we obtain a single integro-differential 
equation for I,,. 


Let us note that the splitting of the weather equations into two independent 
subsystems in the case of pure scattering could have been expected, since radiation 
is not converted into heat in the process of scattering. 


The scattering of radiation is in itself of no interest for dynamic meteorology. 
Hence equation (7') is not utilized there. This example serves only to show that for 
dry air the system of weather equations includes equations (1)—(5) in unaltered 
form and the equation of heat balance in the following form 


Oo f{,, 0T Of, OT o OT\ __ dT : (6') 
the remaining equations drop altogether. 


2. Let us consider another particular case which is of certain practical im- 
portance. We assume that the medium both emits and absorbs radiation, but 
does not scatter it, i.e., that g, = 0. 


Under this condition all weather equations retain their original form, with the 
exception of the equation of radiative energy transfer, which becomes; 


1 al, 


o Os wm) 


Still another simplification, which has important applications and is commonly 
used in texts on dynamic meteorology, is effected by assuming the medium to be 
gray. This means that emission and absorption processes in this medium do not 
depend on the radiation frequency. 


This simplification allows to do away with the independent variable » by inte- 
grating the equation of radiative transfer (7"') with respect to y and introducing 
the new functions; 


Oo oo 
n=) 7,49; i=\ lay, (10) 
0 
The equation of radiative transfer then assumes the form 
1 of 
SI, (7""") 


where @ is the absorption coefficient, which has the same value over the entire 
spectrum. 


For this purpose the Kirchhoff—Planck equation is replaced by the 


Stefan-Boltzmann formula. Indeed, integrating (8) with respect to ¥ and applying 
(10), we find: 
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According to radiation theory, the last integral equals s7‘4/m; consequently 
g 
q=a-—-Th, (8') 
where 3— is the Stefan—Boltzmann constant. 


However, we usually do not stop at these simplifications. In problems of 
dynamic meteorology, the radiational energy flux is assumed to be directed verti-— 
cally, consisting of the downward energy flux, composed of gray short~wave solar 
radiation S and gray long~wave atmospheric emission A, and an upward energy flux, 
composed of gray long-wave terrestrial and atmospheric radiation B. 


Thus, a unit volume of humid air will receive the following quantity of heat: 
by absorption of long-wave radiation ap,,(A + B); by absorption of short-wave 


solar radiation aB9,,S. However, this volume unit of humid air will also lose 
heat by emission. The quantity of heat lost by radiation upwards and downwards is 
2ap,fE, where @ is the absorption coefficient for the gray long-wave radiation, 

aB coefficient for the gray short-wave radiation, f - a factor which allows for the 
selectivity of emission by water vapor, and E is the emission of an ideal black 
body according to the Stefan-Boltzmann law E=eT*, 


Upon these assumptions the equation of heat balance may be written as follows: 


pc, Sr + pdiv pax (KS =) ts (xr ay) tae (KS s-) + (6™) 
tH 22 ( (AB) + abe, S ape fl. 


The equation of radiative transfer splits into three equations for the three gray 
components of the radiation flux 


ple OB as IV 
37 = 4Pw(A—fE); 57 = 2Py(fE—B); 5 = —afp,S. (7) 


The simplified equations obtained are strictly rigorous, if we accept the men~ 
tioned radiation processes as real. However, some serious doubts rise against 
this supposition. In fact, the radiation energy is not only absorbed and transmitted 
in the atmosphere, but is scattered too. Morever, the radiant energy flux is by 
no means vertical and isotropic. Such a schematization of radiative processes in 
the atmosphere is rather crude. However, the considerable simplification of the 
system of weather equations is very attractive. Comparison of theoretical results 
with observation shows that a substantial simplification of atmospheric radiative 
processes is permissible in problems of dynamic meteorology. 


3. We now assume that turbulent exchange develops only in a vertical direc 


tion. In this case the terms representing the horizontal turbulent exchange disappear 
from the weather equations, and the system becomes 


ae: "a +4 a= Tye tree eta le a) (1) 
4 Se + 0S tw 184 (ow — 20s) +5.(K3), (2) 


tas Pom te ‘din Lhcotenets 5 
0 ow 
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Hut ost twee (T+5 tar) =9 (4) 


> RT, (5) 
Oh S—2ap fe, (8) 

py +P pikex AG az) + 2py (A+B) + a8 945 — 2ap,fE, 
Fo = 4p (A —fE); as ” ae E=oT, (7) 


Os as 
ae 42 SoS tw =z, (KZ). (8) 
These are the simplified weather equations, in the form usually applied to 
problems of dynamic meteorology. 


However, as we have seen before, still further simplification of the weather 
equations is possible, based not on schematization of the atmospheric processes, 
but on evaluation of the orders of the terms appearing in the equations. 


In this chapter we shall consider some of the simplest problems connected 
with integration of the approximate weather equations, which have been solved by 
Soviet meteorologists. 


§2. Temperature Distribution in the Terrestrial Atmosphere 
as Due to Radiation and Eddy Transfer of Heat 


The theory of radiative equilibrium, which explains the stratospheric isother — 
mality in a satisfactory manner, gives exaggerated temperature gradients in the 
troposphere. A.A. Fridman has already shown, that the appreciable discrepancy 
between observed gradients and their values as computed according to the theory 
of radiative equilibrium might be explained by vertical motions. 


I. A. Kibel* has obtained results in good agreement with observation from his 
theoretical temperature distribution in the atmosphere, as due to radiation and 
turbulent heat exchange. 


Kibel* proceeds from the equation of heat balance, which he applies in the 
following form: r 
—- itt _& 
ee, = Cpa — (1) 
where g, is the heat influx (per unit volume and unit time) due to radiation, E, 


the heat influx due to eddy flux of heat. The influx of heat caused by condensation 
and evaporation processes is not taken into consideration at all. 


For the solution of the stationary problem of the mean annual temperature 
distribution, I. A. Kibel* makes some simplifications. In this case the velocity 
field may be disregarded and the atmosphere assumed to be calm. The individual 
derivative a may be replaced by the local derivative oi which vanishes in 
the stationary case; consequently —_ 0. In addition, the pressure may also 


be assumed to be time-independent, hence a ==), 


The radiational heat influx is computed by Kibel* according to a simplified 
scheme, He assumes that there are two vertical components of radiation energy 
flux: 


1) the downwards flux, composed of gray short—wave solar radiation S and 
of gray long-wave atmospheric radiation A. 
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2) the upward flux, composed of gray long-wave terrestrial and atmospheric 
radiation, B. 


Th 
mi €, = 49, (A-+ B) + apo,S — 2a, fE, (2) 


where @ is the absorption coefficient for gray long-wave radiation; aj— the ab- 
sorption coefficient for gray short-wave radiation; f — absorptivity factor of water 
vapor; ?,—the density of water vapor which is the active substance in radiation 


exchange; E — the radiation of an ideal black body according to the Stefan—Boltzmann 
law: 


E=oT!, (3) 
The eddy flux of heat is determined by the formula 


_ 8 fy, OT 0 /,,,0T 0 /,,0T 
=a (Ke) +55 (KG) tae (K Ge) 


Considering only vertical mixing, Kibel' simplifies this equation, obtaining 


=F (KZ). 


In virtue of all the assumptions made, Kibel' obtains the equation of heat 
balance in the following form 


a (K =) 4+ ap,(A- B— 2fE + BS) =0. (5) 


Thus, equation (5) includes 5 unknown functions: T, E, A, B, S, only one of 
which is of real interest to us, in view of the nature of the problem, i.e., the tem- 
perature T; the remaining functions are auxiliary. 


In order to complete this system of equations, which contains five unknown 
functions, Kibel' adds to equation (5) equation (3) and also three other equations 
which determine the radiative energy transfer in the atmosphere: 


dA 


ae —— ao (A — fE), 
(6) 
< =ap,, (fE— B), 
as 
‘dz aa aBPy 5. 


Kibel* proceeds to define the following boundary conditions. 


The upper boundary of the atmosphere receives only short-wave solar radia— 
tion or rather -— strictly speaking — a part of it W, since the other part is reflected 
back from the atmosphere, the surface of the earth, and from the clouds, In con- 
sequence the average albedo of the earth is taken into consideration, In addition, 
it is assumed that at its upper boundary the atmosphere radiates back into outer 
space the same amount of energy it receives. Thus the conditions at the upper 
boundary may be set as follows: 


A=0; S=W; B=W (for z= 00), (7) 


Kibel*® applies the equation of heat balance at the earth's surface 


—K2 4 Ka At S—B (for 2==Q); (8) 


whereby we may write for the upwards heat flux: 


B=q:-E (for z=0), (9) 
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where gq is the emissivity factor of the earth's surface relative to an ideal black 
body. However, the boundary condition (8) introduces a new unknown function — 

the soil temperature T* (the coefficient of heat conductivity of the soil K* is con- 
sidered an unknown physical parameter). The introduction of the new function T* 
necessitates an additional equation for its determination. However, Kibel' believes 
that in his determination of the mean annual temperature distribution, the heat flux 
emanating from the soil may be disregarded. Then the boundary condition (8) is 
Simplified and assumes the form 


—KEZ_—A+S—B (for z= 0). oo) 


Kibel' introduces a new independent variable instead of the coordinate z — 
the "optical thickness" t for gray radiation, defined by the formula 
foe) 


t= | ap, dzand dt = — ap, dz. (11) 
z 
Kibel' excludes the temperature T from the equations, expressing it by E. Since 
dE _, »,dT __— 4078 dT 
qt dt ao, ae ’ 
equation (5) may be brought to the form 
d {Kap,,dE 
5 (BE ge) tAt8—2E+ ps =o. (12) 
Equations (6) in the new variables will now have the form 
dA 
—— — fE—A, 
ax —f (13) 
dB 
ieee camee has | 
dS (14) 
= BS. 
The boundary conditions must be taken in the following form: 
A=0; S=W; B=W (for t=0), (15) 
Kap, dE c 
a 
Te SATS —9E (for t=ty= | ap, dz) (16) 
0 


Equation (14) may be directly integrated. Considering the boundary condition 
(15) we find; 


S = W-e-*, (17) 
We have thus obtained three equations (12) and (13) for three undetermined 


functions A, B, E. In order to solve these equations, Kibel’ introduces dimension~ 
less functions a, y, ¢, defined by the equalities; 


B4t-A= W.a; B—A=W.-y; fE=W.-e, (£8) 


By means of equations (13) it is easy to obtain formulas which express two of 
the new auxiliary functions by the third, for instance by y. Since 


d 
TF lA+ B= B—A, (19) 
we have 
da 
7a iD (20) 
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Integrating (20), we obtain 


t 


os a(=a(0)+ | yar, 
Q 
21 
| a=1+\ yar, a 
since 0 
a(0) = PO TAO —1, 
From (13) and (18) we also have 
=a 5 {Abe 2 (84) hat fo 2 
W 2 W : W 2 at 
or, applying (21): 
dy 
ai ae) em 


In order to determine y a differential equation is formed in the following way. 
Since according to (13), 


A+ B—2fE =“ (B—A), (23) 


we see, by applying (14) and (23), that equation (12) may be rewritten in the follow- 
ing form: 


d /(Ksp,, dE d dS 
ala a) teB-A— EHO. er 
and we get: 
Kop dE = pap 
hoT8 ‘ae +B—A=—Wee e (25) 
But 
dE Wde__W a) 
a fa F\ ae 
and 
B— A= yW. (26) 
Consequently, the equation for y assumes the form 
d*y 4373 _ ___ 407 ; ; —Br 
oo — (Vb ee I= — Kap, re (27) 
The boundary conditions for the function y are obviously the following: 
y=1 (at t=0), (28) 
d tT 
yt Fa (F—') (14 [ yar) (at t=, ey 
0 


Kibel! believes that although each of the values T, Pw K, @ changes with 
altitude, the expression fT 3/ Kap keeps an almost constant value. Assuming 


8 — 

Ra __m . 1 ee on 
K w 

we obtain an ordinary differential equation of the second order with constant coeffi- 


cients 


<4, — my = (m? — e“*, (31) 
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This equation is easily integrated. Its general integral has the form 
> m+ _m- 1 m—1 _3. 
y= Ce Ge ™ to oar ae o (32) 


The arbitrary constants Cy and Co are determined from the boundary condi-— 


tions (28) and (29). Kibel' indicates that further simplifications which would still 


facilitate the calculation are possible. Since t)5>1 , the terms containing aia 
may be ignored, being small with respect to unity. Then we get 
1 — ef Sha, _ 1— p2 1 
ne 1 [4 D e— — 1 — ate | + — (1+ ae 2) 
Cy a ae ft ee eet eager S  e (33) 
od am 
it 
eal 34 
C= me — B ° ( ) 
Finally, Kibel? obtains the following solution of the initial problem: 
ee AMOS 1 fn fe ed _g. | l—en8 
eee 9 m2 — 82 re eee C ape P +- a aa 
1—f? on m? — $2 : 
pghem EP cent, as 


Thus Kibel' succeeded in obtaining a generalization of Emden's results for the 
theory of radiative equilibrium. Emden's solution is a particular case of the solu- 
tion of Kibel’. It corresponds to the absence of turbulence, when K = 0. 


Kibel? carried out the calculations for the latitude 42°, adopting the values 
m= 1.75; q/f= 1.15; W = 0.138 cal/cm? min. For the altitude distribution of 
water vapor Kibel' used the empirical formula 


(py 1 0 ' 
where /==8-105 cm 
hee ie salo o 

t= | aE = dz 


The value of T in the integrand was estimated by a formula due to Emden: 
= —= (1 + ts, 
Tx 


Thus, the following formula was actually used in the calculations: 
Zz 


- [(t + 2)°/4#— = Ope 7 0" 10 ¢, 
The following values were adopted: 
Ow, — 6.2-107° 
a= 7,20 cm g 
[cle 280: 220, 
then t, == 12.6. 


For 


afT* == 0.047 (6.80 — 4.80-e~9.2" : 0.57. en1.15" — 0, 36e!.75(-12.6)] 


the following expression was obtained: 


We = ofT* 
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This distribution of temperature in altitude is described in Table 56. In this table 
are also given the mean temperatures, calculated from radiosonde measurements 
conducted over a period of 3 years (1938, 1939, 1940) at the Omaha station (USA), 


where qm = 60°, 


Table 56 


Temperature distribution in altitude 


0.3} 0.6] 1.0/2.0) 3 

12 .6}12.0|10.6}8.4) 6.6 
8 19 {9 14,6|—0.5 
8.1} 9.1] 8.9}5.2}—0.1 


As is to be seen from the table, this theory yields results in very close agree- 
ment with observation. 


Despite the good agreement of Kibel's results with observations, N.R. Malkin 
critized his theory on the following grounds. 


According .. Kibel's theory the coefficients of his equation (27) are constant. 
Notwithstanding, these coefficients indefinitely increase with altitude, since ly 
(the water vapor density) which stands in their denominators tends to zero with 
increasing altitude. Malkin points out that over the layer extending from 1 to 10 km 
Pp, decreases 160 times. The conformity of Kibel's resi lts with experimental 
data is to be attributed, in Malkin's opinion, to a fortuitous coincidence. As the 
given example shows, the obtained results depend greatly upon the choice of the 
values of the physical parameters, and these are not known to any great accuracy. 


Malkin himself solved the same problem more rigorously (by means of 
integral equations), assuming the coefficients of equation (31) to be variable. Un-—- 
fortunately Malkin does not give even one numerical example to illustrate his 
results. Consequently, it is not yet clear to what extent does Kibel's approxima-— 
tion of the coefficients by constant values distort the actual situation. 


In connectio.. with Malkin's objections, we may mention that the agreement 
of Kibel's results with observation may be explained by the hypothesis that les 
expresses not the water vapor density, but the total density of all substances which 
are radiationally active (i.e., water vapor + ozone + carbon dioxide). 


$ 3. The Annual Mean Temperature Distribution 
in the Terrestrial Atmosphere 


Kibel's work on the dependence of the mean temperature on altitude has sub- 
stantially contributed to the theoretical solution of this problem. The example 
worked out by Kibel' shows how closely do the theoretically obtained mean temp-— 
eratures fit the observed values. However, such a good accord of theory with 
observation is not obtained at all latitudes. 


This is due to the presence,in addition to the vertical exchange, of horizontal 
turbulent exchange on a considerable scale which has an appreciable effect on the 
dependence of temperature on altitude, The horizontal exchange coefficient turns 
out to be maximal at low latitudes on one hand, and at polar latitudes on the other 
hand, whereas in the middle latitudes its effect is insignificant. We recall that 
Kibel* has compared his results with observations carried out at a latitude of 40°, 
where the horizontal exchange is smallest. 
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We conclude, that in order to determine the distribution in altitude of the 
annual mean temperature at any point on the globe we must take into consideration 
not only radiation effects and vertical eddy flux of heat but also the large scale 
horizontal exchange. 


E.N. Blinova made the first attempt at a theoretical determination of the mean 
annual temperature distribution in the terrestrial atmosphere, allowing for the in— 
fluence of continents and oceans, and for the effects of horizontal large-scale tur-— 


bulent exchange. 


She started from the same equation of heat balance used by Kibel!: 


dT dp | 

CoP ap — ap = Ee (1) 
where €, is the heat influx due to radiation and & —that due to turbulence. The 
heat influx due to phase changes of water is disregarded. 


For the radiational heat transfer Blinova also adopts the equation used by 
Kibel!; 
€, = ap,,(A + B) +- aBp,,5 — 2ap,£, (2) 


since she makes the same simplifying assumptions on the nature of radiant energy 
flux in the atmosphere, as Kibel' made. 


Regarding the earth as a sphere of radius a_, Blinova introduces spherical 


0 
coordinates: r — the distance from the earth's center, § — the complementary 
latitude, and b — the longitude of the locality, measured from the zero meridian. 
The expression for the eddy flux of heat in spherical coordinates will be written in 
the following form: 


nad (2) tats [S (Be) HEE) © 


where K is the coefficient of vertical eddy heat conductivity, and K' — the coefficient 
of horizontal eddy heat conductivity. 


Instead of the coordinate r, the coordinate z = r-a 
(3) then assuines the form 


= 5 (K 5) t+amla (sin8-K’ Se) + 5; (i ) I} (4) 


0 is introduced; equation 


E. N, Blinova supposes that the annual mean temperature distribution is station- 
ary. In addition, she assumes that the mean velocities vanish. These assumptions 
imply, in effect, that steady heat transfer is absent and the total horizontal heat 
exchange is due to horizontal large-scale turbulence. 


The relevant equations are then. 


apy (A+ B+ BS—2E)-+-5. (K 52) +1 _ [S$ (x sind SP) 4 


a’sin 0 
Oo { K" oT 
+3 (avy )|=2 
OA 
jz = thy (A — &), (6) 
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52 = ap, (E —B), (7) 
= aBpSS: (8) 
E= fer. (9) 


The function sought is the temperature T; the remaining functions play a merely 
accessory role, 


The boundary conditions are the following: 


1, Only short-wave radiation is incident on the upper boundary of the atmo- 
sphere, hence 


A=:0 for z—0oo. (10) 


2. Not all the incident short-wave insolational radiation enters the atmosphere. 
A part of it is returned to outer space as a result of reflection at the earth's surface, 
air molecues [sic] and clouds, Blinova accounts for this circumstance by formu- 
lating the folowing boundary condition; 


S=[1—TF(6, $)] -w()—= W(6, $) (for z—+ 00), (11) 


where [ is the albedo of the earth, determined mainly by the nature of the terrestrial 
surface, and also by cloudiness; w(@) is the mean insolation per unit surface and 

unit time at the upper boundary of the atmosphere. This magnitude depends only upon 
the latitude 9. 


3. It is assumed, that at the upper boundary of the atmosphere the temperature 
is horizontally constant, hence 


0 oT 
x= 3 = 0 (at z==00). (12) 


4. It is also assumed, that the total long-wave radiation outgoing from the 
atmosphere equals the total influx of short-wave radiation, i.e., 


ae \\ Wds (at z=0o), (13) 

(3) (Ss 

where the integral is taken over the surface which is assumed to represent the upper 
boundary of the atmosphere. 


5. At the earth's surface the condition of heat balance holds: 
oT , OT* — oo (14) 
—K—~+K 3 = At+TS B ( at 2==0), 


where K+ is the heat flux from the soil. However, Blinova believes that for 


the annual mean temperature distribution in the terrestrial atmosphere, this heat 
flux may be disregarded. 


6. Finally, 


B=gE=qfoT* (at z=0), (15) 


939 


where q-f — is the grayness factor of the soil — a coefficient (close to unity) 
which shows that the soil does not radiate as an ideal black body, but somewhat less. 


Introducing instead of z the above defined optical thickness x: 


[o<) Oo 
= 16 
eres | ae. dz, where T= | OP dz (16) 
z 0 


and adopting Kibel's notation A+ B=a, B~ A = y, Blinova brings the equation 
of heat balance to the following form; 
y) 


1 @ 2 OF 
ae Erk aos Cesta) ae 


1 fa _dE\ , 8 / M OE\) _ 


where 
2 _ Kw " ee: ee ; (18) 
mi— | 4feT3’ 4 foT3azap., 


The magnitudes m and M are regarded by Blinova as constants. 


From equation (17) follows, that 


RE 
a 1 a4 
__M | sna 99 (Si 9 55) TY sar 6 oF (19) 
As was shown in § 2, equations (6) and (7) imply 
da 
Ap (20) 
LY _ 5 (gq — 2) (21) 
ox” C9 , 
applying (8) and (11) we find: 
S == Wer-toix , (22) 


Therefore from equations (19) and (20) we obtain for y: 


2 0E 2 BE Moff! a OE 
ey? ie ae a te ee ale —_ 2. {gin f 
y= S-P ty Ox 3 (m%—1) OXF % Ox | anaon (sin Ai) ele 
1 OE 
c sin? 6 a) | ° (23) 


Replacing now a and y in (21) by their equivalent expressions from (19) and (23), 
we obtain, after some transformations, one equation for the single unknown 
function E: 


Imre 5 M2. 03 . -. OE Q3 1 OE 
2 OE 0 OE 0 | sin = + a5 ( )}- 
E 


m— lox mold Vand dx? d} \sin 604 


20f/.,0E 0 1 OE ; 
—% § (sind 5) — 2S (25S) 8 — Bh few. (24) 
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The boundary conditions for the new functions with respect to the new independent 
variable x assume the form 


a— y= 0 at «x0, (25) 
OE OE 
a ap — ° at x==0, (26) 
\| (@— y) ds =2\\-was at x==0, (27) 
Ss S 

Z 6E (28) 
aa a AE 

29 

yt—F—2g—E=0 at x=]. id 


Equation (24) shows, that consideration of the horizontal large-scale exchange 
considerably complicates the problem. Indeed, when only vertical exchange was 
taken into account, the determination of the temperature dependence on altitude 
was reduced to performing two quadratures and solving an ordinary differential 
equation of the second order. But when horizontal exchange effects are included, 
we are faced with a partial differential equation of the fourth order, 


Many problems relating to spherical surfaces admit of a comparatively simple 
solution in terms of a well studied class of special functions — the spherical har- 
monics, which play there the same role as the trigonometric functions in plane 
problems involving circles. Many functions defined on spherical surfaces may be 
represented by an infinite series in terms of spherical harmonics — in 
analogy to the developability of many other functions in trigonometric series. 

This method was used by Blinova for the integration of equation (24). 


The function W(9, )) which expresses the global distribution of solar radiation 
influx in the atmosphere may be expanded in an infinite series in terms of spherical 
harmonics 


W (9, &) = Sw? P,,(cos 6) +. Sw cos hp+wr sin hy)P2(cos9)]. (30) 
n=0 h=1 


where we, we, we are appropriate constant coefficients, E. (cos #) is the 


so-called Legendre polynomials, determined by the formula 


a J a" (y? — i)” (31) 
Fa) 5c ay" 
and satisfying the equation 
» 42P dP, (¥) : — 
(1 —y)? SF) gy Set aint i) Pay) =0, (32) 


and Pty) are spherical harmonics, determined by 


, a"Ph (y) (33) 
Pa(y) = (1 — yh? 


and satisfying the equation 


da apt (y) h h es 34 
rer ti =a =| a (1, — pape) Pay) =9, 2) 


where}, isa parameter. 


Blinova looks for a solution of equation (24) in a form of an expansion in 
spherical harmonics 
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E(x, 4, 9) = d{e (x) P,, (cos 6) ++ mu, [En (x) cos Ab + 


-L E’M x) sin hb] PF (cos ayy. (35) 


We substitutethe series (30) and (35) in equation (34), Using the functional 
equations satisfied by spherical harmonics and equating the coefficients of corres — 
ponding terms, we obtain the following equations for the determination of the coeffi~ 
cients of the series (35): 


2 Oe «zs 
me—\ dxt oe ror ae a dnt we ee 


+. Mrp-n(n + 1) Ef =B (1 — B2)-19-e7 8. WF, 


wherenruns through all integers from 0 to oo, and h assumes all integral values 
from Oton. For the determination of Eth an analogous equation is derived, 


differing from (36) in that We i is replaced by we, whereby h assumes all integral 
values from 1 ton. 


The solution of (36) for all EP (except ED) has the following form 
h h pn’ h sine h o— int ho kink * etx 
En = (C)ne + (C,)n e n¥t- (Cy) e— Bn + (C,)ne nx t- Ane , (37) 


where (C ie » AC a »(C ae (C ‘a are arbitrary constants to be determined from 
ln 2n 3n 4°n 


the boundary conditions (25)—(29), and kT and K are given by the formulas 


Pe 1+ 2 (m2? —2)D, + Eat 
(38) 
- T):m D, D 
R= toy ita-y it = (m? —2)D, + Ca 
where 
D —_ M(m? —1)-n-(n +1) (39) 
Fin - 2 
ally 


1 8(1 — $)2(m2 — 1) Wh . (40) 
2 f2 (pb? — m?) + D,(1 — 8) 


A= 
E.N. Blinova adopted the following numerical values of the physical para- 


meters: m=1.75; tT = 12.6; B = 0.2; q/f=1.15; in evaluating 


M(m?—1) __ K’ l 
2 — K (27 2)? 


she takes; K*/K = 10° for @ and Ow she adopts their mean values at the earth's 


surface; @= 7.27 cm oie. b,, = 6.2- 10 ‘em. Then M je — 1)/2 = 0.00128, 


Besides, we may write to a high degree of accuracy: 


. rs ns tT) y D 
R,, ~ TM, R, ~ Mm f e 
For the determination of the arbitrary constants of all E and EN, except 
Ess the folowing condition was adopted: E = EM =Qatx=0. This corresponds 


to the boundary condition (26). 
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Accordingly, the arbitrary constants assume the following values; 


(Cin = At (Q-L FE) cen tantt 
A 
ve i “on J 1 > 
(Co)n = 2A, (== - rae kn 4. 
de ae 


m— | m2 


h 
(Cy) = 1, | — e*n 
Vy ~ 41 
—(;4)+ sa Jen k, — 28 Qer 8 = 
Ah 
h 1 1 
Cat $2] (gta + yeh 
VD, n VD 
+ Q m ~%] ae 8 | 
where 
= mn — (V2 m - VD, < 
Q= 4 7 Nee op ee) Sea ee (42) 


For determination of EO the boundary condition (27) was used. Besides, it 


follows from (36), that Ep satisfies the equation 


2 aE? Qm2x? a?E 4 0 43 
eT dat ei ae BB ae, a 


Equation (43) was already solved by Kibel', and hence his solution could be 
employed to determine E9, 


After EP and EM were determined by formulas (37), the solution for E could 


be constructed in the form of a series (35), which for different x, 6, p, yields the 
altitude, longitude and latitude distribution of E. Knowing the distribution E= fsT‘, 
it is easy to pass to the temperature distribution (see Appendix 15). 


BlHinova carried out the calculation of the zonal distribution of annual mean 
atmospheric temperature in altitude and along the meridian, The albedo of the 
earth was assumed to be constant and equal to 0.7. The function W, representing the 
effective insolation of the atmosphere, is now a function of 4 only. It may be 


developed in a series of Legendre polynomials: 
oe) 
W (6) = > Wy P, (cos 6). (44) 
no 


Then the solution of the problem also appears in the form of a series of 
Legendre polynomials 


oo 


E (x,6)= > En(x)-P,, (cos §). (45) 


no 


We know that the annual mean insolation of the earth is symmetrically 
distributed with respect to the equator, Therefore W (f) should be an even function 
of §,i-e., 
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Accordingly the coefficients of all odd Legendre polynomials should identically vanish, 
i<€s;5 


We= W3=Ws=...=0. 


Blinova applied the values of W((}) calculated by Milankovich and cited in his 
book "Mathematical Climatology and Astronomical Theory of Climate Variation". 
Using the data of Milankovich, Blinova obtained the following values for the co- 
efficients of the series (44): we = 0, 1498; Wo ~ 0, 0709; we = 0.0057. The 


remaining coefficients we with n=O proved to be negligibly small. 


es 0 0 0 0 0 z 
Calculating k_, k, AW (C, 7? (Co), : (C,) (CA), for n = 2 aoe 4 by 
formulas (38)—(42), Blinova obtained the following expressions for E, and Ey 
according to formula (37): 


E3(x) = 107?[ — 0.12 6? &—) — 2.97 .eP 8 4 1.2 — 
— 10.4827 °°* +. 12.29¢77°*), (46) 
Eo — 107°[ — 0.1167? *— — 1.06e"* 4-0.79e7*?* — 
—11.26e7 1 4 11.4727 7-9"), 


and for Bo: 
E>} — 0.051 (6.73 — 4.80e~7-*”* +. 0.55e7?* — 0.26¢% 7), (47) 
The final expression for the function E(x, §) has the form 


E(x, 8) = E} (x) + E2(x)-P, (cos 8) + E4 (x)-P, (cos 8). (48) 


Using formulas (46)—(48) Blinova calculated the annual mean temperature 
distribution in altitude and along the meridian. In order to pass from the optical 
thickness x to the altitude z she used the following relationship: 
es 
i 


(1p tye} —— b= [1 fe tol — 1p 10 (49) 


Table 57 gives the results of these calculations. 


(£==8-10® ca). 


The theoretical distribution of zonal temperature obtained by Blinova is in 
very good agreement with empirical results. In Figure 158 the solid line represents 
the temperature distribution along the meridian at sea level, according to empirical 
data, after Hann and Suring. The broken line represents the theoretical tempera— 
ture at the sea level given in the first row of Table 57. It can be seen from the 
figure that in the Southern Hemisphere both curves practically coincide, and in the 
Northern they diverge by no more than 2°C, It is remarkable that the theoretical 
and empirical temperatures at the North Pole (—20°C) and on the equator (26°C) do 
coincide. 


This shows that the shape of the curve is really accurate. 
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Table 657 


Annual mean temperature distribution in 
altitude and along the meridian 


Altitude Latitude 7° 


South Pole 
SO°* &0° VW &G° 


Temperature in °C 


Figure 158. 


Zonal temperature distribution along the meridian; 
solid line — observed, broken line — calculated by 
Blinova. 


Figures 159a, b, c, d, represent the distribution of temperature in altitude 
“or different latitudes. Figure 159 a refers to the latitude 78°C, The solid line 
shows results obtained by Byrd’s Antarctic expedition in Little America (9 =78° 34'S, 
= 163055'W). Figure 159 b gives data for the Soviet Union from 55 to 60°N and 
from 30 to 39°E. In Figure 159 c are given observarions conducted at the Madrid 
station, Figure 159d gives the results of radiosonde measurements conducted at ti: 
station of San Diego (32°42’°N, 117°9'W). It is seen from all these figures: that with.n 
the entire atmospheric layer extending from the earth's surface up ii ¢7 2?!) «on, 
the calculated curves practically coincide with the empirical. Only «it gre. altitudes 
(particularly for low latitudes) do the theoretical results significantly @ prt 
from observation, whereby the lower atmosphere proves to be actually : vider thai 
in theory. 
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Figure 159 a andb. Temperature distribution in altitude. 


Solid line — observed. Broken line — 
calculated by Blinova 


§ 4. Diurnal Temperature Cycle in the Mixing Layer 


According to Dorodnitsyn 


A. Dorodnitsyn considered the question of the 24 hour temperature variations 


in the mixing layer, regarding the influx of heat by radiative exchange to be given as 
a function of the time. 


Air temperature is determined by the eddy flux of heat and by radiation pro- 
cesses, and also by the advective heat transfer. Writing separately the heat influx 


due to eddy transport of mass, Dorodnitsyn sets up the equation of the problem in 
the following form: 


OT O oT | 
or 
oT 0 oT 
ge oF ( x) +P (2,8), a 


where A= K/pc,, and (P(z, t) is a function accounting for the radiant heat influx 
and heat advection. 
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Madrid zkm 


San Diego zkm 


~40 OO  ¢ 8 -40 20 a oO 20 
r’°e 
Figure 159 c andd. Temperature distribution in altitude. 


Solid line ~ observed. Broken line — 
calculated by Blinova 


Advection obviously depends on altitude and time. The rate of advective tem= 
perature variation is, however, assumed by Dorodnitsyn to be so slow that in the 
consideration of the problem of the diurnal temperature variation this change may 
be ignored. Dorodnitsyn further assumes that the radiant heat influx in the lower 
layer (1—2 km) is small in comparison with the eddy flux of heat. This assumption 
is supported by the fact that the diurnal temperature cycle is observed only in the 
lowest 1 kilometer layer. If radiational processes were as significant as the turbulent 
heat transfer, the diurnal temperature cycle would be observed at all altitudes, which 
is not the case at all. Dorodnitsyn evaluates the various factors influencing heat 
exchange, and finds that in the lower 1 km layer, radiant heat influx amounts to no 
more than a few per cent,and eventually less than one per cent on the eddy flux of 

heat. Thus Dorodnitsyn believes that ® depends only on z and not ont, since radiant 
energy plays but a minor role, and advection has a long period. 


The solution of the heat conduction equation 
oT oO OT (3) 
Or oF Q as) + ® (2) 


is sought by Dorodnitsyn in the form 
T(z, t)=T, (z) 4-12, 4), (4) 
where T> is the 24 hour mean temperature. Thence 


eT __ at. OT __dTy , a (5) 
=e wma te 
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Consequently, equation (3) takes the form 


gt d /, dT» -2 05) (2): 
f= £0) ae on (6) 
since ~ ( o) and @(z) are functions of the altitude only, equation (6) splits 


into independent equations 


& (152) +8 (2) =0, (7) 
a2 (02). 0 


Dorodnitsyn is not concerned with equation (7), believing that the diurnal 
mean temperature T5 may be determined, for instance, by Kibel's methods (see 


Chapter XX). Dorodnitsyn considers only equation (8). 
He assumes the following dependence of A on altitude: 
h==1, (1 e—e-™), (9) 

The quantity € is introduced to obtain a ) value of the order of the molecular 
heat conductivity at z= 0. Let us note that this corresponds to the assumption that 
the earth's surface is smooth and devoid of vegetation. 

Dorodnitsyn considers, in addition to equation (8), the process of heat conduc- 


tion in the soil, assuming the soil coefficient of thermal conductivity ,\* to be constant. 
Thus the problem reduces to the integration of the following system of equations: 


Ot O Ot 
Ob Oz 05) for z>0, 


or Or 
> = 5 (0 5) for z<0, 


where T is the deviation of the soil temperature from its 24 hour mean value. 


(10) 


No initial conditions are given for the problem since we deal here with peri- 
odic temperature variations, 


The boundary conditions are formulated as follows: at infinity all periodic 
temperature variations are levelled down; therefore 


t(z,t)—+0 for z—++to, (11) 
t*(z,t)-—+0 for z—+—o, (12) 


Further Dorodnitsyn stipulates a continuous temperature variation at the 
earth's surface, i.e., 


t (0, f) = 1* (0, ¢). (13) 


Finally, he sets up the condition of heat balance at the surface of the earth. 
If radiative exchange did not exist, the boundary condition would have had the follow— 
ing form 


* al 


OT __,-, 0T* 
Ky = MS or Ko aK at 2z=0, 


However, in the presence of both incoming and outgoing radiant energy, the 
boundary condition expressing the energy balance should be written in the form 


or* 
* 
ay 02 


= = —K2— or — (1—T) W(d), (14) 


where J is the albedo of the earth's surface. 
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However, sivce the equations to be integrated are given in terms of tf, and not 
of T, it is necessary to rewrite the boundary condition (14) for t too. 


T* (z, t) =To (2) +2* (z, 2), 
T(z, t) =T,(z)-+1(z, 4), (15) 
W (t) = W,-+ W, (1), 
where Wo is the 24 hour mean insolational and atmospheric heat influx. The 


boundary condition (14) will be rewritten as follows: 


aT, ov aT F 
— K* — —K* = = — KS —K5-+3[7,(0)-+100,Q!— (16) 


—(1—P)-W,—(—l)-W, (4 ( at z=0). 
When, in addition, the mean diurnal balance is considered, we have 
OT oT, 
— Kt = —K* 4-579 (0)—(I— I) W, at z=0. (17) 
Combining (16) and (17) we obtain: ‘ 
(1 —2)- W, (0) =a [Ty (2)-+ 2 (0, é)]* — 078 (0) —K 5 


+K*S at z=0. oe 


This is the fourth boundary condition, 


But this equation introduces a new function W, {t); Dorodnitsyn considers it 


as given. The boundary condition (18) is not linear in 7. This circumstance renders 
the solution of the problem more difficult; Dorodnitsyn avoids this difficulty by 
linearizing the boundary condition in the following manner. Evidently 


o|T, (0) 1 (0, t)]4 — 079 (0)==46Tat-+... (19) 
Assuming 
407; = yi=const. (20) 


and disregarding all powers of t higher than the first, Dorodnitsyn believes this 
simplification causes an error of no more than 10%, if instead of the right side of (19) 
ut is substituted, But since the term expressing radiant energy flux is small in 
comparison with the term expressing heat conduction, Dorodnitsyn estimates the 
resulting error in the boundary condition at no more than 3%. Consequently, the 
boundary condition (18) is replaced by the following: 


O:* 
(—T)W, (=u 0,)-KE+K*S at 7=0. (21) 


Thus the determination of the diurnal temperature cycle is reduced to the 
integration of the system (10) for the boundary conditions (11), (12), (13) and (21). 


A solution of these equations is sought in the form of an infinite series: 
co 


t(z,/)= 2 [z, , (z) cos vot + t,,, (2) sin vod], 


oy © 
t* (z,t)= Dd (ti, ¥(z) cos vot + ty, , (2) sin vod]. (22) 
v=1 
The given function W, (t) is also expanded in an infinite series: 
fea) 
W, (t) = Dd [a, cos vot + 6, sin vod). (23) 


vy=1 


Substituting the expression (22) and (23) in the equation of the problem 
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and equating the corresponding coefficients, we obtain a complete system of equations 
for the determination of t, |, t |, ty, os wD, —- 


Dorodnitsyn does not examine the convergence of this series solution, but 
only seeks a particular solution. Substituting (22) in (10), we obtain: 


— wot, , (2) sin - wot, , (z) cos vot = 
er #0 +-¢ — e~™8) ao vot +- 
+i, — oF a te ea a) er oo, ae) sin we. (24) 
Since the equality (24) holds for any t, we get 
d dt 
ho ae t + ¢—e~™*) <2 = VOT, , (2); 
d dt, : ; 
do a\( + Eg — ema) er = —— VOT, | ‘ (z): 


(25) 


as well as 


d?t 
1* = — YO, “ (z), 


(26) 


—= —voty, y (2). 


For the boundary conditions we obtain 
Thy (00) =tT2,, (oo) =0; 
ti, »( — oc) = %, ,(— 00) =0; 
1,4 (0)=t, , (0); 
Tey (0) = to, Pe Bs (27) 


dt. 
(1—T) a,—= prt, ,(0) —X aries be at) «620: 


(1 <A tidal at z==0. 
Introducing the complex functions 
T= W=the bly, (28) 
multiplying the second of equations (25) by i and adding it to the first, we obtain 
do g |[(-be — em) S] + var, =o. (29) 
In the same way, equation (26) will be rewritten: 


2 PY ‘ (30) 
s az Thor, =0. 


We first solve equation (30), whose auxiliary equation has the following form 


whence 


Consequently, two particular solutions of equation (30) have the form 


1-! heey i-/ hdd 2 
@ SS e 
eVz- as . e Y2— 1 


The second of these particular solutions must be rejected, since it tends to infinity 
for z =—- oo. Consequently 


1—/ vuP 
n=(C,+ID).eV OY (31) 


Separating the real and imaginary parts of (31) we find t,,, and¢, ,. 


Equation (29) is much more complicated since its coefficients are variable. 
We will first determine the type of this equation. Differentiating equation (29) we 
obtain: 


a? dt, . 
{1 +e—e Sy fly men T+ ivot, = 0, 


Dorodnitsyn further changes the independent variable as follows: 


x= 1 — (1 +) e™, (32) 
Since 
dt, dt, dx, dt, me a)? eas ax 
Gz dx dz , aa " d22 
and 
a == (1 -+-8) «meme > 
d?t, dr dt 
i= (1 +-¢)?. mein’ ——” — (1 +e) men. —~ : 
we get 
ax atx 2 Mz 
ap (hp eye, Gam (Ii ene ’ 


and equation (29) is brought to the form 
d2 
ho(1 fee — em) (1 €)?2e2™ <1 — [hg (1 + &) m? - 
‘ dt, : ae 
+4,(1--e—e-™) (1 -| e) me™*)| ai + vot, = 0 ‘ 


Let us express the coefficient of the first term of equation (33) in terms of x. 
From (32) we have: 


(1+) e”4# = 1 — x; 


consequently, 
h o (i + ¢--e-™*) (1 + ¢)?. .mze22 — 
=) o (I -}-&)- -m? (4 -+-€)- “em (1 + e)e™? — 1] =), (1 + €) m?(1 — x) x, 


From (33) we obtain 


Ay (1 €) m? (1 — x) x Sy — fy (1 fs) m2 + (1 — 2] “4 iat, =0 
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or 


att, dt ive tes (34) 
r(l— sx) ra +l — a — papa OO 
Writing 
eT 
—_ hg (1 +- €) me’ 
we have 
d2t dt, ook (35) 
x (1 Mae rst —x)F — iv9?t, = 0, 
and putting 
iyé2 — —q?, 


we have 


— r _t—d% SN _1l- W 
La a ear oa a et REL V wom’ Y (36) 


finally we obtain: 
dt, dt, 37 
x(l—x) Fit (li — ~) + att, = 0. a 


This equation is a particular case of the thoroughly studied hypergeometric 


equation dey di pa) 
x(i—-x)-4+[y—(e+ 8+ l) x] 7 —aby=0 


for 
B= —a; =. 


Equation (38) is not integrable in terms of the elementary functions. The 
integral of this equation is the infinite hypergeometric series having the form 


. a 1) B( l 
Pee eee Pees 


However, the hypergeometric series (39) cannot be admitted as a solution 
of our problem, since z—~ as x-+-ocand consequently this solution does not satisfy 
the boundary condition at infinity. Another form of solution must be sought. For 
this purpose Dorodnitsyn uses the same series, but with different parameters: 


l 
y= (—2)-F (a a—y+la—p+hs). (40) 
In our case B= —a@, Y=1. Asa result 
: 1\¢ l re 
5, = (A,-+ 4B): (=F) F(a, a,2a+1, >), (41) 


where A,, B, are arbitrary constants, to be determined from tne boundary conditions, 
and F is the hypergeometric function. 


Consequently the sought solution is determined by the parametera. However, 
this series converges only for |x|>41, and the boundary condition was formulated at 
z= 0, i.e., for x =—-€, where ¢ is a very small magnitude. Thus the obtained 
solution will not converge for x =—-€. 


Dorodnitsyn constructed an analytic continuation of the hypergeometric series 


F (4,2, 22 +1, —) into the region |xt<1, and found the solution of equation (37). 


° xX 
in the form 


r= (A, + iB.) (9, »v i 02,.)- (42) 


The previously obtained solution (31) may be taken in the form 


ty = (C, + iD,) (1, , + 02, |). (43) 
Separating in (42) and (43) the real and the imaginary parts we obtain 
~—. 1,,—-8,6,,, 


7, y= AO, + B, Dicey 
* ® e 
41 Y= C, b,—D,&,, 


* a s 
Ty, y= C, fo, vtD, hh, 


(44) 


Substituting (44) in the boundary conditions we find after some transformations 
the equations 


(1 —T)a,=A,y,,,— Ba.» 
45 
(1 —T)6,=A,y2,, +441, ¥> a 
where 
V1,.9=2 19), — Ki sy A* (6, » t+ 4, ,)- aa ’ 
(46) 
Ya,y= 2 20, — Kb, ya KF (9,, y— Og, we a 
Hence 
A, =(1— —T) Auth TP tay 
iw $3 v (47) 
B —=(1— —T) by) yi FyN2y y 
: Vo v 


For the illustration of the obtained solution Dorodnitsyn calculated the theore- 
tical 24 hour temperature cycle in Slutsk for a clear, cloudless weather on 13 July 
1932. The values of W were obtained by the actinograph. The following parameter 


values were used: 
ho = 8.1 m/sec, K = 0,5: 107 °keal/m sec deg, 
m = 0,02 m~! 17 = 0,9-10 °m2/sec, 
K* = 3- 107 * keal/m sec deg, 
F=0,1 
The results of the calculations agreed very well with the observations, as may 
be seen from Figure 160. 


§5. Theoretical Method of Precalculation of the Diurnal 
Temperature Variation 


M. E, Shvets has investigated the problem of the 24 hour variation of the tem- 
perature both in the air and in the underlying surface, taking into consideration the 
radiative heat exchange in the atmosphere, By successive approximations he 
jointly solved the equation of heat balance and the equation of radiative energy trans— 


fer, on the basis of very general assumptions. 
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Figure 160. 24 hour temperature variation according to Dorodnitsyn: 


a-calculated temperature at 2 m altitude, b~observed temperature 
at 2m altitude, c—calculated soil temperature, d-—observed soil 
temperature. 


Shvets starts his study of periodic temperature variations from the equation of 
heat balance 


Tas tee A+ 8+ Bl — 2), (1) 
combining it with the equations of radiant energy transfer 
o4 = ap, (A—JE), (2) 
o = ap, (fE—B), (3) 
ol — ao, sec 9, (4) 


where I is the solar short wave radiation, and #—the zenith distance of the sun. 


Since heat exchange takes place constantly between the air and the underlying 
surface, in addition to the effects described by the equations, the temperature distribu— 
tion in the soil should be considered as well 


OT*  0.,,0T 
or deed re F for z< 0, (5) 


where the quantities referring to the underlying surface (soil or water) are distin- 
guished by an asterisk. 


Moisture is also exchanged between the underlying surface and the air, as 
manifested in the evaporation of water from the surface, or in vapor condensation on 
it. Therefore it is necessary to add the equation of moisture transport to the fore— 
going equations, 


Denoting the specific humidity by Q and assuming that the horizontal eddy 
exchange of moisture may be ignored, we obtain the equation of eddy transport of 
moisture in the following form: 


R= (DF). (6) 


Let us formulate the relevant boundary conditions. For the upper boundary 
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of the atmosphere we adopt: 
A == for 7=0o0, 
(7) 


{= W(t) for z= oo. 


At the underlying surface the temperature is assumed to have a discontinuity: 
T (0, ¢) = T* (0, ¢), (8) 
and also 


B(0, t) = 8E (0,2), (9) 


where @ is the "grayness factor", accounting for the difference between the emissivity 
of the surface and that of a black body. 


At the underlying surface the condition of heat balance should be fulfilled too, 
It is expressed by 


A et im =A—B4L IT), (10) 


where m is the amount of water evaporating from a surface unit, equal to the rate 
: 0 ; : 
of evaporation m = —DeB , L is the latent heat of evaporation, I — the albedo of the 


underlying surface. 


Finally, it is still necessary to formulate the boundary condition for Q at z = 0, 
or for the rate of evaporation. The rate of evaporation from the soil surface depends 
on many factors, most of them highly variable, which cannot be taken into considera- 
tion in the general case. However, when the evaporation occurs from a water sur- 
face, the boundary condition for the moisture has a simple form. It is natural to 
assume that close to the water surface the air is permanently saturated: 


Q (0, t) = Qmay, (11) 


In order to evaluate the relative effect of evaporation in tne heat balance, 
M.E, Shvets adopts the condition of complete saturation for the soil surface too, 
noting, however, that the rate of evaporation from dry soil is considerably smaller 
than from the surface of very damp soil. 


All elements of heat balance of the atmosphere come well into play during a 
24 hour course. The classical example is the 24 hour variation of direct insolation. 
In order to find the most general expression for this diurnal variation, Shvets proceeds 
in the following manner. 


Neglecting for the sake of simplicity the changes of the distance of the earth 
from the sun the amount of energy incident on a unit horizontal surface per unit time 
in the absence of atmosphere is given by the formula 


=/, sin 6, 


where I. is the solar constant. Using the relationship known from spherical trigo- 
nometry 


sinf = sing-sind -+-cos 9-cos6 -cos wf, 
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we obtain 
/=1/,(sing- sin + cos 9-cos8-cos wf), (12) 


where gis the latitude of the locality, ¢@ the declination of the sun, ® the angular 
velocity of the earth. 


Taking ¢ as invariable over 24 hours and assuming 


M=/,sin‘9-sind, (13) 
N=], cos ~-cos 0, 


we obtain 
[= M--N-cos of. (14) 


Formula (14) is applied only in the case of those values wt for which I>0, i.e., 
between the moments of sunrise and sunset, when M + N cos wt=£0, whereby the 


negative argument, “ot refers to the sunrise, and the positive tot, to sunset. 


For the remaining time I= 0. 


M, E, Shvets expresses both parts of the curve of the 24 hour variation of 
direct solar radiation by the same continuous function, in the form of a Fourier 


expansion: 


+ 60 
(= >: jen int ; (15) 


whereby he believes the first four terms to suffice for practical purposes. The first 
four coefficients of the series (15) are the following: 


Jy= x [sin wt, — wt, cos wi], 


N sin Qwt 
JT | o%, — 3) 
(16) 
ee ee 
Jz = 3 Sin? we, 


a ~ sin? wt, cos wl 
3 on 0 a° 


The attenuation of solar radiation by the atmosphere may also easily be taken 
into account. Integrating equation (4) for the boundary condition (7) we obtain: 


co 


— seed f apy dz (17) 
I(z, = W(t)-e _ 


Consequently, in the presence of atmosphere the following amount of solar radiation 
fails on the earth's surface: 


22 
1(0,)=Wi)-e = oe 
oO 
or, whenacoefficient of transmittance po as is introduced 
+ 00 
/(0, 9 = W (t)- psec? => jo oO, (19) 
— 00 
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Shvets computed detailed tables of the values of three coefficients of the series 
(19) for various 9, ¢ and P. 


Thus the diurnal variation of short-wave insolational heat influx can be re- 
presented by Fourier series 


H(z, t) == 1 (z) + Die" =1(z) + J (z, 0), (20) 
where T(z) is the 24 hour mean heat influx. 


It is natural to look for a solution of the system (1)— (6) in the form 
==FiZ)a-t(2,2)3 T= T(2) + t* (z, 2); 
E=E(z)+e(z, t), (21) 
A=A(z)+a(z,t; B=B(z)-+-6(z, 0); 
Q=Q(z)-+9(2; 4). 


Substituting (21) in equations (1)—(6), we obtain two systems of equations. The 
first system will involve the 24 hour average of the sought functions. Shvets is not 
interested in this system, assuming that the 24 hour average values can be determined 
by other methods, such as Kibel’s method (Chapter XX). The second system 
involves the unknown deviations of the sought functions from their 24 hour mean 
values and has the form 


ot 0.0 - 
5 ae bag t 75 (4+ O+ Bi— Me), (1') 
0 
x = ap, (a— fe), ae 
0b 
jz Wa (fe — 9), ee 
art 0 4 Ot (5') 
Ot dz” Oz’ 
j_.02 509 (6') 
at a2? az" 


Shvets changes the boundary conditions, too, in a suitable manner. Since 
complete saturation was assumed to prevail over the earth’s surface and the density 
of saturated water vapor depends only on the temperature through Magnus! formula, the 
boundary condition (11) may be taken in the form 


p55 6.10 7,45 (T — 273) 
= 0.62 . — 38 
Q(0, )= 9 (0) +910, =A 10, 


where p. is the air pressure atthe earth's surface. Remembering that T= T+t 
we obtain: 
7.45 (7 — 273) 7.45 


7 622 * 6.10 [es ~in 1-3 
Q (0) + 4(0, t) = SERRE. 10 eae 10 


= Omax (0) [! 4 -— In 10-2(0, | 


Thus the boundary condition for q(0, t) may be taken in the following form to 
a sufficient degree of accuracy: 


q({0, t)==+-1(0, £), (11') 
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where 


45-In ld = 


The remaining boundary conditions are obvious 


a=0 at zZ=00,| (7') 


j= w (t) at z—oo,f 


TTF at 20, (8") 
b=Se at z=0, (9") 
— KE 4 KS 1p 8 =a—b+t(i—lV)/ (10') 


Finally, a natural boundary condition is the effacement of all temperature 
fluctuations at infinity 


(22) 


t=) at. -2='c0, 
tT*—0 at 2= —oo. 


Gey __ 
Shvets regards Cop —=F asa very small constant magnitude. Therefore he 
looks for the solution of the system (1') - (6') in the form of an infinite series in 
powers of the small parameter € 


t=, (z, t)-te-t, (2, ft)... 
* 15 (z, t) te-ti (z, Heke 
a=a,(z, t)-+e-a,(z, t)-+... (23) 
b= b,(z, t)te-b,(z, 8-4... 
g=49,(2, t)te-g, (2, 4... 


Substituting the series (23) in the system of equations (1') - (6') and in the 
boundary conditions and equating the coefficients of equal powers of ¢, we obtain 
for t,, T etc, the following system of equations 


Oty O ok O%9 (24) 
Ot ez" dz! 
oa = 0, (25) 
09 = (26) 
ot Oz oz’ 
oO 
Hf = 55D SE (28) 


and the following boundary asmamaaiaes 


0 
KIT 4 Ke 9 19% a, — b4-(1 Th j at z=0, (29) 
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To = at z= (0, (30) 


b, = Ce, at z=0, (31) 

Jo 7%) at @2=—V¥, (32) 

T)s=4,=-9,=0 at z=, (33) 

J=wt) at z=00, (34) 

t9 ==0 at z= — oo, (35) 
Exactly the same procedure for +, z, , a,, etc yields: 

sia § g se — (a,b, — Bi, — 2fe a), (36) 

ot — a, — fey (38) 

St = fe,—by, (39) 

oa 2pm, (40) 

KIL KS 19D —a,—5 at. 2=-0, oe 

tT =T1 at 2z=—0, (42) 

b, = pt, at 2==0, (43) 

9; = YT, at 2z—0, (44) 

t-=2 9,0 at -2= 60, (45) 

T= 0 at Z= —o00. (46) 


The solution of equations (24), (27) and (28) is sought in the form of infinite 
series 


-+ 00 
T) == » ae (z) -e7 fnwt 
— 00 


+o 
: a3 47 
n= > Te (z).e7 inwt, (47) 
—o 


+o 
qo = p> Jon (z) - ew fnwt, 


The substitution of (47) in equations (24), (27) and (28) gives the following 
equations for determination of t,,, Ton: Jon: 


a pie zt Anon = =0, (48) 
(49) 
az" 


Pe (50) 
=D inate 
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Integrating (25) for the boundary condition (33) we obtain 


a,==0. (51) 
Noting that 
€, = 40T?-T, =p T,, (52) 
we obtain, after integration of (26) for the boundary condition (31): 
00 
by = Op DY) Ton (0) 67, (53) 
— 00 
The boundary conditions for 4, , Tp and q,,, assume the following form 
Opto Ke et — K Hon 2D pa = (1 —T)j, 
al. -2==0, (54) 
ta The at 2=-0, (55) 
Jon = Ton at z=—=0, (56) 
Ton =Jon =9 at FOO, (57) 
Ton == 0 at Z—=—oo. (58) 


Shvets believes that the coefficient of heat conductivity of the soil 4* is in- 
dependent of the soil depth, and the coefficient of eddy heat conductivity ) equals the 
coefficient of eddy diffusion and changes with altitude according to the law 


A=) +ecz at z<h, 


\=))+ch=ch=const. at z>A4, 
where ho is the coefficient of molecular heat conductivity. 
The solution of equation (49) for the boundary condition (58) will be the follow- 


ing: 
nw 
@ V —- 79°? 
Ton = Be Xr (59) 


where B. is an integration constant. 


By making the substitution 


zZ : es dx Zz. ‘ -) 
~V inoh = «; Wp * inwx (60) 


equations (48) and (50) are brought to the form 


dd — (61) 
i ae 
d dQ (62) 


fx G2. xt0)=0. . 


The integrals of these equations are expressed by the Bessel and Neumann 
functions: 
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Ton == Rat lg (4) Sq + No (x) = Zy (x), t Zh 
~ = 5 -— >h, 
on = Rye I, (x) Sy No (*) = Zy (x) (63) 
where Ro Sa? R S. are constants of integration; I, -- the Bessel function of 


zero order, No — the Neumann function of zero order, Zo — a cylinder function. 


For 2=>h 


(64) 


where Ay and AL — are constants of integration. 


Besides the boundary conditions (41) - (46) the obtained solutions should 
satisfy also the conditions of conjugation: 


T, n (4 —0) = t,, , (2+ 0), 
Io, n(k —0) = 9p, (2 +0), 


Oto, n (h — 0) id see O%, , (A+ 9), (65) 
Oz > Oz ' 

OI nih —0) Onn th 0) 
Oz Oz 


Fulfilling the boundary condition (55) we obtain: 
By= Ral (Xo) + S,-Ng (x9). (66) 


We now eliminate from the boundary condition (54) the temperature of the 
underlying surface t*. According to (59), 


— ero" V —inwa*. B= c*o* VY —inor* -T, ,, (0). (67) 


We further notice that, according to (32), 


K* O°, 


R,==VRyi Sq = Sai. (68) 
therefore 


Jon = Vlon (69) 


at every point of space. Asa result, the equation of heat balance takes the form 
dp (6 -+ Lv) Lime fb (gte® V— ino bp) to, == (1—T) Je (70) 


Using the equation of heat balance in the form (70), Shvets evaluates the effects 
of various factors influencing the incoming and outgoing flux of heat. For example: 


= 3 
6-w=1.2-° 10 : cal/deg Gn Bee ox = 1.5 g/cm : 
c* = 0.33 cal/g deg ; * = 7- 10° cm%*/ sec; 
c= 0.24 cal/g deg; n=1,; yz = 0.3 cal/g deg. 


(this corresponds to a vapor pressure of 10 mm Hg). 
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For these values of the parameters the heat absorption by the soil is roughly three 
times greater than the heat loss by radiation. The heat spent on vaporization is 
smaller or of the same order as the portion of the eddy flux of heat which is absorbed 


in the air. 


- 2 
Further, for calm water 4* = 1.8 ° 10 2 om /sec; consequently for water 


p*c* \*¥ = 0.135; and for dry soil, 0.19. Thus the 24 hour temperature variation 
over ideally calm water will be roughly the same as over dry soil. 


However, the turbulent mixing which takes place in flowing water substantially 
changes the relationship between the elements of the heat balance. The coefficient 
of eddy heat conductivity of water is several thousand times greater than the mole - 
cular conductivity. Therefore, for the sea the expression p*c* V —inwi*-to,, in 


equation (70) is hundreds of times greater than the remaining terms on the left side 
of this equation. This means that the solar radiation is spent mainly on the heating 
of the sea and only a negligible part of it on the heating of the atmosphere. 


Omitting the very small terms in the equation of heat balance for a sea sur- 
face, we can write this equation in the form: 


(I—Dj 
Ton Tal (70 


We now insert the values of tp, from (63) in the equation of heat balance (70), 
using thereby the following relationship, borrowed from the theory of cylinder 
functions: 

dZy_ 
dc Z\: 


Then after obvious transformations, the equation of heat balance will assume 
the following form 


(1—T)/,=R,X, +8 nh a; (72) 


where 


X= [Op + c*p* si —- (1 —2)] /,(x,) + 


+ p(c,-yL). : pt ayy, (x4); 


‘ w 73 
Y= [ae ctp* f= (1 JING (0) + — 
nw, 
+6 (Cp+ Ll) Yo a7 (1+ 4) M ())- 
The conditions of conju ation (65) give the following two equations 
A,e -) ~ Wea” — RY, (x4) + S.No (4); 
a a (74) 
ich as ot ch 
inw 
mae a iy [Ral (x4) + SN, (x,)].- 
Eliminating AL from (74), we obtain 
Ra (ly (%,) — 4, (Xa) +S, [No (x,) — iN, (x,)] = 0. (75) 


562 


Equations (72) and (75) allow to determine the constants of integration 


Ra No (tp) — 1Ny (Xp) 
(1 aq—hj, fly (4a) — Th en Yn — (No Xn) — IN en Xn’ (76) 
a hc 
GQ—Pjin Wotan) — eV — [No (en) — IN (On) Xa’ 


and forz>h 


inw 
t=1,(h)e V ~ mre, (77) 


We now turn to the determination of the functions 7, a, b, which depend on the 


radiative exchange in the atmosphere. Substituting the obtained values 1 9’ 26: Do, 
in equations (36) — (40) and in boundary conditions (41) — (46), we obtain: 
Oty __ So ere 78) 
= S43. ~— + Bq (0) — 2ftoq (2)) ee 
Oa ; 
—- NK 
Ob cy 
a : apie: 80) 
= aes C ppLe » Fon (z) — Ton (0) eae 5 
—0o 
a a0 4m m1 (81) 
ot Oz az’ 
09,__ «9 , 04; (82) 
Ot oz az’ 
Ke ‘e] 
KEHOE — 1a mash (83) 
as out, at z=0, (84) 
— Ths (85) 
qi = 1, (86) 
™=@,=—9,=90 at zoo, (87) 
t= 0 at 2=— oo. (88) 


Integrating (79) and taking into consideration the boundary condition (87) , we 
obtain: 


+ 00 F 4 
a, = — C pf » eons \ Ton @Z- 
~— BN co 
But according to (48) we have 
r4 Zz 
LE if 2 5 Gomge es 2 et 
( tod2=— in | 35 3 Oz Gee ina oz ° 
—0o 
consequently 
= I “ae. eat nwt (89) 


We now rewrite the boundary condition (83) in the following manner: 


0 
—KS4 KS — Loh O04 dur, = “Ue SO I Aon e— int (9 ) 


n Oz ° 
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and we seek a solution of equations (78), (81) and (82) in tne form of infinite series 


+ 60 
T= Di tin (z) oe -9%, 
—o 


+00 

= 91 

a= Dt, (2)-enim", ee 
—o 


+ 00 
q, —_ >» Gin (2) ea fnort 
— 


For determination of t in’ Ce and qin We obtain the following equations: 
dt 
ae me ae — —_— = — (0) + B J, (0) — 2uft,, (2), (92) 
is ya Se + inwtt, ==); (93) 
d , 
es ) Hi ii sl (94) 
Ko Ory Og Kfp ot 

KEK oF teutin LO GY = ine ae Ot 20, oP) 
Tin = Tn (96) 
(97) 

Fin =n 
Tin Vin == 9 at 200, (98) 
t, ==0 «at 2-60; (99) 


Again we change the variable in equation (92): 
2 V inw) =x. 
c 

This equation then assumes the form 


x Sie x 1 (100) 
18 tty = [Btoq (0) -E Bly (M0) — 20htyn (Xe) 


A particular solution of the inhomogeneous equation (100) is 


BL. (101) 
hn ine ima | ®H%op (Xo + BY pn (%o) + Bi S|, 


this may be directly verified. The general solution of equation (100) for z <h will 
have the form 


1 [sy 
tin = Rial 6) + Sing) + pg [2 To (80) + Bla (80) 
fe Se] , (102) 


and for z>h 


ie fee | on 
rh VE Liang tat etn] 009 


where A, n Ran’ Sin are arbitrary constants. sea (102) and (103) can be simpli- 


fied by care from the right sides the terms ups So “ and 1 a “an , which are 


hundreds of times smaller than the remaining terms. For ee eee of the 
arbitrary constants, besides the boundary conditions, the condition of conjugation 
of the solutions (102) and (103) at z = h should be applied. This condition, as was 
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shown above, is given by the relationship 
Ry (lo — 4) +S), [Ny — iN,] = 0. 


Shvets showed that the coefficients Ron and Sin are small in comparison with 


RA and Sa Therefore, the terms containing Ran and San may be disregarded. The 


solution for z <h will then take the form 
. 8 . 6 
t,=R, | (x) — ie I (x,) +S,| No (x) ae a No (x,)| — 
—— J, (0), (104) 


and for z>h 


t,t, (Ae ~ tere gute, (0) +8, (0)}. (105) 


The expressions (104) and (105) show that the thermal radiation of air has a 
greater effect on the 24 hour temperature variation in summer, when the humidity 
(€) and the insolation are greater. 


The solution of the system (105) obtained by Shvets, also allows ta solve the 
problem of the diurnal variation of the effective radiation. 


Finally ,Shvets succeeded theoretically in explaining the peculiarity of the diurnal 
temperature variationover the sea, which consists in the growth of the amplitude of 
temperature fluctuations with increasing altitude. Over the land this amplitude 
decreases. This peculiarity is explained by the effect of radiative heat exchange. 
It was shown above that in the diurnal temperature cycle over land the role of 
radiative heat exchange is considerably smaller than that of the turbulent heat 
exchange. Above the sea the effects of these processes become comparable. 


Satisfying the conditions of conjugation at z = h and the condition of equality 
of the water and air temperatures at z = 0, we obtain condition (57) and 


(1S )R, Iy (Xo) Sy Ng (Xo) — g (in =F tA. 


ee 2) nw 


Whence: 
Rigen. hy 1—T (1 i) e-ép 
In 1 ‘3 2k nw 1 me 
wr 


Sa__ ee ae Noe 1-—[. (1 eff 
In : & YI Qin rie Yr on 
ae EA 
11g (mn) — EF; (end) No(%0) — [No nd) — 2M (0nd) Ln (40) 


I y (Xp) — (Xp, ) 
Mn Ty (X— is (La) NolX—L Nol X—2M1 (Fa) Lolo) 


=o -3 
Shvets gives the following example: jy =7.3-10 ; jo =3.7- 10 (which corres- 


ponds to latitude 50°, the month of March and a coefficient of transmittance 0.7); 
\# = 200; du = 1.2 1074; T=0.1; B= 0.04; ag = 2; c= 14; h=4,000cm, Then 


t, == 0.04 cos wt + 0.04 sin wf + 0,014 cos Qué -f- 0.014 sin 2o/, 
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and at an altitude of 20 m: 


Ty == — 0.32 sin wf — 0.08 sin 2wi. 


Summing up the results of his very detailed investigations of the 24 hour 
variation of iemperature, Shvets draws the following significant conclusions. 


on of air temperature depends upon a great number of physical 
sete ieee and f ees upon these characterizing the physical properties 
of the underlying surface. Shvets gives a series of tables which show convincingly 
the effect of these parameters on the separate purely periodic terms into which 
the diurnal temperature variation is resolved. 


The heat spent on vaporization of moisture from the soil surface has an appre- 
ciable effect on the heat balance. However, the effect of this factor does not readily 
lend itself to quantitative treatment, since it depends upon the humidity and structure 
of the soil, varying very irregularly in time and space. The calculations of Shvets 
also showed, that the effect of this factor can often be ignored. Some corroboration 
of this conclusion is found by Shvets in the known reciprocal compensation between 
the heat spent on vaporization from the soil surface (which may contain different 
amounts of moisture) and the albedo. Thus, for instance, a very moist but bare soil 
loses by evaporation a considerably greater amount of heat than dry soil. On the 
other hand, the albedo of damp soil is considerably smaller than that of dry soil. 
Therefore a great loss of heat by vaporization is associated with a large influx of 
radiant heat, and vice versa. 


The theory elaborated by Shvets also reveals the effect of heat radiation of the 
air on the diurnal temperature variation. Shvets gives detailed tables for the sepa- 
rate periodic components which make up the correction for atmospheric radiation 
of the diurnal temperature variation. The effect of radiation proves to be greater, 
the higher the air humidity and the insolational heat influx. 


The theoretical results obtained by Shvets allow to calculate beforehand the 
temperature variation at various altitudes. Figure 161 shows side by side some 
observed and calculated temperature variations. It should be strongly emphasized 
that this remarkable coincidence of theory with observation was attained by the 
adjustment of only two parameters, and the albedo. The coefficient of exchange 


\* 
at 40 m altitute was assumed to be equal to 60 g/cm sec, 
However, the precalculation of the diurnal temperature variation is complicated 
by the erratic variability of cloudiness, which distorts the temperature variation 


curve. Therefore the prognosis of the 24 hour variation presupposes a prognosis 
of cloudiness. 


§ 6. Transformation of Air Masses by the 
Influence of the Underlying Surface 


One of the most difficult and simultaneously the most important problems 
of contemporary meteorology is the transformation of air masses. The essence 
of the problem consists in the following. 


According to modern meteorological conceptions, the air persisting for a long 
time over the same ground surface gradually acquires peculiarities characteristic 
of that surface, of the latitude and the season. 


Among these characteristic properties the vertical temperature distribution 
is most important. When the air mass is present for a long time above a certain 
underlying surface, making but little headway, the transformation process or, in 


other words, the process of acquisition of new properties by the air mass admits of 
quantitative evaluation. 
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Figure 161. Comparison of diurnal temperature variations 
calculated by Shvets (broken line) and as re— 
corded at the observatory 'Vysokaya Dubrava" 
(56° N lat.): 
a--9 August 1941, b-- 15 September 1941, c--16 October 1941, 
The first important contributions to the transformation theory of air masses 


were the investigations of I, A. Kibel* and N.R. Malkin. We shall report here on 
the work of I. A, Kibel?. 


Kibel! starts from the equation of heat balance, as he did in the study of the tem- 
perature distribution in altitude 


aT a 0 oT 
Op at — at ds (K Gz) +0 (A+ B+ $S— YE). (0) 


In the latter problem he assumes the left side of equation (1) to be equal to 
zero. In the problem of air mass transformation it is obviously indinspensable to 
retain the term , nl in the left side of this equation. 

PY ot 


The equations for the problem are the following 


cp =e (KZ) + ap, (A+-B-+8S—2/E), (2) 
E==6r; 

A=ap,(A — fE), (3) 

oe ap, (fE— B), (4) 

oS — aBo,S, (5) 
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and the boundary conditions 


A=0, 
B= W, (6) 
S=W or es at =< 7 oO. (7) 


Besides, for the soil temperature T* (a new undetermined function) the 
equation of heat conduction should hold 


oT* ry O° 7 * 


where c* is the specific heat of the soil, , —_ the soil density, K*— the coefficient 
of thermal conductivity of the soil. ‘The boundary conditions for T* are the following: 


ed at z2=0, \ (9) 
T* is bounded at z2—+— oo, J 


Following Kibel’, let us introduce instead of the altitude a a new independent 


variable — the normalized optical thickness x: 
co 


j 
x= = | apde, (10) 


2 


where 


ioe) 
= | an.,dz, (11) 


and instead of the time t—the dimensionless time s: 
s==of, (12) 
where 1/w is the characteristic time. 


Equation (2) then takes the form 


cpp OT __ “ae (Kapegz) +4 + 8+ BS — 2/6). (13) 


ap, 0S 


Noting that 


OE, om OT 
ie OT Ox 


and passing from T to E we obtain: 


cpo OF 1 0 ( te OE 
4ap,feTsos 12 Ox Were) A+ By BS — of. uy 


Kibel' regards the coefficients of equation (14) as constant and uses the notation 


4foT3 =n? —1 € pp (15) 
Ka, 2 dap, foTs = 


Equation (14) then assumes the form 


OE 1 o 
NOs Bae (wo) FA+B+BS— ze, (16) 
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Let us introduce new variables a and y, defined by the equalities 
a=A-+tB; y=B—A, (17) 
Solving (16) with respect to a we obtain: 


_ 107 2 
ames, (a4 5) + NSE B54 FE. (18) 


1 da 
Recalling that according to (4) — to oy, differentiating (18) with respect to x and 
applying (15) we obtain: 


_ 1 2 OL) , 20E, 16 /, 0 
y= “ae gor) va eats 5s ) + 8S. oe 


Noting further that 
(20) 
we differentiate (19) too with respect to x and apply (18). We then obtain 
1 93 2 OCF 1 @ 2 oC 2 @E 
9 (ene) — 4k (wan) 4 
12. (v%)py%—a0—pye 


The boundary conditions will have the form 


yt ge Ete as at x=1, 


—1t) ox Cz 
22 
a+ y= 24 /E, ne 
a—y=0, 
aty=2W or c= =0 at x0. (23) 


Substituting the numerical values, Kibel' takes: T = 280°, a = 7.25 cm “/ 8. 8 
= 6.2: 10 6 gjcm%, @=1.3- 10°39 g/cm3. Whence 


N= 10° o. 


When the characteristic time equals 24 hours (1/m = 10° sec), Nis of the 
order of unity. Noting that m2 = 3, = 10, Kibel* evaluates the orders of the terms 
of equation (21), and reaches the following very important result: far from the 
boundaries ( x = 0, x = 1) equation (21) may be replaced by a simpler approximate 
equation 


NSE = 6 (1B), (24) 

and only near the boundaries is the full equation (21) really essential. 
However, this conclusion is justified only in case the characteristic time is 
of the order of 24 hours. When the characteristic time is longer, the coefficients 


of the previous terms of equation (21) will have the same order as N. Equation (21) 
can then not be replaced by equation (24). 


Kibelt indicates that inthis case the boundary layer ''swells", sotospeak. This 
is confirmed by the fact that annualtemperature fluctuations are appreciable much 
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higher than the diurnal fluctuations. The temperature changes extend to high altitudes 
and in the considered case express the transformation of air masses. 


kM 
13 


60-50 -Y0-J0 -10 -0 0 10 2B 0 WT 


Figure 162, Actual (solid line) and calculated (broken line) 
change of temperature with altitude, after Kibel' 


Kibel' dealt only with annual temperature variations. 


Since equation (21) is linear, as are the boundary conditions, the solution 
of (21) may be sought in the form of an infinite trigonometric series 


E== 6, (x) + § [E,, (x) cosas + E,, (x) sin ns], (25) 
i 


where Ey corresponds to the annual mean temperature distribution in altitude. 


The direct insolation at the upper boundary of the atmosphere can also be 
expressed by such an infinite series 


V=W +h ZM, ,cosns + W,, sinns). (26) 


Substituting (25) and (26) in (21) and equating the coefficients of corresponding 
terms, Kibel' obtained the following approximate solution of equation (21), fulfilling 
the boundary conditions (22) and (23): 


~fm—fPichPi-»y+q  m—1 1, 
E,(2) = (FS tin chit ~mi—p be — 
a tees 1 — B2 mn? — | Wn 
: al 28 mf 1— 8? w—y > —~(27) 


m— pe ope ™™ 


whe 
< E,=E, noes 


an? 
* = IMT); 
Nat 
= Vo at 
j ee 
[= 3 i — MM" 
oo mi — | Vito L*w 
SN ~ alaTest ° 
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As a numerical example Kibel' took the following values of the parameters: 
m=? 1,75, tT) = 12.6; B=0.2. Then M=0.45; N=0, 024; A, = 22; 4 = 0. 8 (1 + i); 


€ = 0.3. Wi, was taken by Kibelt from Milankovich's work for latitude 40°, assuming 
the albedo to equal 0.6. 


Kibel! obtained Ww, = 0. 07 i; We = Ww, = 0. He calculated the temperature 


distribution for February and August. Figure 162 shows the results of Kibel's cal— 
culations side by side with the observed values, The agreement is seen to be very 
good indeed. 


. $71 


APPENDIXES 


Appendix 1 


Essential magnitudes in the CGS and MTS systems 


Unit 


Designation 


Dimension 


MTS 


Coefficient of 
conversion from 


MTS to CGS 


Fundamental Magnitudes 
Length 


Mass 

Time 

Derived Magnitudes 

Area 

Volume 

Gradient (operator) 

Curl (operator) 

Divergence (operator) | 
Individual, local, \ 
convective derivatives! 

Density 

Specific volume 


Velocity 


Acceleration 
Force 


Pressure, stress 1 centibar= 


=1t mlsec™? =1 gem tsec~2 104 
Momentum 
Impulse 11 tm sec! 1 gcm sec} 108 
Work, energy enthalpy \ 1 kilojoule= 1 erg= 
quantity of heat f [ML°T ~2]] lt a =lg cm2sec™ 2 1019 
Specific work 
Specific energy | 
Specific enthalpy 1 cm2sec™2 104 
Specific heat quantity | 
Geopotential 
Dissipation of 
mechanical energy lg em7~isec 3 104 
Pressure gradient 
1 gcm~2sec™ 2 102 
Coefficient of viscosity 
Exchange coefficient lg cm7!sec™1 104 
Coefficient of kinematic 
viscosity 
Coefficient of thermal 
conductivity 1 cm%sec™! 104 


Coefficient of diffusion 
Coefficient ofturbulence 
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Appendix 1 (continued) 


Designation 


Dimension 
Coefficient of 
conversion from 

MTS to CGS 


Angular velocity 
Vorticity 
Velocity divergence 
Velocity of deformation 

Stream function \ 

Velocity potential j 
Temperature fa} 
Temperature gradient [L-!9) 

Coefficient of thermal 


1 sec’! 1 sec7] 


2 1 2 


1 m“sec” 1 cm sec”! 


1 degree 


1 degree 
1 m7! degree 


1 cm”! degree 


conductivity 
Coefficient of eddy heat (| (LT? an m sec” 3x 1 cm sec” 3x 
conductivity | ~ Xdegree™! 
Heat capacity \ (ML? 1 2cec” 2x 
cm“sec 
Entropy | xdegree~ 1 
Specific heat 1 cm2sec™ 2x 
Specific entropy xdegree™! 
Gas constant 
Coefficient of absorption | 


Coefficient of scattering | 1 gtcm2 
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Appendix 2 
Some important geodetic and astronomical constants 


Dimensions of the terrestrial spheroid, accepted by the international 
convention, 1924 


Semi-major axis (equatorial radius) , 378, 388 m 
Semi-minor axis (polar radius) , 356, 912 m 


Oblateness 


Eccentricity al = 9. 0819919 


Meridional circumference 40, 009,153 m 
Equatorial circumference 40, 076, 594 m 
Surface area 510, 100, 900 km? 
Volume 1, 083, 320, 000, 000 km? 
Radius of the sphere of equal volume 6,371, 221 m 

1° latitude at the equator 111, 307 km 


Mass of the earth 3. 98° 107" g 

Mean density of the earth 9.52 pg cm73 

Mean duration of the solar year 365 days 5 hours 48. 8 minutes 

Duration of mean solar day 24 h 0 min Osec=1440 min = 86, 400 sec 

Duration of sidereal day 24h-3min55. 9sec = 23h56 min4.1 sec= 
=86, 164 sec 

Angular velocity of the earth aw) 8 reg=7. 292-10-5Sgec-1 


Distance from the earth to the sun 
maximal 1.5200 10!!m 
minimal 1.4701 10!1m 
mean 1.491 1011, 
Eccentricity of the terrestrial orbit 0.01675 
Solar radius 695, 300 km 
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Appendix 5 


The state of air in the upper layers of atmosphere 


Number Mean free path 
of 


molecules 273° K 220° K 
per 1 cin cm cm 


8.0-10-6 


3.0-10-5 2.4-10—5 
1.4-107¢ 1.1-10-¢ 
6.6- 1074 5.3-10-¢ 
2.61073 2.1-10-3 
6.0-10-8 4.8-10-3 
2.6-10-4 2.1-10-2 
2.6-1071 2.1-1071 


2.0 1.6 


Note: The air composition is consideréd as equal at all altitudes! 


Appendix 6 


Gas constant R for dry air 


3 286.86 m? sec” deg™! 


2.8686 - 106 em* sec”? deg™! 
or erg:g7! deg! 


2.8686 
2.8686 - 103 
2.152 
2 152 


287.04 
2.8704 - 10¢ 


p Inkg m~? p In kg m™ 


: -3 
p Indyne cm ¢ 9 In g cm 


3 2.8704 


2.8704 - 108 
2.153 
2.153 


p In mb e In kg-m™ 


Pp In mb 


p In mm Hg 


3 


p In mm Hg 0 In g:cm~ 
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Appendix 7 


Specific heat of dry and of moist air in 


1 =i 
emperature 
°C 


cal- g -deg at p = 760 mm Hg 


Specific humidity in g/kg 


ps je | ew fa! 
Cp 


0.2419 0.2429 0.2446 0.2450 
17 27 38 
16 26 


15 


l= Ricy 


0.2841 0.2838 0.2834 0.2832 
2843 2840 


Cy—Cy 
| 0.0693 { 0.0695 |} 0.0697 | 0.0699 
R 
| 0.0687 | 0.0689 | 0.0692 | 0.0694 
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Appendix 8 


Saturation pressure of water vapor in mm Hg 
over a plane surface 


over water (observed) 


1.50 164.80 |68.26 {71.88 |75.65 |79.60 [84.71 [88.02 
5.66337 . 729139 .898] 42, 175144 563/47 .067/49. 692/52 .442 


0.518111 .231|11.987|12.788]13.634|14.530|15.477]/16.477 

: : 6.101] 6.543] 7.013] 7.513) 8.045} 8.609 
3.952) 3.669] 3.404) 3.158) 2.928) 2.712) 2.509) 2.320 
1.826) 1.684) 1.551] 1.429) 1.315 


over water (calculated) 


3.954| 3.670| 3.405) 3.157| 2.926 
1,826) 1.684) 1.551] 1.429) 1.314 
0.783] 0.716} 0.654) 0.596; 0.543 
0.307) 0.279) 0.253) 0.230} 0,208 
0.113) 0.102) 0.092) 0.083) 0.075 
0.039] 0.034] 0.031} 0.027] 0.024 
0.010} 0.009) 0.007) 0.006) 0.005 


over ice. 


3.879| 3.566) 3.277, 3.010) 2.763 
1.628; 1.487) 1,357) 1.238] 1.128 
0.635) 0,575] 0.520) 0,470] 0.424 
0.226] 0.203] 0.183] 0.164] 0.148] 0.132 
0.076] 0.068} 0.060) 0.054) 0.048) 0.043 
0.024] 0.021] 0.018 0.016] 0.014) 0.012 
0.006] 0.005) 0.004) 0.003} 0.003] 0.002 


Bk, at saturation, relative to ice 


0.981) 0.972) 0.962; 0.953) 0.944] 0.935 
0.892) 0.833} 0.875] 0.866 
0.811} 0.803] 0.795} 0.788 
0.737) 0.730] 0.723} 0.716 
0.669] 0.663) 0,658} 0.651 
0.609] 0.603} 0.597) 0.592 
0.554] 0.549] 0.543] 0.538 


0.075; 0.104, 0,128) 0.147 
0,198! 0.197) 0.194] 0.191 
0,148! 0.141) 0,134) 0.127 
5} 0.031} 0,675} 0.070) 0.065 
0.037; 0,034! 0,032) 0.029 
0,015; 0.014) 0.012) 0.011 
0.005) 0.004] 0.003) 0,003 


= 
=! 
fo) 


Oooooo°oo 
SUBBe 


oooooooe 
S3S8E3a% 
iia =) QO = 
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Appendix 9 


Physical constants of water vapor 


Molecular weight 18.02 
2 —2 —1 2 —1 = 
Gas constant 460 m -sec deg = 0.07 cal -g deg 
Specific weight relative to air 0.6221 = 5/8 
==/3 
Density at 0°C and 760 mm Hg 0.804 kg:m ~ - 
e) —3 
Density at O~C and 1000 mb 0.794 kg-m 
Specific heat 
t= 0 10 20 — 40°C 
— —1 
c =0.445 0.445 0.440 cal-g ; deg 
ae = | 
C44 = 0-985 0.335 0.330 cal:g deg 


c :c =1.330 
p Vv 


Coefficient of diffusion of water vapor in air 


at. 0°c 0.198 ae wee = 


at 19.5°C 0.283 " " 


Appendix 10 


Physical constants of water and ice 


Specific weight of water at 4°C 1.00000 
at OC 0.99987 

Specific weight of ice 0.917 
Specific volume of ice - 1,091 _ 2a 
Specific heat of water at 15 C 1 cal-g deg 
Specific heat of ice 0.505 cal.g—1 deg—1 
Boiling point of water at 760 mm Hg 100.00°C 

at 1000 mb 99.66°C 
Melting point of ice 0.00°C 1 
Latent heat of fusion of ice 79.7 cal-g 
Latent heat of vaporization of water L at various temperatures: 

t = -80 -40 -30 -20 -10 0 10 20 30 40°C 


L = 630.0 624.0 617,0 608.7 603.0 597.3 591,6 585.9 580,2 574.5 cal. g } 
Latent heat of vaporization of ice L, at various temperatures: 

t =-80 -70 -60 -50 “-40 -30 -20 -10 0°C 

L = 675.1 675.8 676.6 677.1 677.4 677.5 677.6 677.3 677.1 
Coefficient of heat conductivity 


of water 0.001325+4-10 ¢ einem eGe- des 
of ice 0.002 cal-cm—!-sec—1-deg™1 
of snow 0.0002 (at density 0.05 g-cm—8) 
0.005 (at " 0.90 g-em—3) 
Coefficient of viscosity of water at 20°C 0.0100 g- cm? ae 
Capillary constant for water (at 18°C) 72.8 dyne-cm | 
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Appendix 11 


Pressure of water vapor and supersaturation 
necessary for equilibrium of a drop 


O. 
© 
fu 
TU 
Cnt 
o) 
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Appendix 12 


Virtual difference Loot for air saturated with water vapor 


Vi = SS SSS > 
NODNORNW HO 


0.0 
0.0 
0.1 
0.2 
0.3 
0.6 
0.8 
1.3 
1.8 
2.6 
3.6 
4.8 
6.6 
8.8 


WN PNY=SSSSSSD 
OW hOWOCO AWN Oo © 
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Appendix 13 


Condensation-adiabatic lapse rate in °C/100 dyne:m 


Pressure 


Temperature 
°C 


Appendix 14 


°m 
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Appendix 15 


Radiation of surface unit of a black body into a hemisphere 
E = oT" esivem: - age? 
where ¢ = 0.826 x10 9 


Temp- 
erature 2 3 4 5 4 7 


E= 0.204 


t= 40 
E= 0.792 


Appendix 16 


Intensity of radiation 1 E, op Ax 


of unit black surface into a hemisphere, according to Planck's law 


Ahk=1 (in 10 eee cm Boe ake 
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Appendix 16 
(continued) 


210 220 | 230 | 240 | 250 | 260 | 270 | 273 | 280 ae 300 


1.9} 2.9 4.4 6.2 8.9 | 12.1 | 163 | 178 | 21.4 | 27.4] 34.8 
7.51 1,6] 2.5] 3.8 5.6 7.9 | 10.9 | 146 | 19.2 | 20.7 | 246 |31.2| 38.6 
8.0} 2.1] 3.3} 4.8 6.8 | 9.3 | 12.6 | 166 | 21.5 | 23,2 | 27.3 133.9] 41.8 
8.5] 2.7} 4.0} 5.7 8.0 ;} 10.8 | 14.3 7 18.5 | 23.4 | 25.1 | 29.3 | 36.1] 43.8 
19.0; 3.2] 46) 65 | 9.0 | 11.9 | 15.6 | 19.9 | 25.0 } 266 | 30.8 |37.5] 45.0 
9.5| 3.7] 5.3] 7.3 9.8 | 12.9 | 16.6 | 21.0 | 26.0 | 27.6 | 31.7 | 38.9! 45.5 
10.0} 4.2} 5.8] 8.0 | 10.6 | 13.7 | 17.4 | 21.7 | 265 | 28.2 | 32.2 |38.4] 453 
11 | 4.9) 6.7] 8.9 | 11.5 | 14.6 | 18.2 | 22.2 | 26.8 | 28.3 | 31.9 |375| 43.6 
12 | 5.5] 7.3] 9.56 | 120 | 149 | 18.2 | 21.9 | 26.0 | 27.3 | 30.5 |35.5| 49.7 
13 | 5.8} 7.6) 9.7 | 12.0 | 14.7 | 17.7 | 21.0 | 246 | 25.8 | 28.5 [3971373 
14 | 6.0] 7.6} 9.5 | 11.7 | 14.1 | 16.8 | 19.7 | 22.9 | 23.9 | 26.3 |29.9] 33.7 
15 | 6.0} 7.5) 92 | 11.2 | 13.3 | 15.7 | 18.2 | 21.0 | 21.9 | 23.8 |[927.90/ 302 
16 | 5.8; 7.2] 88 |; 10.6 | 12.5 | 14.5 | 16.7 | 19.1 | 19.8 | 21.6 124.3] 26.9 
17 } 5.6/ 6.9] 83 | 9.9 | 11.5 |] 13.3 | 15.2 | 17.3 | 17.9 | 19.4 [21.6] 241 
18 | 5.4] 6.5} 7.8 9.1 | 10.6 | 12.1 | 13.8 | 15.5 | 16.1 | 17.4 119.3] 21.4 
19 | 5.1] 6.1} 7.2 8.4 | 9.7 | 111 | 12.5 | 14.0 | 14.4 | 15.6 1172] 19.0 
20 | 4.8] 5.7] 6.7 7.7 88 | 10.0 ; 11.3 | 12.5 | 13.0 | 13.9 | 15.31 16.8 
22 | 4.1} 4.9] 56 | 6.4 7.3 8.2 92 | 10.2 | 10.5 | 11.1 [12.2] 13,3 
24 | 3.5! 4.1] 4.7 5.4 6.0 6.7 7.5 8.2 8.4 9.0 | 9.7| 10.6 
26 | 3.01 3.5; 4.0 | 4.5 5.0 56 | 6.1 6.7 6.9 72 | 79| 85 
28 
30 
35 


2.6] 3.0133 | 37 | 41 | 46} 501 54] 56 | 59 | 64| 69 

22/25/28 | 31 / 35 | 38] 411 45 | 461 49 | 501 56 

15/17/19 | 20] 23 | 241 26] 28] 29 | 301] 30] 35 
40/10) 11/13] 147 15 | 16] 171 19 | 19 | 20] 27! 23 
45107} 08/09 | 10 | 10] 11] 12] 13] 13) 14] .4l 13 
50] 0.5) 06/06 | 07] 07] 08 | o8 | 09 | o9 | 10 | qo! tn 
60 | 0.3} 0.3103] 04] 04] 041 05] 05] 05 | 05 | os} 06 
70 | 0,2] 0.2] 0.2 | 02] 02 { 02] 03 | 03} 03] 03 | 93] 03 
80} 0.1] O17 0.1 | O1] O1 | 02] 02] 02] 021 02] gol o2 
/90} 0.1} O01; 01 | Of} OF} of | of | on | on | on | og] 
100 | 0.1) 0.1] 0.1 | O1 | O12 | oO | Ga | on | on | on | oat on 
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Appendix 17 


Solar energy spectrum beyond the earth's atmosphere 


(in 10° 


0.28—0.30 
0.30—0.32 
0.32—0.34 
0.34—0.36 
0.36—0.38 
0.38—0.40 


0.40—0.42 
0.42—0.44 
0.44—0.46 
0.46—0.48 
0.48—0.50 
0.50—0.52 


cal-cm 


2 


0.52—0.54 
0.54—0.56 
0.56—0.58 
0.58—0.60 
0.60—0.62 
0.62—0.64 
0.64—0.66 
0.66—0.68 
0.68—0.70 
0.70—0.72 
0.72—0.74 
0.74—0.76 


equal to 1.880 calt'cm _ 
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2 


0.76—0.78 
0.78—0.80 
0.80—0.82 
0.82—0.84 
0.84—0.86 
0.86—0.88 
0.88—0.90 
0.90—0.92 
0.92—-0.94 
0.94—0.96 
0.96—0.98 
0.98—1.00 


*min 


—] 
-min —) for a mean solar constant 


==] 


Appendix 19 


Deflective force of earth rotation, centrifugal 
force and angular momentum 


|Coriolis parameter Centrifugal force 


horizon- : 
, total horizontal . % 
tal vertical Re? cose | Retsin 9 cos ¢ See R20 coste 
2 sin ¢ 2 COS 9 Rw? cos29 
msec~2 m gear e 2 | 


msec 


1,.458-1074 | 0.0338 0.0000 0.0338 | 296-107 


0,000. 10-4 


1.436 0.0333 0.0057 0.0328 | 287 


0.253 


0.499 1.370 0.0318 


1.263 0,0293 0.0146 0.0254 | 222 


0.729 


0.937 1.117 0.0259 0.0166 0.0199 | 173 


1.117 
1.263 


0.937 0.0218 0.0166 0.0140 | 122 


0.729 0.0169 0.0146 0.0085 74 


1.370 


0.499 0.0116 


1.436 0.253 0.0057 0.0057 0.0010 8.9 
1.458 


0.0000 


0.000 


Appendix 20 


Radius of curvature of inertial circle and 
time of run along inertial circle for v = 1 m/sec 


78.6 | 39.5 | 20.0 | 13.7 | 10,7 7.9 7.3 
137.1 | 68.9 | 35.0 | 23.9 | 18.6 13.8 


6.9 km 
12.0 hours 
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Slope of isobaric surfaces 


11” 
10.12 
21” 
14.80 
31” 
19.03 
39” 


22.67 
46” 
295.63 
53” 
27.82 
57” 
29.16 
1700” 
29.60 
1701” 


16” 
15.18 
31” 
22.20 
46” 
28.55 
59” 
34.00 
1’10” 
38.45 
119” 
41.74 
1’26” 
43.74 
1/30" 
44.40 
rai? 


Appendix 21 


12.50 
27” 
29.30 
52” 
37.00 
116" 
47.58 
1/38” 
06.68 
1/37” 
64.08 
2/12” 
69.55 
2/23" 
72.90 
2/30” 
74,00 
2/32” 


Appendix 22 


Coefficient of thermal conductivity and coefficient of 
viscosity for dry air 


2 10.000137 | 147 162 |} 167 1172/177}1821187| 0.000192  gem7'sec-! 


i 0.000042 | 453 ze 517 15331549 ele 0.0000597 calcm='sec~! deg-! 
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Appendix 23 


Physical constants 


Gravitation constant 


Universal gas constant 


Avogadro's number (number of 
molecules per 1 em?) 


at 0°C 760 mm Hg 


at 0°C 1000 mb 


Loschmidt's number (number af 
gag molecules per mole) 


Absolute zero, 0°K 


Volume of 1 mole of ideal gas 
at O°C and p = 760 mm Hg 


Mean''diameter" of a diatomic 
gas molecule 


Mass of gingle molecule for 
molecular weight M 


Heat equivalent of work 
lerg=1 g.cm2-gsec—2 
1 calorie 


Planck's constant 


Boltzmann's constant 


Velocity of light in vacuo 


Constants occurring in Planck's 


radiation law: Cc, = 2c2h 


_ ch 
“2° kk 
Radiation constant in Stefan- 
Boltzmann's law 


Constant of Wien's displacement law 


Mean solar constant: 
according to American scale 


7 '' European scale 


6.665°10° ge 
8.314-10° deeedee. sadele 
= 1.9867 sande ele 


70-107 
66-10 

23 
6.03-10 


—273.160C 


22.4160 1 


=> 0.2389-10! ieee 
.2389-1077 cal = 1077 joule 
.1855-10 erg 

—27 
= 6.61:10 erg:sec 
—16 == 
erg: deg 
: deg-sec 


cm: sec 


11.8810 ° appear wee 
17,02-10 1” 
432 cm:deg = 1.432-10* 

~—2 


cal: eae : min 


= eet ae erg-cm 
==12 

1.374-10 

.2884 pw -deg 


cal-cm 


= 1,94 cal-cm _ 


1.88 cal- eee oe. min 
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